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Scalar first order pde

Let Ω ⊆ Rd open and un −⇀ 0 in L2
loc(Ω) satisfies

b · ∇un + cun = fn ,

where b ∈ C1(Ω;Rd), c ∈ C(Ω), and fn −→ 0 in H−1
loc(Ω).

Theorem (Tartar, 1990)

If un ⇀ 0 in L2
loc(Ω;Cr), then there exist a subsequence (un′) and

µ ∈M(Ω× Sd−1; Mr(C)) such that for any ϕ1, ϕ2 ∈ Cc(Ω) and ψ ∈ C(Sd−1)
we have

lim
n′

∫
Rd

(
ϕ̂1un′(ξ)⊗ ϕ̂2un′(ξ)

)
ψ
( ξ

|ξ|

)
dξ = 〈µ, ϕ1ϕ̄2 � ψ〉 .

Measure µ we call the H-measure corresponding to the (sub)sequence (un).

µ ∼ un
What we can tell about (the support) of µ?
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Localisation principle

Theorem (Tartar, 1990)

Let un −⇀ 0 in L2
loc(Ω;Cr), and let for a given m ∈ N∑

|α|6m

∂α(Aαun) −→ 0 strongly in H−mloc (Ω;Cq) ,

where Aα ∈ C(Ω; Mq×r(C)), then for the associated H-measure µ we have

pprµ
> = 0 ,

where

ppr(x, ξ) :=
∑
|α|=m

(2πi)mξαAα(x) , (x, ξ) ∈ Ω× Sd−1 .

div (bun) + (c− div b)un = fn =⇒ (ξ · b)︸ ︷︷ ︸
p

µ = 0
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Propagation principle for b · ∇un + cun = fn

If in addition we assume:
• fn −⇀ 0 in L2

loc(Ω) (ν ∼ (un, fn), thus µ = ν11)

• b ∈ X1(Rd) :=
{
b ∈ S ′ : kb̂ ∈ L1(Rd)

}
, where k(ξ) := (1 + |2πξ|2)

1
2

then we have

Theorem (Tartar, 1990)

(∀Φ ∈ C1
c(Ω× Sd−1)) 〈µ, {Φ, p}〉+ 〈(−div b + 2Re c),Φ〉 = 〈2Re ν12,Φ〉

Poisson bracket: {ψ,ϕ} := ∇ξψ · ∇xϕ−∇xψ · ∇ξϕ

Conclusion: Oscillations and concentration effects propagate along
bicharacteristic rays defined by

dx

ds
=∇ξp

dξ

ds
=−∇xp

.
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Second commutation lemma

Fourier multiplier: Aψu := (ψû)∨; for ψ ∈ L∞(Rd) we have Aψ ∈ L(L2(Rd))

Operator of multiplication: Bϕu := ϕu; for ϕ ∈ L∞(Rd) we have

Bϕ ∈ L(L2(Rd))
Commutator: C := [Aψ, Bϕ] = AψBϕ −BϕAψ

Xm(Rd) :=
{
u ∈ S ′ : kmû ∈ L1(Rd)

}
, k(ξ) := (1 + |2πξ|2)

1
2

Theorem (Tartar, 1990)

Let ψ ∈ C1(Sd−1) and ϕ ∈ X1(Rd), then C is continuous from L2(Rd) to
H1(Rd), and up to a compact operator on L2(Rd) we have

∂jC = Aξj∇ξψ̃B∇xϕ ,

where ψ̃(ξ) := ψ( ξ
|ξ| ).
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Fractional H-measures

• surface: Sd−1 :=
{
ξ ∈ Rd : ξ21 + ξ22 + · · ·+ ξ2d = 1

}
,

α ∈ 〈0, 1]d

• curves: R+ 3 s 7→ sη ∈ Rd \ {0} (η ∈ Sd−1)
• projection: π : Rd \ {0} −→ Sd−1,

π(ξ) =
ξ

|ξ|

,

where s is implicitly given.

Theorem

If un ⇀ 0 in L2
loc(Ω;Cr), then there exist a subsequence (un′) and

µ ∈M(Ω× Sd−1; Mr(C)) such that for any ϕ1, ϕ2 ∈ Cc(Ω) and ψ ∈ C(Sd−1)
we have

lim
n′

∫
Rd

(
ϕ̂1un′(ξ)⊗ ϕ̂2un′(ξ)

)
(ψ ◦ π)(ξ) dξ = 〈µ, ϕ1ϕ̄2 � ψ〉 .

Measure µ we call the H-measures corresponding to the (sub)sequence (un).

α1 = · · · = αd = 1 =⇒ H-measure
α1 = 1

2
, α2 = · · · = αd = 1 =⇒ parabolic H-measure [Antonić, Lazar, ’07]
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Example (oscillations)

Let k ∈ Rd \ {0} and let us define

un(x) := e2πik·(n
2x1,nx2,...,nxd) −⇀ 0 in L2

loc(R
d) .

H-measure:
µ(x, ξ) = λ(x)δ(1,0,...,0)(ξ)

Fractional H-measure (with α1 = 1
2

, α2 = · · · = αd = 1):

µQ(x, ξ) = λ(x)δπQ(k)
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Second commutation lemma (generalisation)

Fourier multiplier: Aψu := (ψû)∨; for ψ ∈ L∞(Rd) we have Aψ ∈ L(L2(Rd))

Operator of multiplication: Bϕu := ϕu; for ϕ ∈ L∞(Rd) we have

Bϕ ∈ L(L2(Rd))
Commutator: C := [Aψ, Bϕ] = AψBϕ −BϕAψ

Xm(Rd) :=
{
u ∈ S ′ : kmû ∈ L1(Rd)

}
, k(ξ) := (1 + |2πξ|2)

1
2

Hsα(Rd) :=
{
u ∈ S ′ : ksαû ∈ L2(Rd)

}
For m ∈ 0..d we assume α1, . . . , αm ∈ 〈0, 1〉, αm+1 = · · · = αd = 1. We also
use x = (x̄,x′), x̄ = (x1, . . . , xm), x′ = (xm+1, . . . , xd).

Theorem

Let ψ ∈ C1(Sd−1) and ϕ ∈ X1(Rd), then C is continuous from L2(Rd) to
H1(Rd), and up to a compact operator on L2(Rd) we have

∂jC = Aξj∇ξψ̃B∇xϕ ,

where ψ̃ := ψ ◦ π.
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Example 1/3

Let us consider
i∂tu

n + (aunxx)xx = fn in R×R ,

where a ∈ X( 1
4
,1)(R2) is real and fn −⇀ 0 in L2(R2). In addition, let us

assume unxx −⇀ 0 in L2(R2).
We study a fractional H-measure with α = ( 1

4
, 1), i.e. on the

Q . . . τ2 +
ξ2

4
= 1 .

We want to derive a transport equation for the corresponding fractional
H-measure µ associated to (unxx).

For ψ ∈ C1(Q) and ϕ ∈ C1
c(R

2) we first apply BϕAψ on the equation above,
and then take the scalar product in L2(R2) by unx :

〈 iφPψut | ux 〉+ 〈φPψ(a(x)uxx)xx | ux 〉 = 〈φPψf | ux 〉.

After some more calculation (mostly using partial integration), on the limit we
get

4〈µ, a∂xϕψ〉 − 〈µ, ϕ∂xaψ〉 − lim
n
〈ϕ∂x[Aψ, Ba]unxx | unxx 〉 = 0 .
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Example 2/3

By the Second commutation lemma we have

lim
n
〈ϕ∂x[Aψ, Ba]unxx | unxx 〉 = lim

n
〈ϕξ∂ξψ̃∂xaunxx | unxx 〉

= lim
n
〈ϕ(ξ∂ξψ̃) ◦ πQ∂xaunxx | unxx 〉

=〈µ, ϕ∂xaξ∂ξψ̃〉 ,

so finally we obtain

4〈µ, a∂xϕψ〉 − 〈µ, ϕ∂xaψ〉 − 〈µ, ϕ∂xaξ∂ξψ̃〉 .

Now we want to rewrite the above equality in terms of the principle symbol
p(t, x; τ, ξ) := 2πτ − 16π4ξ4a. Taking Ψ := ϕψ we have〈

µ

ξ3
, {Ψ, p}

〉
+

〈
µ

ξ4
,Ψ∂xp

〉
({Ψ, p} = ∂ξΨ∂xp− ∂xΨ∂ξp) .

Substituting ψ by ξ3ψ we get

〈µ, {Ψ, p}〉+

〈
µ,Ψ

3α2(5− α2)

16(α2 − 1)
ξ∂xp

〉
= 0 ,

where α = (1− 3
16
ξ2)−

1
2 .
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Example 2/3

∂xµ

(
∂ξp−

(α2

16
+
α2

4
+

3α2(5− α2)

16(α2 − 1)

)
pξ

)
−∇τ,ξµ·

([
0
∂xp

]
−
([ 0
∂xp

]
·n
)

n

)
= 0 ,

where n = α[τ ξ/4] is the outwardly directed unit normal vector to Q.
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