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Work schedule

we introduce the notion of admissible manifold and prove a variant of the first
commutation lemma using it;

we give an example of admissible manifold;

we define H-measures on R? x P for any admissible manifold P;

we discuss the possibility of using non-admissible manifolds and introduce
so-called fractional H-measures;

we prove the second commutation lemma appropriate for usage with these
measures, giving also one application.



Classical H-measures

H-measures were introduced independently by Luc Tartar and Patrick Gérard in
the late 1980s and their existence is established by the following theorem.

Theorem 1. If (u,) is a sequence in L?(R%; C") such that u,, — 0, then
there exist a subsequence (u,+) and an r X r Hermitian complex matrix Radon
measure pu on R® x S~ such that for any o1, p2 € Co(R?) and o € C(S4™1)
one has:

lim | (prun) ® Ay (p2unr) dx = (. (p192) K 9)
n R

_ / 1 (x) 22 (X)0(€) dpa(x, €),
Rdxsd—1

where F(Ayv)(€) = 1/1(%)]:”(5)- ]



Admissible manifolds

We need a metric d on R? with the property:
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Admissible manifolds

We need a metric d on R? with the property:

(VR>0)3Cr >0)(Vx,yeR?) |x—y|<R = d(x,y)<Chr.

A compact continuous manifold P C R< is admissible if there exists
{oo :RT — R : v e P; 0. (1) = v},

with properties:
(i) (V€ e R\{0})(3ls e RN(Blv € P) &= qpu(s);
(it) there exists a real nondecreasing function f, lim: o f(t) = oo such that
(Vuh va € P)(Vsla s2 € [15 OO>) d(@"l (31)7 Pra (32))
> f(min{517 82})|V1 - V2|a

for some metric d with property (1);
(#i1) tu(s) = |pu(s)| is strictly increasing and

(Vs e RY) suptu(s) =: Cs < .
veP



A variant of the first commutation lemma

Lemma 1. Let P be an admissible manifold. For b € Co(R%), a € L™ (R%)
such that

(Jaoo € C(P)) lim a(pw(s)) = aco(v), uniformly in v € P,

8§—>00

and operators A and B defined by
F(Au) = aFu, Bu=bu,

a commutator C' := AB — BA is compact on L*(R%).



Example

In [MI] we used a manifold

d
P={¢eR": ) & =1},

k=1

ai € (0,1], and a family of curves

€(s) = diag {s71,..., s by, s> 0. 3)

With the choice (3) we prove that P is admissible.

[MI] D. Mitrovi¢, 1. Ivec, A generalization of H-measures and application on purely fractional
scalar conservation laws, Comm. Pure Appl. Analysis 10 (2011) (6) 1617-1627.
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Admissible symbols

Let P be an admissible manifold.

¢ € C(R\{0}) is a P-admissible symbol if

lim 1) (pu(s)) = (v)

8§—>00

exists uniformly in v € P and define a function ¢ € C(P).



Extension of H-measures

Theorem 2. Let P be an admissible manifold. If u, — 0 in L?(R%; C"),
then there exist a subsequence (u,,) and a Hermitian matrix Radon measure
w={pY; ;=1 . on R x P so that for arbitrary p1,p2 € Co(R?), a
P-admissible symbol ) € C(R\{0}), andi,j = 1,...,r it holds:

lim [ () (0)Ag (e2u, ) (%) dx = (1, pripat))
n’—oo R

- / o1 ()2 B(E) du (x, &),
Rix P

where 1 € C(P) is given by the previous definition.
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Orthogonal manifold

The curves ) .
£(s) = diag {s°1,...,5% }v,

are also used in known variants of H-measures.
Classical H-measures: a1 =as =---=ag=1

Parabolic H-measures: o1 = %, ap = =aq =1
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Orthogonal manifold

The curves .
L

{(s):diag{sﬁ,...,s alv, s$>0

are also used in known variants of H-measures.

Classical H-measures: a1 =as =+ =aqg =1
H . 1
Parabolic H-measures: a1 = 5, ae =+ =aq =1
An ellipsoid
2 2 2
&G |, & §a 1
2422 2 =
ar o Qd  Qmin

is orthogonal on the above curves.
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Good manifolds

If we define H-measures on R? x P for admissible manifold P, we can define
them also on R% x Q (for a manifold @ not necessarily known to be
admissible) if:

(iv) for each v € P the curve ¢, intersects @ in a single point 77, and the function
v — 1) is continuous.

Manifolds P and @ are easily shown to be homeomorphic in that case.
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Fractional H-measures

Theorem 3. Let QQ be an ellipsoid

1 Q2 Qq Qmin

)

2 2 2
1
g.8, .8
«
and for each m = (n1,...,m4) € Q we define

1 N
on(s) =diag{s>1,...,s%a}n,

where ay, € (0,1]. Also, mq is a projection on Q along ¢y,.
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Fractional H-measures

Theorem 3. Let QQ be an ellipsoid

& 1
«

1 Q2 Qq Qmin

2 2
7+£72+...+£7d:

)

and for each m = (n1,...,m4) € Q we define

1 1
on(s) =diag{s>1,...,s%a}n,
where ay, € (0,1]. Also, mq is a projection on Q along ¢y,.

If up, — 0 in L*(R% C7), then there exist a subsequence (u,/) and a
Hermitian matrix Radon measure p = {*}; j=1,.., on R? x Q so that for
P1,p2 € CO(Rd)7 (NS C(Q)7 and thj=1,...,7:

lim (1) (X) Agorg (@21l ) (x) dx = (1, p10029))

n’—oo JRd

- / o1 (X)) D(E) s (, €).
RIXQ



Properties of projections

The projection is given by the formula

ﬂ-Q(s):( §1#7"'7 £d1>7
s(€) 1 s(§) %

where s(&) is the positive solution of the equation

Zdj 5;1:#

k=1 QS Ok Qmin
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Properties of projections

The projection is given by the formula

ﬂ-Q(s):( §1#7"'7 £d1>7
s(€) 1 s(§) %

where s(&) is the positive solution of the equation

Zdj g _ 1

h—1 sk Gmin

L

(a (algl,..., A3 )—)\s . AER";

b) ds(&,m) := s(€ — ) defines a metric on R%;

)

(0) d

(c) (V€€ RN{0}) s(&) =s(&l,.. [€al);

() |nel = [&l, k=1,....d = s(n) > s(£);

(e) (V& e RN{0}) O Doi_, [&k|™ < s(€) < Ca oy, €kl



Anisotropic Tartar spaces

For m € N and « € (0,1]* we define
X" R = {ueS : klaeL'(RY},

where

ka(f) = (1 + i |§k‘ak)
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Anisotropic Tartar spaces

For m € N and « € (0,1]* we define
X" R = {ueS : klaeL'(RY},
where

o () = (1+§ij|sk%).

X™e(R?) is a Banach space with the norm
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Anisotropic Tartar spaces

For m € N and « € (0,1]* we define
X" R = {ueS : klaeL'(RY},
where

o () = (1+§ij|sk%).

X™e(R?) is a Banach space with the norm

[ —— / K] dé.
Rd

Assumption: ai,a2,...,am <1,and amy1 = =aqg =1

Notation: x = (X,x'), X = (Z1,...,%m), X = (Tm+1,...,%a), 0
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Second commutation lemma

Theorem 4. Let Py and My be a Fourier and pointwise multiplier operators
on L%(RY) defined by F(Pyu) = ¢ Fu, Myu = ¢u, with associated symbols
¢ € CH(P?) and ¢ € X*(R?) respectively. Then for a commutator
K := [Py, My] = PyMs — My Py we have (up to a compact operator on
LQ(Rd)):

9;"K = P(%is,-)“d‘

27mi

verpr Moo
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An application

We study sequence of equations
i + (a(2)tpe)ee = [,

where a(z) = a(t,z) € X(%’l)(R2), f € L*(R?) and a is real.
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An application

We study sequence of equations
i + (a(2)ul)ew = £,
where a(z) = a(t,z) € X(i’”(RQ), f € L*(R?) and a is real.
Using second commutation lemma and assumptions
fo—0inL? ul, — 0inL?

we obtain
A, age M) — (n,a' ¢ R (Y + E(W7)e)) =0,

where p is a fractional (a1 = i,ag = 1) H-measure associated with the
sequence (Ul ).
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