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Abstract Friedrichs operators

(L,{-|-)r) complex Hilbert space (L' = L), || - ||z .= /(- | - )z

D C L dense subspace

Let T,T : D — L. The pair (T, T) is called a joint pair of abstract Friedrichs
operators if the following holds:

(T1) (VéveD)  (To|¥)L=(|TV)r;

(T2) Ge>0(véeD)  [(T+D)glle <clldle;

(T3) Guo>0)(¥YoeD)  ((T+TD)¢|d)r > ollgll7 -
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Example 1 (Classical Friedrichs operators)

Q) C R? open and bounded with Lipschitz boundary
L:=1*Q)", D:=Cx(Q)"
Let Ay € Wh°(Q; M), k € {1,...,d}, and C € L°°(Q; M) satisfy

(a.e. on Q):
(F1) A, = Aj;
d
(F2) (Gpo>0) C+C +> Ay > pol.
k=1

Define 7,7 : D — L by

d
Tu := Zak(Aku) + Cu
k=1

d d
Tui= =3 0(Awu) + (C°+ > 0Ax)u
k=1 k=1

(T, T) is a joint pair of abstract Friedrichs operators.
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Goal: To find V.2 D (V 2 D) such that T (T') extended to V' (V) is a linear
bijection.
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Goal: To find V.2 D (V 2 D) such that T (T') extended to V' (V) is a linear
bijection.

It is more convenient to first extend 7' and T and then seek for suitable
restrictions. In [Ern at al., 2007] a construction of (T%,71) such that

Tng, Tgfl, dOIIlT1:dOIIlT1:ZW,
and (W, (- |-)r,) is a Hilbert space.

New goal: To firld V, IZQ W such that Wy C V, V and restrictions
Tily : V — L, Ti|y : V — L are bijections (here Wy := (D, (- | -)7y))-
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Goal: To find V.2 D (V 2 D) such that T (T') extended to V' (V) is a linear
bijection.

It is more convenient to first extend T and T' and then seek for suitable

restrictions. In [Ern at al., 2007] a construction of (T%,71) such that
Tng, Tgfl, dOIIlT1:dOIIlT1:ZW,

and (W, (- |-)r,) is a Hilbert space.

New goal: To firld V, IZQ W such that Wy C V, V and restrictions
Tily : V — L, Ti|y : V — L are bijections (here Wy := (D, (- | -)7y))-
Questions:

1) Sufficient conditions on V/

2) Existence of such V/

3) Infinity of such V/

4) Classification of such V'
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Well-posedness result

Boundary operator: D : (W, (- | -)m,) — (W, {-| )7y,
wA Du,v)w = (Tvw | v)r — (u| Tiv)r, u,v € W.
Properties: ker D = Wy and D symmetric, i.e.

Vu,v € W) wA{Du,v)w = w{Dv,u)w.
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Well-posedness result

Boundary operator: D : (W, (- | -)m,) — (W, {-| )7y,
wA Du,v)w = (Tvw | v)r — (u| Tiv)r, u,v € W.
Properties: ker D = Wy and D symmetric, i.e.

Vu,v € W) wA{Du,v)w = w{Dv,u)w.

V1) Vu e Y) wr{ Du,u)w =0
Vv eV) w{Dv,v)w <0
(V2) V=DV)°, V=DWV)".

Theorem (Ern, Guermond, Caplain, 2007)

Let (T, f) be a joint pair of Friedrichs systems and let (V, ‘7) satisfies
(V1)-(V2). Then Ti|y : V — L and Th|y; : V — L are closed bijective
realisations of T' and T', respectively.
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Example 2 (Scalar elliptic PDE)

Q C R open and bounded with Lipschitz boundary T, 1 € L°°(Q) such that
w(x) = po >0 (ae. z € Q).

For f € L?(Q) we consider

—Au+pu=f
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Example 2 (Scalar elliptic PDE)

Q C R open and bounded with Lipschitz boundary T, 1 € L°°(Q) such that
w(x) = po >0 (ae. z € Q).

For f € L?(Q) we consider

—Au+pu=f <= —divVu+pu=f
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Example 2 (Scalar elliptic PDE)

Q C R open and bounded with Lipschitz boundary T, 1 € L°°(Q) such that
w(x) = po >0 (ae. z € Q).

For f € L?(Q) we consider

. Vu+p=0
—Au+tpu=f < —divVu+pu=f <= .
divp + pu =f
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Example 2 (Scalar elliptic PDE)

Q C R open and bounded with Lipschitz boundary T, 1 € L°°(Q) such that
w(x) = po >0 (ae. z € Q).
For f € L?(Q) we consider

. Vu+p =0
—Au+tpu=f < —divVu+pu=f <= .
divp + pu =f
d
= Tv::Z@k(Akv)+Cv:g,
k=1

where v := [p u]T, g:=[0 f]T, (Ak)ij = 0i,k0j,d+1 + 0i,a+19;,k,
C :=diag{1,...,1,u}.
Assumtions (F1) and (F2) are satisfied.
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Example 2 (Scalar elliptic PDE)

Q C R open and bounded with Lipschitz boundary T, 1 € L°°(Q) such that
w(x) = po >0 (ae. z € Q).
For f € L?(Q) we consider

. Vu+p =0
—Au+tpu=f < —divVu+pu=f <= .
divp + pu =f
d
= Tv::Z@k(Akv)+Cv:g,
k=1

where v := [p u]T, g:=[0 f]T, (Ak)ij = 0i,k0j,d+1 + 0i,a+19;,k,
C :=diag{1,...,1,u}.
Assumtions (F1) and (F2) are satisfied.

L=T12(Q)"" W =L%,(2) x H'(Q)

o V=13,(Q) x H}(Q) ... Dirichelt boundary condition (u = 0 on T)

o V=1L3%,0(Q) x H(Q) ... Neumann boundary condition
(p-v=Vu-v=00nT)
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Non-stationary Friedrichs systems

®) {u’(t) +Tiu(t) =f

where u : [0,7] — L, for 7 > 0, is the unknown function, while the right-hand
side f: (0,7) — L (or f: (0,7) x L — L in the semi-linear case), the initial
data up € L and the abstract Friedrichs operator 71 (an extension of T as
before), not depending on the time variable t, are given.

Let (T, T) be a joint pair of Friedrichs operators, and (V, ‘7) a pair of
subspaces satisfying (V) conditions. Then —Ti|v is an infinitesimal generator
of a contraction Co-semigroup on L.
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Non-stationary Friedrichs systems - well-posedness

Let (T, ’_ZN") be a joint pair of Friedrichs operators, and (V, KN/) a pair of
subspaces satisfying (V) conditions.

a) Iff € L1((0,7); L), then for every uy € L the problem (P) has the unique
mild solution u € C([0, 7]; L) given by

u(t) = S(t)uo + /t S(t — s)f(s)ds, te[0,7],

where (S(t))t>o0 is a contraction Co-semigroup generated by —T1|v .

b) If additionally up € V' and
f € WHL((0,7); L) U (C([0,7]; L) VL0, 7); V) ) with V equipped by
the graph norm, then the above weak solution is the classical solution of
(P) on [0, 7].

c) Iff:[0,7] x L — L is continuous and locally Lipschitz in the last variable,
with Lipschitz constant not depending on the first variable, then for every
uog € L there exists Tmaz, such that the semi-linear problem (P) has
unique mild solution u € C([0, Tmaz]; L).
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Example 3 (Dirac system)

a0 + v 01 +v°0atp + 7’039 + By = £,

where 1) : [0, 7] x R® — C* is the unknown function, while f: (0,7) — C* (or
biI 0

0 bol ]

with b1, ba :R® — C and I denotes 2 x 2 unit matrix, are given, and

o_| I O k 0 oF
Y= 0 .y ’ Y= _o_k 0 ’

where o are Pauli matrices.

f:{0,7) x C* — C* in the semi-linear case), a > 0 and B = {
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Example 3 (Dirac system)

a0 + v 01 +v°0atp + 7’039 + By = £,

where 1) : [0, 7] x R® — C* is the unknown function, while f: (0,7) — C* (or
biI 0

0 bol ]

with b1, ba :R® — C and I denotes 2 x 2 unit matrix, are given, and

o_| I O k 0 oF
Y= 0 .y ’ Y= _o_k 0 ’

where o are Pauli matrices.

f:{0,7) x C* — C* in the semi-linear case), a > 0 and B = {

op+TyY=F,

3
where F = 170f, while Ty = > " A0t + C with
k=1

0 O'k _10
[ak O} and C’fafyB.
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Example 3 (Dirac system)

a0 + v 01 +v°0atp + 7’039 + By = £,

where 1) : [0, 7] x R® — C* is the unknown function, while f: (0,7) — C* (or
f:(0,7) x C* — C* in the semi-linear case), a > 0 and B = { 661 bOI ]
2

with b1, ba :R® — C and I denotes 2 x 2 unit matrix, are given, and
0 I 0 k 0 ok
Y= 0 .y ’ Y= _o_k 0 ’
where o are Pauli matrices.
oy +Ty=F,

3
where F = 170f, while Ty = > " A0t + C with

k=1

0 O'k _10
[ak O} and C’fafyB.

T fits in Example 1, i.e. it is a Friedrichs operator.
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Hilbert space framework
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Hilbert space framework

Theorem (Ern, Guermond, Caplain, 2007)

Let (T, T) be a joint pair of Friedrichs systems and let (V, ‘7) satisfies
(V1)=(V2). Then Th|v : V — L and T1|5 : V — L are closed bijective
realisations of T' and T, respectively.

Can we say something more about extensions Ty, Ti, and (V1)—(V2)
conditions?
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Hilbert space framework

Theorem (Ern, Guermond, Caplain, 2007)

Let (T, T) be a joint pair of Friedrichs systems and let (V, \7) satisfies
(V1)=(V2). Then Th|v : V — L and T1|5 : V — L are closed bijective
realisations of T' and T, respectively.

Can we say something more about extensions Ty, Ti, and (V1)—(V2)
conditions?

Theorem

Let T,T : D — L. The pair (T, T) is a joint pair of abstract Friedrichs
operators iff

() TCT* and T C T*;

(i) T+ T is a bounded self-adjoint operator in L with strictly positive bottom;
(iii) domT = domT = Wo and domT* = domT™* = W.
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Hilbert space framework

Theorem (Ern, Guermond, Caplain, 2007)

Let (T, T) be a joint pair of Friedrichs systems and let (V, \7) satisfies
(V1)=(V2). Then Th|v : V — L and T1|5 : V — L are closed bijective
realisations of T' and T, respectively.

Can we say something more about extensions Ty, T1, and (V1)—(V2)
conditions?

Theorem

Let T,T : D — L. The pair (T, T) is a joint pair of abstract Friedrichs
operators iff
() TCT* and T C T*;

(i) T+ T is a bounded self-adjoint operator in L with strictly positive bottom;
(iii) domT = domT = Wo and domT* = domT™* = W.

| A

Theorem

(i) domT = dom% = Wy and dom T = dom T = W
(i) T = T* and Ty = T*. 11120




Theorem

Let (T, f) be a pair of operators on the Hilbert space L satisfying conditions
(T1)-(T2), and let (V,V') be a pair of subspaces of L. Then

WoCVCW, WoCVCW
V and V closed in W
@) = Ty

(T 7)) = T|v .

condition (V2) <&
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Theorem

Let (T, f) be a pair of operators on the Hilbert space L satisfying conditions
(T1)-(T2), and let (V,V') be a pair of subspaces of L. Then

WoCVCW, WoCVCW
V and V closed in W
@) = Ty

(T 7)) = T|v .

condition (V2) <&

We are seeking for bijective closed operators S = T*|V such that
TCSCT*,

and thus also S™ is bijective and ? csS*CT*.
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Theorem

Let (T, f) be a pair of operators on the Hilbert space L satisfying conditions
(T1)-(T2), and let (V,V') be a pair of subspaces of L. Then

WoCVCW, WoCVCW
V and V closed in W
@) = Ty

(T 7)) = T|v .

condition (V2) <&

We are seeking for bijective closed operators S = T*|V such that
TCSCT*,

and thus also S™ is bijective and ? csS*CT*.

In the rest we work with closed 7 and 7.

Definition

Let (T, f) be a joint pair of closed abstract Friedrichs operators on the Hilbert
space L. For a closed T'C S C T* such that (dom S, dom S*) satisfies (V1)
we call (S,5™) an adjoint pair of bijective realisations with signed boundary
map relative to (T, T).
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Questions:
1) Sufficient conditions on V v/
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Questions:
1) Sufficient conditions on V v/
2) Existence of V C W such that (T*|v, (T*|v)*) is an adjoint pair of
bijective realisations with signed boundary map relative to (7', T")
3) Infinity of such V'
4) Classification of such V/
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Existence and infinity of V's

Let (T, T) be a joint pair of closed abstract Friedrichs operators on the Hilbert
space L.
(i) There exists an adjoint pair of bijective realisations with signed boundary
map relative to (T, T). Moreover, there is an adjoint pair (Tv, T;") of
bijective realisations with signed boundary map relative to (T, T) such that

Wo +kerT" C domT: and Wo +kerT* C dom Ty .

(i) If both ker T* # {0} and ker T* # {0}, then the pair (T,T) admits
uncountably many adjoint pairs of bijective realisations with signed
boundary map. On the other hand, if either ker T* = {0} or
ker T* = {0}, then there is exactly one adjoint pair of bijective realisations
with signed boundary map relative to (T, T) Such a pair is precisely
(T*,T) when ker T* = {0}, and (T, T*) when ker T* = {0}.
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Grubb's universal classification 1/2

AD - (AE])* = A1 and A6 - (Ao)* = All

(Ar, AY) are closed, satisfy Ag C A, C Ay, equivalently Aj C A C Af, and
are invertible with everywhere defined bounded inverses A7 and (A7)~!

dom A; = dom A, + ker A; and dom A} = dom A} + ker A

B~ Ap:
A Bg:

pr = A;lAlv D = (A:)71A17

pk = 1—pr, pr = 1—pv,
. (B,B")
(A, A7)
VY C ker A; closed
Ao CAC AL p ,
, . , W C ker A; closed
Ay CA” C A

B :V — W densely defined

dom A = {uedomAl : pxu € dom B, Pw(Au) :B(pku)},
domBs = pxdom A, V = domBa, Ba(pxu)= Pw(Aiu),

where Pyy is the orthogonal projections from L onto W.

Important: A is injective, resp. surjective, resp. bijective, if and only if so is B.
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Grubb's universal classification 2/2

When Ap corresponds to B as above, then

wo € dom Ag
domAp = {wo+ (4:) ' (Brv+v) +v v € dom B ,
vV €kerAj oW

Ap(wo + (A) Y (Br+1v) +v) = Agwo+ Br+1/
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Grubb's universal classification 2/2

When Ap corresponds to B as above, then

wo € dom Ag
domAp = {wo+ (4:) ' (Brv+v) +v v € dom B ,
vV €kerAj oW

Ap(wo + (A) Y (Br+1v) +v) = Agwo+ Br+1/

We shall apply this theory on a joint pair of closed abstract Friedrichs systems.
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Classification of bijective realisations with signed boundary map 1/2

For simplicity here we use the notation of Grubb's universal classification.
(Ao, Ap) a joint pair of closed abstract Friedrichs operators, A1 := (Ap)*,
1 := Ag, and let (A,, A}) be an adjoint pair of bijective realisations with

signed boundary map relative to (Ao, Ap).
(AB, Ag) a generic pair of closed extensions Ag C Ag C A;.
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Classification of bijective realisations with signed boundary map 2/2

(1) (Vv € dom B) (v| Awv)r —2Re(pwv | Bv)r <0
(Vv € ker AL OW) (pwv| V') =0

@) (Vy' € dom BY) (A | ') —2Re( By’ [ prp’ ) < 0
(V€ ker A; ©V) (plpep' ) =0,

Theorem

Any of the following three facts,

(a) conditions (1) and (2) hold true, or

(b) condition (1) holds true and B : dom B — W is a bijection, or
(c) condition (2) holds true and B* : dom B* — V is a bijection,

is sufficient for (Ap, Ag) to be another adjoint pair of bijective realisations

with signed boundary map relative to (Ao, Ap).
Assume further that dom A, = dom A;. Then the following properties are

equivalent:

(a) (Am,ApR) is another adjoint pair of bijective realisations with signed
boundary map relative to (Ao, Ap);

(b) the mirror conditions (1) and (2) are satisfied.
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Example 4 (Equation on an interval) 1/2

L:=12(0,1), D:=C(0,1)

T,7:D — L,

d ~ d

To:=—o¢p+ ¢ andT¢ :=——o+ ¢.

dz dx

We have _
domT = dom T = Hy(0,1) =: Wo
domT* = domT* = H'(0,1) =: W,

Define

Ag:=T, ,AS:ZE, Ay :=T" A :=T" .
As wr{ Du,v)w = u(1)v(l) — u(0)v(0), for

V=V :={ueH(0,1): u(0) = u(1)}

we have that A, := A1|v, A = A}|v for an adjoint pair of bijective
realisations with signed boundary map.
ker A1 = span{e”*} and ker A} = span{e®}, so
u() —u(0) o u@) —u(0) o
2 .

pu=——r— e, pru=
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Example 4 (Equation on an interval) 2/2

V =ker Ay, W =ker A}, Bag:V — W,
Bage " = (a+iB)e”

where (o, 8) € R*\ {(0,0)}.
(1) simplifies to check

(e7" | Ale™™ )L = 2R(pyre—= | Bape ") <0

<— a < —e !

{(Aa,ﬁ,A:;ﬁ) Tag 7671 ) ﬂ € R} U {(AraA:)}

dom A, = {u cH'(0,1) : (26_1—(+)o¢(1 Fe)—if(l+ e))u(l)

=(2+a(l+e) = (+)iB(1+¢))u(0) }
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