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Averaging of strongly inhomogeneious materials

First works at the end of 19th century (mathematical physics)
Poisson, Maxwell, Rayleigh

Examples of strongly inhomogeneous media:

fibre reinforced materials (reinforced glass, concrete)
layered materials (sperr holz)

gas concrete

porous media (interesting e.g. for oil extraction)
leaf

Inhomogeneous structures are usually better than homogeneous (they better
optimise in order to achieve some property).

Shape optimisation

The notion of effective property:

the simplest structure of inhomogeneities — periodic structure (true for
crystals, man-made materials, ...)

apply the averaging procedure, which will produce the effective coefficients
(constants in this case!)

we replace a strongly inhomogeneious material by a homogeneous one — thus
the name homogenisation (lvo Babuska, 1974)



Mathematical approaches to homogenisation

There are three different frameworks when approaching the homogenisation (in
the mathematical sense):

Periodic assumption: assume that the coefficients are periodic

This assumption is realistic for crystals and man-made materials. However, it
turns out that it gives reasonably good results even when it is not satisfied.
Weak convergences: general approach introduced by L. Tartar and F. Murat.
The passage from microscale to the macroscale is modelled by various weak
convergences.

Probabilistic approach: the behaviour is assumed to follow some probabilistic
distribution

In fact, we know that our laws are deterministic (continuum mechanics;
nothing to do with quantum mechanical uncertainty).

We shall follow the second approach.



Asymptotic expansions using multiple scales

When working with periodic functions on [0, 1] it is natural to denote the
period by € = 1/n. Thus we have (Dirichlet b.c. on both sides):

— (ac(@)uc ()’ = f(x)
ue(0) =uc(1) =0.
Assume the asymptotic expansion
’U‘E(m) = uo(x7 y) + gul(xvy) + 62’“‘2(3:7 y) +

where y = x/e = nz is the fast variable. (= = 9, + 19,), thus:

dx =
ul = 9,u’ + éﬁyuo +e <8xu1 + éayul) +e2 (@ch + é&ﬂf) I
1
= g(‘)yuo + (0:u” + 0yu') + € (Bou' + 0pu’) + () + -+

Note that u. depends only on x, while the functions on the right in general
depend both on x and y.

Additionally assume that the above functions depend 1-periodically on y; more
precisely consider the mapping: vy — §; R — 5!, e.g.

y = § = (cos 2y, sin 27y), while a is defined on S*.



The heat flux

If we assumed that a-(z) = a((x/)Y), after inserting the expansion into the
equation we obtain:

pe(z) = ac(z)uc() .
Rewrite the equation in the form:

, 1 1
—f=pl(z) = 8fzay(agayu(’) +2 (82 (ac0yu’) + 0y (acdou’ + acdyu'))

+ 02 (a:0,u” + acByu') + 9y (200’ + acdyu’®) +e(---) 4 -

The expansions are equal if the terms multiplying the same powers are equal, so
Ay (az0,u’) =0,

which is an ODE on the circle for uo(x, -), with a solution unique up to a
constant. Therefore, u°(x,-) does not depend on y; this fact simplifies the
asymptotic expansion.
Considering the form of u®, p° can also be written in a form of an asymptotic
expansion:

pe(z) = p"(2,y) + ep' (x,y) + *p*(z,9) + -+,
which allows us to further rewrite the equation as

—<8x+13y>ps=f-
£



After equating the corresponding terms . ..

1

= —9,p° =0

€

1 - acpo - 8yp1 =f
€ : —0p* — 8yp2 =0

By the first equality, neither p° depends on y.

After defining the mean-value operator (in y): ¢ := fz, ¢, and applying it to
the second equation, we get:

- zpozfA

This is the macroscopic equation.
What is the relationship between p° and (u°)'?



Study of the local problem

We assumed that a.(z) = a((x/¢)"), so after inserting the expansion into the
equation we also obtain:

Dy (adzu’) + dy(adyu') =0,
thus after integrating
a(y)[0eu’ () + dyu’ (w,y)] = C(z)
" 9wy @,
a(y)

After we take the mean value in y (i.e. integrate once more), and denote
A7l = (1/a)™, we finally get:

dyu' (z,y) = (A/aly) — (") (z) .
Returning to the equation we started with, if we find a function w such that

—0y(a(y)w'(y)) =d’,

8?4“’1 (.’L', y) =

then u' = (u®) w.



Back to the macroscopic equation

In terms of u-s it reads:
a(u”)” + 8y (aw) (") + aw' (u”)" + 8, (adyu®) = ~f ,
which after applying the averaging operator becomes
W' [a+0+aw]+0=—f.

Returning to the equation for a: w’ = C/a — 1, thus after integrating over the
period we get C' = A.
Finally we get:

A@W®)" =~f,
which is the same equation as the one for u., except that the effective
coefficients are the harmonic mean of a.



The precise mathematical result in the periodic setting

Theorem. Let f € L?({0,1)), u. € H'((0, 1)) the solution of problem

{ oo
(0) = ue(1) =

then ue — u®, where u° solves the same equation, but with

instead of -
Qe

We shall see the proof of this theorem in a more general setting then periodic.
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The general result

— (an(@)un (@) = f(x)
un(0) = un(l) =0

Assume that o < a,, < 8, and f € L*({0,1)).

The equation can be written in the variational form:

The problem {

(Vo € HY((0,1))) /O1 antlsv = /01 o

As the expression on the left is equivalent to the scalar product on H{ ({0, 1)),
while on the right we have a bounded linear functional, so by the Riesz
representation theorem there is a unique u,, € H§((0,1)) representing the right
hand side.

The Riesz representation theorem gives us also the bound on the norm of w,;
in particular, the bound on the |[uz |2 (o 1y)- Thus, u; is bounded, and
therefore has a weak limit (say, too).

On the other hand, p, := (anul,) = —f, s0 pn = anul, € L*((0,1)),

pl, = f € L2({0,1)) and it is bounded in H{((0,1)). Therefore we can pass
once more to a subsequence p, — p in H*((0,1)), which by the Rellich
compact embedding gives p, — p in LZ({0,1)).

11



The general result (cont.)

Rewritting the equation as:
1
u/n = —Pn,
an

we can pass to the limit in the product (as = > L > % and there is a further

subsequence such that i BN i), or after taking the derivative:

’
o
<f°> zfpl:f,

Thus the effective coefficients are aoo.

In the periodic case, the limit of 1/a, is the mean value, and the effective
coefficients are constant. Any limit us has to satisfy the equation, which has
the unique solution—thus the whole sequence converges.

In the general case we only know the result for an accummulation point (note
that above, for simplicity, we did not explicitly write down each passage to a
subsequence).

12



Classical example—in variational formulation

Stationary diffusion:
—div(AVu) = f
+ boundary conditions
Consider it on open and bounded 2 C R®. We search for an v € H'(Q),

satisfying the boundary conditions and the equation in the sense of
distributions.

For simplicity take homogeneous Dirichlet boundary conditions, i.e. u € H(Q).

For A we assume it is from L°°(Q2), so the bilinear form
a(u,v) := / AVu - Vv
Q

is well defined. If we additionally set L(v) := (f,v) (in the real case), it is a
bounded linear functional for f € H™1(Q) = (H}(Q))'.
The variational formulation reads: find u € H(Q) such that

(Vv € Hy(Q) a(u,v) = L(v)

(because of density it is enough to take v € C°(Q)).

13



Classical example (cont.)

Additionally assume the ellipticity:
FJaeRM(VE e RY A(x)E- £ > alt] (ae. x€Q),

so that a(u,u) > aHVuHiQ(Q).
On the bounded {2 one also has the Poincaré inequality:

FC>0)(Vue CI(Q) ullLzq) < ClIVullLz g
which by density implies that [|Vul|; 2, is a norm equivalent to the standard
one on H§(Q). Finally, this gives us an inequality
o 2
a(u,u) > m”uHH}](Q) ;

and we can apply the Lax-Milgram lemma.

For a Hilbert space V, a bilinear form a which is V-elliptic, and L a bounded
functional, the above problem has the unique solution.

H™H(Q) = {f = go +diver € D'(Q) : go € L*(), g1 € L (%R},
and we have the Gelfand triplet:
Ho(Q) S L*(Q)

(L2@Q) CHTHQ) .

If we take f € L?(Q), then E := Vu has good tangential components (as
rot E = 0), while D := AE has good normal components (as divD = f).

14



H-convergence

Define

Mia i) = {A L (UR) s A€ € > alél’ & AT'¢ € > 6P}

Theorem. For any sequence (A) in M(a, 8;2) there is an accummulation
point (i.e. a subsequence and its limit A ,gr € M(a, 8;Q)) for the
H-convergence.

A sequence A,, H-converges to A, if for any f € H™'(Q) the sequence of
solutions (u,,) of the problems

—div (A, Vu,) =
u‘r =0 5
weakly converges to a limit ueo in H3(2), while the sequence A, Vu,
converges weakly in L? () to A V.
Uso IS the unique solution of the above problem with A

The H-convergence indeed comes from a topology.
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G-convergence

Earlier, another weak convergence was introduced by Spagnolo (and De Giorgi).
When we have that our problem is well-posed, even that there is a bijection
between f and u, we can define the operator: A, (u) = f and its inverse
u=A;'f.

Take V to be a reflexive separable Banach space, V' being its dual. A
continuous linear operator A : V. — V' is coercive if

Ba>0)(VueV) (Au,u) > allul} .
Theorem. If A is coercive, and f € V', then the equation Au = f has a

unique solution in 'V, and it holds:

_ 1
lully = IAT Iy < =I1F 1y -
a [

A sequence (A,,) of coercive operators in L(V; V') G-converges to an invertible
operator A if one has

(VfigeV) limlg, A, f) = (g,ALf) -

This is exactly the weak convergence of operators A;, .

16



G-convergence (cont.)

By E(a, M) denote the class of all coercive operators A € L(V; V") such that

(Au,u) > a||u|\?/ and Al < M .

Theorem. Any sequence in E(a, M) has an accummulation point in the

. 2
G-convergence sense, which is in E(a, *).

The difficulty with G-converdence is the identification of limit coefficients.
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The heat conducting equation

u(0) = wo,
in an abstract form, suitable to the application of variational techniques
(cf. Dautray & Lions, Ch. XVIII, §3).
Recall that for stationary diffusion we had V, H real separable Hilbert spaces,
such that

{ﬁtu —div(AVu) = f

Ve H=V,

where H = H’, while V' is the dual of V, with continuous and dense
imbeddings (i.e. V, H,V’ form a Gel'fand triple).
Lemma. Let X,Y be Hilbert spaces, X — Y, and a,b € R. Then

W(a,b; X, Y) i= {u € L([a,b; X) o € L*(a, b; V)}
is a Hilbert space with the norm ||ul|}, = ||'U/Hig([a’b];x)+ Hu'Hig([ayb];y).
Furthermore, CZ°([a, b]; X) (the restrictions of functions from C°(R; X) to
[a, b)) "R ) is dense in W (a,b; X,Y).
In particular, for X =V, Y =V’, and H a Hilbert space such that V,H,V’
form a Gel'fand triple,

W(a,b; V) :=W(a,b;V,V') = C([a, b]; H).
(for the proof cf. Dautray & Lions)
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Variational formulation

Let a(t;-,-) denote a continuous bilinear form on V' x V such that a(-;u,v) is
measurable on [0, T] for u,v € V, T € R™, and that there are M, € R" such

that
{a(t;u ,0) < M|ully|vlly,, (ae t€[0,T)), u,veV
>

ollu))? (ae. t€[0,T)),ueV.
Then for (a.e. t € [0,T]) the form a defines A(t) € L(V; V') by
V'( A(t)u? v >V = a‘(t7 U, ’U),

where

sup ”A(t)Hg(v;V/) <M.
t€[0,T]

The existence of solutions of

d
e [v)m +a(su(),v)

u(0) = wo,

Il
=
=
=
=

e
m

<

is guaranteed by:

Theorem. [fug € H, f € L?([0,T); V'), and a on V x V satisfies the above

bound, there exists a unique solution v € W (0,T;V). .
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Relaxed assumptions
Note that the initial condition makes sense, because we look for the solution in
W(0,T;V) — C([0,T]; H).
The Theorem remains valid if we relax the assumptions on a; if there are
A€ R and o € RY such that
alt;u,u) + Aul?, > allull},  (ace. t €[0,T]), ue V.
Indeed, for & = ue %,k € R it is true that
d, _ N ~ _
Z0a0) [v)m +k(al) [v)m +a(sa(),v) = (e A IORY)
@(0) = wo;,

so a(t;u,v) = k(u | v)g + a(t;u,v), with k = ), satisfies the theorem.
The solution is obtained by the Gal’erkin method as a strong limit in
L2(0,T;V) NL*(0,T; H) of a sequence of approximative solutions w,
satisfying

t T
lum (8)] 3+ / Hum<s>||2vds<c(uuo||z+ / ||f(s)|\2wds)7 te 0,1

Thus u has to satisfy the same bounds; furthermore, for ¢ € [0, T] it satisfies
the energy equality

Sl + [ atssuo). u(o)ds = ) + [ ((s).u(s)ds.

where the rhs represents the energy.



Relaxed assumptions (cont.)

From the equation: O;u = f — A(t)u, and sup,c(o 1) \|A(t)||L(V<V,) < M we
get
HatuHL?(o,T;v/) < ||f||L2(0,T;V/) + MHUHIR(O,T;v)

< O (Ilwollys + 120,70 ) -

These bounds were obtained under the assumption A(t;u,u) > allul[}.
However, usually we shall have only a weaker condition; what bounds can we

prove?
For @ = ue™** the above holds, while it is a solution of
d, . . _
la0) [v)m +a(sal),v) = (e ME),v)

'EL(O) = Uuo,

where a(t;u,v) = M u | v)g + a(t; u,v). Thus

- b ~ T e 2
nwm@+a/nww@w<c(mwz+/|w*ﬂ@mwQ
0 (0]

T
<0(Mm2+/ www%w),teMTy
0

21



Variational formulation (cont.)
On the other hand, for ¢ € [0, T

t t
a7 + a/O [a(s)II5 ds = e lu(®)F; + a/o e Jlu(s)|3 ds

> (Jutolfy +a [ TGl ds).

Comparing them we get

t T
()17 + a/ [u(s)I3 ds < © (HUOIIi +/ (O dS) , tel0,T].
0 0

Do we still have the bound?
By inserting @ = ue™* and a(t;u,v) = Mu | v)ug + a(t; u,v) we get

e )l + / e (Mlu(s) 13 + alssuls), u(s))) ds

= 5l + [ (o). u(sds
0= / (e uls)I) + e (M), + alssuls), u(s)) — (F(5), u(s) ) d

22



The result

Taking the derivative we get that the energy inequality remains valid
ld
2dt

In our case V = H'(R?), H = L2(R%), and

()l + alt; u(t), ult)) = (f(t), u(?)) -

a(t, u, U) = H—l(Q)< —div (AVU),U}H1(Q) = <AVU ‘ Vo >L2(Q)7

where A € L= (R§ x R% Maxq(R)). Additionally assuming the ellipticity:

there is an o > 0 such that A¢ - € > a|€|? for &€ € R,
atu,u) = (AVu | Vu)r > of| Vullf = a(llullg ) — lullf),
or a defined above satisfies boundedness from above and below.
Corollary. There is a unique solution u of
Owu — div (AVu) = f € L?(0, T; H '(R%))
{ u(0) = uo € L*(RY),

ue W(0,T;H' (R?)) = C((0,T); L*(R?)), where |[ul| o ¢ 7.r2mey) and
lwllvy 0,711 (ray) are bounded from above by the norms of ug and f.

23



Sequence of problems

If we consider a sequence of problems:

{atun —div(AVu,) = fo — f in L*(0,T;H ()

un(0) = uly — u’ in L*(Q).

As (fn), (ud) are bounded, the solutions are as well: (u,) in W(0,T; H*(Q)),
and on a subsequence we have its convergence. The strong convergence of
(un) we can obtain by the following

Lemma. (the Aubin compactness) Let By, B1 and By be Banach spaces
with B1 < Bs continuously and By — By compactly. If (uy) is bounded in
LP([0,T); Bo) and (uy,) in LP([0,T]; B2) fora T < oo and p € (1,00), then
(un) is contained in a compact in LP([0,T]; B1).

We take By = H}(Q), B1 = L*(Q), Bo = H 1 (Q), Q bounded. From the
uniform bounds in n, the sequence (ux) is relatively compact in
L2(0,T;1L%(Q)), thus we have that u, — u (up to a subsequence) in
L*R* x Q).

24



Non-stationary heat conduction

Consider a domain @ = (0,T) x €, where Q C R is open:

{ Oru — div (AVu) = f

u(0,-) = ug -

More precisely: V := H§(Q), V' := H™1(Q) and H := L*(Q),

Gel'fand triple: V — H — V',

For time dependent functions: V := L2(0,T;V), V' := L*(0,T; V")
(which is indeed the dual of V) and H := L2(0,T; H), we again have a
Gel'fand triple: V — H < V',

Additionally assume that A € L*°(Q; Mgxq) satisfies:

€
|A(t, x)E|*

A(t7 X)£ : € 2
A(t>x)£ : E 2

Q

™| =

i.e. it belongs to M(«, 3;Q).
With such coefficients the problem is well posed, i.e.:
llullyy < cilluollg + c2llflly,, where W :={ueV:u €V}

25



Parabolic operators

Parabolic operator P € L(W; V")
Pu = 0:u — div (AVu)

is an isomorphisms of Wy := {u € W : u(0,-) = 0} onto V'.
Spagnolo introduced G-convergence for more general parabolic operators:

Pa=0+ AW —V,

where (Au)(t) := A(t)u(t), with A(t) € L(V;V’) such that for g, € V

—

t— (A
Xollelly < (A)e, @) < Aollell}
[{A(t)p, ¥)| < M/ (A()p, )/ (Al), ¥)

where Ao, Ao and M are some positive constants.
The set of all such operators P4 is denoted by P(\o, Ao, M).
For A(t) = —div (A(t,-), ) we write Pa instead of P4.

—

t)p, 1) is measurable

26



G-convergence

The adjoint operator to A is A* : V' — V:

Vu,v €V) y(Au,v)v = v{u, A"v )y .

The formal adjoint of P4 is then

Piu=—0wu+ A u.

Note ( Wr :={u e W:u(T,-) =0} )
(Vu € WO)(VU S WT) VI<PAU7U>V = y(u,Pijh;/ .
A sequence P4, € P(Xo, Ao, M) G-converges to P4 (and we write
Pa, —2PL) if for any f € V'
P f—PLf inw.

If V< H is compact, then P;if — P f (strongly!) in H.

27



Compactness

If V< H < V' (continuous inclusions) are also compact, which is the case
for our equation (H§(Q) is by the Rellich theorem compactly embedded in
L%(Q)), Spagnolo proved the compactness of G-convergence:

For any P4, € P(Xo, Ao, M) there is a subsequence P4 , and a

Pa € P(Ao, M?Ao, /Ao /Ao M), such that P , —F—P4.

Here we again see that the choice of bounds is not as good as we would wish.
Of course, in the particular case we are interested in, the above inequalities are

satisfied.
Let us prove this theorem.

28



Proof of compactness

As V is reflexive and separable, by the Cantor diagonal procedure one can find
a subsequence (for which we shall keep the original notation) and a bounded
linear operator B : V' —s W such that

VfeV) Plf—Bf.

Indeed, let F = {f1, f2,...} be a countable dense subset of V'. The sequence
’P;i f1 is bounded in Wy, so it has a weakly convergent subsequence; denote it
-1
by PAnk fi.
Next we apply the same argument to the subsequence 73;\11 f2, which has a
"k

weakly convergent subsequence PA 2 fa.

Continuing in the same way, for each m € N we have a weakly convergent
subsequence PA wJu, forlel.m.
’VLk'

Now we can construct a diagonal subsequence by taking P;lk

29



Proof of compactness (cont.)

We have to show that B is a parabolic operator.

To this end define: A,v := A, (t)v, u, := Py f and Kf := f — (Bf)".

Thus we get:
u:q, + Anun = f

Bf)Y +Kf=Ff

After multiplying the first by u,, and the second by Bf, and taking into
account the initial condition, we get

Sl (T 4 v Attt Y = v fyim h
SNBHDIE + (KB v = vl B )
As up =P f — Bf uW, so

V'<Anun,un >V — V’<1Cf7Bf>V 3
thus u;, — (Bf)" and Apun, — f— (Bf)=Kf in V.

B is injective.
Indeed, take Bf = 0, thus y/( Apun, un )y — 0. However, from the
coercitivity then |lun|,, — 0, so Kf =0, giving f — (Bf)' = 0.
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Proof of compactness (cont.)

B(V') is dense in V.

Indeed, if (Vg € V') v{(Kf,Bg)y =0, then in particular ,{Kf,Bf )y =0, so
v Kf,Bf)v <0, and by coercitivity |[un|l,, — 0, finally giving Bf = 0 and
F=o.

We next define A: B(V') — V' by

A(Bf) = Kf,
such that for u := Bf we have
u'+ Au=f,
Aptn — Au and yi{ Anun, un yy — y(Au,u)y.
Now we can use the uniform estimates on A,:
v{ Antin, un )vv/Aol[v]l,,

[y ( Anun, v)v| <
V’<Anunaun >V > )\OHun”i .
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Proof of compactness (cont.)
After passing to the limit (Hu|| < liminf ||un||):

[vi{ Anti, v )v| < M/yr( Au, u)yvVAo|v]|,,

w(Au,U>v Nolfull?; -

Vv //\

Taking v = u in the first inequality:

o (Au, u)v| < MVAov/ v A, u)yully,

so v( Au,u)y < M2Ao||u||v, and then again
v Anu, 0 )] < M Aollul o]l -

Therefore A : B(V') — V' is bounded in the topology of V, so it can be
extended by continuity to all of V, and the extension A defines an isomorphism
d/dt + A of Wy onto V',

In particular:

ABf=f, fev

=

(

implies B = (d/dt + A)~!
Finally, the form of operator: (Au)(t) := A(t)u(t) is a consequence of the fact
that it commutes with multiplication by bounded functions in ¢ (as a weak limit
of such operators).
And the Theorem is proven.
32



H-convergence

If each A, is of the form: A, (t)u = —div(An(t,-)Vu) ,u €V, the limitis
of the same form, where the matrix coefficients A satisfy the same type of
bounds, but with different constants. Also, in such a case, on the subsequence
we have the convergence

A, Vu, — AVu in L*(Q;R%).

The above motivates the following definition [DM, ZKO]:

A sequence of matrix functions A, € M(a, 8; Q) H-converges to
A e M(d,B;Q) if for any f € V' and ug € H the solutions of parabolic
problems

Orun — div (A, Vu,) = f
{ un(0,-) = uo .
satisfy
Up —u inV
A,Vu, — AVu inL*(Q;R%) .
Moreover, A € M(«, 3; Q).

H-convergence still has the advantage of the proper choice of constants (the
limit stays in the chosen set).
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Remark 1

In the definition of H-convergence it is enough to consider uo = 0.

Indeed, assume it is valid only for the homogeneous initial condition. For

uo € H and f €V, let u, be the solution.

The sequence of solutions (uy,) is bounded in W and, due to the reflexivity, has
a weakly converging subsequence. Its limit we denote by u.

Applying the locality of G-convergence we get that u: — div(AVu) = f on Q.
As the imbedding W — C([0, T; H) is compact, we have the strong
convergence of the subsequence in C([0,T]; H). This means that the initial
condition is preserved on the limit, i.e. u(0,-) = uo.

Thus, any weak accumulation point of (u,,) satisfies the equation with the
initial condition uo, and therefore the accumulation point is unique, which
means that the whole sequence converges weakly to that solution w in W.
Now we obtain A, Vu, — AVu in L%(Q; R?) for a subsequence. An
argument as above, based on the uniqueness of the accumulation point, gives
us finally that the whole sequence converges, i.e. that ARL\A.
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Remark 2

The parabolic H-convergence is generated by a topology.

UM ,nQ

neN

for f € V', define Ry : X — Wp and Qf : X — L2(Q; R%):

us — div (AVu) =

R¢(A) :=u, where u solves { (0, =0

with the weak topology assumed on Wy;

and Qf(A) := AVu, with the weak topology on L?(Q; R%).

On X, define the weakest topology such that Ry and (s are continuous. It is
not metrisable.

However, the relative topology on M («, 3; @) is metrisable.

35



H-convergent sequence depending on a parameter

Theorem. Let P C R be an open set and the sequence

A, : QX P — Mgxa(R) such that A,,(-,p) € M(a, 3;Q) forp € P.
Moreover, suppose that p — A, (-,p) is a C* mapping from P to

L*(Q; Maxq(R)) with derivatives up to order k equicontinuous on every
compact set K C P:

(Ve >0)36>0)(Vp,ge K)(VneN)(Vie{0,...,k})

p—al<d = AP (,p)- Agp(':q)HLOO(Q;ded(R)) <Ee.

Then, there exists a subsequence (A, ) such that for every p € P
Any (p) == Al,p) in M(a,5:Q).
and p — A(-,p) is a C* mapping from P to L™ (Q; Max4(R)).
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Analytical dependence

Theorem. Let P C R be open set and the sequence A, : Q X P — Maxa4(R)
such that A, (-,p) € M(a, 8;Q) for p € P. Moreover, suppose that

p+— An(-,p) is analytic mapping from P to L°°(Q;Maxa(R)).

Then, there exists a subsequence (A, ) such that for every p € P

An(p) =2~ A(p) in M(a, 3;Q)

and p — A(-,p) is analytic mapping from P to L™ (Q; M4x4(R)).
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Setting of the problem

A sequence of parabolic problems

{ Orun — div (A"Vuy) = f

un(0,-) =uo .

(%)

where A™ is a perturbation of Ay € C(Q;Maxa), which is bounded from
below; for small « function A™ is analytic in :
Al (t,x) = Ao +yB"(t,x) +7°C"(t,x) + o(+") ,

where B", C" —~ 0 in L*°(Q; Maxa)).
Then (after passing to a subsequence if needed)
A~ A% = Ag+9Bo +9°Co + o(7°) ;

the limit being measurable in ¢,x, and analytic in ~.
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No first-order term on the limit

Theorem. The effective conductivity matrix A5° admits the expansion

AT (t,x) = Ao(t,x) +7°Col(t,x) + o(7?) .
Indeed, take u € L2([0,7]; Hg(Q)) N H ({0, T); H~*(Q)), and define
fy = 0wu — div (AVu), and uo = u(0, ) € L*(Q).

Next, solve () with AT, f, and wo, the solution .
Of course, f, and u) analytically depend on .

Because of H-convergence, we have the weak convergences in L*(Q):

EY := Vul — Vu

M DI := ATE" — AVu.

Expansions in Taylor serieses (similarly for f, and u7):

EY = Ej +7E} +~°E5 + o(+?)
DI = Df + DT ++°D5 + o(v”) .
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No first-order term on the limit (cont.)

Inserting (f) and equating the terms with equal powers of ~:
E¢ = Vu, Dy = AgVu
T =AoE} +B"Vu — 0 in L*(Q) .
Also, DT converges to BoVu (the term in expansion with ')
D} — ATVu = A¢Vu+~yBoVu + 'yQCoVu + 0(72) .
Thus BoVu = 0, and as u € L2([0, T]; H§(R)) N H' ({0, T); H1(Q)) was

arbitrary, we conclude that By = 0.
For the quadratic term we have:

D = AoE% 4+ B"E} + C"Vu — limB"E} = CoVu,

and this is the limit we still have to compute.
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Periodic homogenisation — an example

In the periodic case the explicit formulae for the homogenisation limit are
known [BLP].

Together with Fourier analysis:

leading terms in expansion for the small amplitude homogenisation limit.

Periodic functions—functions defined on 7' := S* = R/Z, Y := R%/Z% and
Z =Rz

We implicitly assume projections of x — y € Y, etc.

For given p € (0, 00) we define the sequence A,, by

A, (t,x) = A(nt,nx) .
Then A, H-converges to a constant A, defined by

Ah= /ZA(T7 y)(h+ Vuw(r,y))drdy .

For given h, w is a solution of some BVP, depending on p.
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Three different cases depending on p

p € (0,2): w(r,-) is the unique solution of
—div (A(7, ) (h+ Vw(r,-))) =0

w(r,) € HA(Y), /Y w(r,y)dy =0,

p = 2: w is defined by
Ow —div(A(h+ Vw)) =0

w e (T HY(Y)), dww € L(T; HH(Y)), / wdrdy = 0.
zZ

p € (2,00): define A(y) = [, A(r,y)dr and w as the solution of

—div (A(h 4 Vw)) =0

we H(Y), /Ywdy:().
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Periodic small-amplitude homogenisation

A sequence of small perturbations of a constant coercive matrix Ag € Mgxa:
Al (t,x) = Ao +vB"(t,x),

where B" (¢, x) = B(n”t,nx), B is Z-periodic L™ matrix function satisfying
[, Bdrdy =0.

For v small enough, (eventually passing to a subsequence) we have the
H-convergence to a limit depending analytically on ~:

A" A = Ay +yBo +42Co + 0o(+?)

and a formula for A7":
AZh = / (Ao +vB))(h + Ve, ) drdy
zZ

:th—|—/A0Vw.Y+’y/Bh+’y/BVw7:th+’y/BVw7.
z z z z

44



Periodic small-amplitude homogenisation (cont.)

In the last equality the second term equals zero by Gauss’' theorem, as w- is a
periodic function. Similarly for the third term.

Since w- is a solution of some (initial-)boundary value problem, depending on
p, it also depends analytically on ~:

Wy = wo +yw1 +0(7) -

The first order term vanishes, as Ag is constant.
AZh = Agh + 72 / BVuw: + o(v7),
z

so we conclude that By = 0 and Coh = fz BVws.

From this formula, using the Fourier series, one can calculate the second-term
approximation Cy. Off course, we must treat separately each one of the above
three cases for p.
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The case p € (0,2) on the limit

Fix 7 € [0, 1]; the BVP with coefficient Ag + vB instead of A and the above
expression for w, we see that w; solves

(1) —div(AoVwi(r,-)) = div(Bh), wi(r,-) € H(Y), / wi(r,y)dy =0

Y

Expanding w1 in the Fourier series gives us (J = Z x (Z%\ {0}))

2mi(lT+k-
wy = E:alke ( y)7

(I,kyeJ

because of [, wi(7,y)dy = 0.
Straightforward calculation gives us

. ; k-
Vw, = Z orik ape? T HRY) ,
7

divAgVw;, = Z(Qﬂ—i)QAOk . kalkezm(l”’k‘w .
J
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The case p € (0,2) on the limit (cont.)
For B denote I := Z***\ {0}

B = ZBlkeZﬂ'i(lT+k~y) ,
I

divBh = Z 27mi Bych - k 2™t Hey)
I

(1) leads to a relation among corresponding Fourier coefficients
2miAok - kaw = —Bih -k, (I,k) € Z*T,

_ Buh -k
ie. ax= 2miAok -k’
0, otherwise.

(I,k) e J

Finally, we obtain

Coh = / BVw; drdy
zZ

= / (Z szeQWi(lTJrk'y)) (Z(Qwik,)al/k/eQWi(l,TJrk,‘y)) drdy
Z N7
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The case p € (0,2) on the limit (cont.)

Due to orthogonality, for the non-vanishing terms in the above product of two
series we have I’ = —[ and k' = —k. Therefore,

Coh = —QWiZBlkka 1,—k

B B kh-k _ Buk ® Bk,
’_ZBlkk Aok -k Z Aok -k

where the last equality holds since B is a real matrix function i.e.
B =B_;_«. We conclude

Z Bk @ Bikk
Aok -k
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The case p = 2 on the limit

The calculation is similar to the first case. The only difference appears in the
equation for w; = Z a2 TRy,

kel
drw1 — div (AoVwi (7, +)) = div (Bh),
implying the following relation for the Fourier coefficients
(I — 2miAok - kaw) =Bwh -k, (I,k)eI,

and the formula for the second order approximation of the H-limit:

Bk ® Bk
Co= -3 DulEBuk
0 ZL.Jerk-k

J 2w
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The case p € (2,00) on the limit

In this case w; does not depend on 7. Introducing

]~3(y) ::/0 B(r,y)dr

this case actually has the same behaviour as the one in elliptic setting, giving

the formula ~ ~
Bk ® Bk
Co=-— b, L
0 Z Aok -k
z4\{o}
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Parabolic small-amplitude homogenisation—general case

Let us continue what we were doing before . ..
For the quadratic term we have:

D = AoE% 4+ B"E} + C"Vu —> limB"E} = CoVu,

and this is the limit we shall express using only the parabolic variant H-measure
u.

uf satisfies the equation (x) with coefficients Ag, div (B"Vu) on the right
hand side and the homogeneous innitial condition.

By applying the Fourier transform (as if the equation were valid in the whole
space), and multiplying by 2mi€, for (7,&) # (0,0) we get

(27)% (€ ® £) (B"Vu)(7, &)
2miT + (2m)2 A€ - €

Vai(r,€) = —
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Expression for the quadratic correction

As (§® &)/ (2miT + (2m)2 Ao - €) is constant along branches of paraboloids
T =ct? c € R, we have (p € CX(Q))

(27)° (€ £) (B"Vu) )
2miT + (2m)2 Aok - &

_ 2m)?6® €@ Vu

- ’<“’ P Zomir + (2m)2A0E - € >

1i7{n<gaB" | Vu?> = —li7£n< oB" |

where p is the parabolic variant H-measure associated to (B™), a measure with
four indices (the first two of them not being contracted above).
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Expression for the quadratic correction (cont.)

By varying function u € C*(Q) (e.g. choosing Vu constant on (0, T) x w,
where w C Q) we get

ij _ ij (2r)’e®¢
~/(0,T)><w Co’ (£ x)9 (¢, x)dtdx = _<“ ! ¢727m'7' + (2m)2 A€ - £ >7

where u“ denotes the matrix measure with components (u”)kl = Wiklj-

53



Examples

For the periodic example of small-amplitude homogenisation, we get the same
results by applying the variant H-measures, as with direct calculations
performed above.
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Stationary case

(Tartar, 1976 and 1984)
Q C R? open set, u, — ug in H,.(; R?)

{ —vAuy, + up X rot(vo + Avy,) + Vp, =1,

divu, =0.

Not a realistic model, but contains the terms: u X rot A
resulting from the Lorentz force g(u x B) in electrostatics, or

. . ul?
in fluids (Vu)u = u x rot (—u) —|—V%.

Theorem. There is a subsequence and M > 0, depending on the choice of
the subsequence, such that the limit ug satisfies:

{ —vAug + ug X rotvg + X"Muo + Vpo = fo

divug =0,
and it holds:

V[Vun > — v|Vue?> + X>Mup -ug in D'(Q) .
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Explicit formula via H-measures

Can M be computed directly from v, — 0 in L?(; R?)
(also bounded in L3(Q; R?))? Yes!  (Tartar, 1990)

M= (g (P - (v EPERE) -

Note. The meaning of the formula: (V¢ € C°(Q2))

R

JRICECES

M is not only a measure, but a function.

[(tre, o K (E®E)) — (1, PR (ERE) R (E®E))] -
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What in the time-dependent case?

Stationary model motivated the introduction of H-measures.
Time-dependent led to a variant.

Tartar with Chun Liu and Konstantina Trevisa some twenty years ago; only
written record in Multiscales 2000.

M. Lazar and myself — wrote it down (technical difference in the scaling).
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Time dependent case

On R3? (we need good estimates for the pressure).
g

Tartar's model from 1985:

Otup, — VAU, + up X rot (Vo + Avy) + Vo, =1,
divu, =0.

Assume that
u, — up in L*([0, T]; H'(R* R?)) ,

Up ——up in L=([0,T]; L*(R*; R?)) .
and (py) is bounded in L2([0, 7] x R?).
Oscillation in (vy) generates oscillation in (Vuy), which dissipates energy via
viscosity.
This should be visible from the macroscopic equation (the equation satisfied by
U()).
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Sufficient assumptions on v,, and f,

f, = div G, with G, — Gy in L?([0, 7] x R*; M3x3)
vo € L2([0, T); L°°(R3; R?)) + L>°([0, T); L3(R*; R?))
Vp = an + by, where
an —— 0in LI([0,T]; L>°(R3; R?)), for some q > 2,
b, —— 0 in L°°([0, T]; L"(R?*; R?)), for some r > 3.
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Homogenised equation

Theorem. There is a subsequence and a function M > 0 such that the limit
ug satisfies:

Bup — vAug + ug X rotvo + AZMug + Vpo = fo
divup =0,

and that we have the convergence

v|Vun|®> — v|Vuo|® + A>Muo - uo in D'(R'™?).

There is a new term, M, in the macroscopic equation.
How can it be computed?
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Oscillating test functions

—Ow,, — VAW, +k X rotv, +Vr, =0
{ divw, =0,
supplemented by requirements:
wn, — 0 in L2([0, T]; H'(R?; R?)), and
w, —— 0 in L°°([0, T]; L2(R?; R?)).
Sufficient to take homogeneous condition at ¢t = T,

and (additional assumption) v, bounded in L2([0, T]; L?(R3; R?)).
This in particular gives r,, bounded in L?([0, T] x R?).

u/ 0| Vw, | dy — / Mk - kdy ,
R1+3 R1+3

M € L?([0,T]; H ' (R®; M3x3x)) and (Mk | k) >0, ke R®.
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Can we avoid w,,?

Theorem. Let p be a variant H-measure associated to a subsequence of (vy,).

M(t, x)o(t, x)dtdx =

R1+3

= am’v( (trulel® — n- (€2 €)) o)

99
T +1/247T2|£|4’¢ ’

with ¢ € C°((0,T) x R?).
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Proof.

For w,, we have (with 0 < M € L2([0, T]); H *(R3; Max3))):

l// | Vw,|* dy — / Mk - kdy .
R1+3 R1+3

From estimates on 7, and v,, we get wj, — 0 in L*(0,7; H;_}(R?)), and
compactness lemma gives us w, — 0 in L ([0, 7] x R?).
Therefore:

lim loVw,|* dy = lim/ |V (own)|? dy .

n R1+3 n R1+3
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Localise ...

Localise by multiplying the auxilliary problem by o € C2°((0,T) x R?)

—0(pwn) — vA(pwn) + k X rot (ovn) = =V(ern) + an ,

dn = —(Oro)Wn — V(A@)wyn — 20(VW,) Ve + k X (Ve X va) + Ve,

dn — 0 in L2(R'*"?) (and also strongly in H*%’*l(RHs)).

As w,, — 0 in L%([0, T]; H*(R?)), so localised w,, and Vw,, converge weakly
in L?.

Of course, localised v,, and 7, converge weakly in L% as well.

From boundedness of the support of ¢, we have strong convergence in

1
H 2,
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The Fourier transform

(—2miT + VAT €>) Gwy, = —k x ((27ri£) x @) — 2miGTRE + G

and dividing by (—2miT + v47?€?) we get

—k x ((2772'5) x @\Tn) — 2miprn€ + Gn

PWr, =
v —2miT + vamr2¢?

The penultimate term disappears if we project it to the plane L & (projection
Pe).

divw, =0, so & - W, = 0; which does not hold for div (pw,) = Vi - w,,.
However, the RHS converges strongly in L2 to 0, so in the Fourier space:

27€ - pw, — 0.

66



Projection by P

After projection

—Pe(k x ((2mi€) x 3V ) ) + Pedin
—2miT + vamr2¢>

PWn = +dna

with d,, —» 0 in L2.
By Plancherel

1+d S
lim/ V|V (owy)|? dx = lim/ vaT?|(pw, ) |2drdE
1%1224&(kx(@ww)x65)+q0 2
n Jr —2miT + vam2€?

‘PE (k X ((2m§) X govn) + qn)

n Jr 72 4 v4r2gt

drdg¢

2

drdg¢
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Applying the Lemma (analysis)

& —0 in L2(R1+3) .
By P, )
’P,, (k x (n x a))‘ = (k- 77)2(|5‘\2 —la- 7Io|2)

where 1), is the unit vector in the direction of 7.
Note that k and 7 are real, while only a is complex. Therefore:

lim/ V|V (ow,,)|* dx
mJa

=lim [ ¢ (k'2m£)2(|@‘2 B

n Jrs 72 4 v4n2gt
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Finally (after some algebra)

(k-2m£o) (Isovnl ‘90"”' l€o \’ )

. 2 —
1151/1 R3 & 73 + van2g€; %=
1 €k o
- ;(tru,(iﬁ +(;47r2€3) ©P)
-k
—1<u,< S D epeoE).

vam2€;
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