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Start from a sequence u,, — 0 in LY .(R%), and ¢ € C.(R?), and take the
Fourier transform:

F€) = [ e (pun) ).

As @uy, is supported on a fixed compact set K, so |pu,(£€)| < C.

Furthermore, u, — 0, and from the definition gu,(£) — 0 pointwise.
By the Lebesgue dominated convergence theorem on bounded sets, we get
@, — 0 strong, i.e. strongly in L2 _(R).

On the other hand, by the Plancherel theorem: |\@HL2(Rd) = [lptnlly2gay-
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If pu, does not converge to zero in L?(R?), then neither does Guy;
therefore some information must go to infinity.

Tartar wanted to investigate how this goes to infinity in various directions.

He took 9 € C(S%!), and considered the limits of the integrals:

im [ w(e/leDIFm g = [ v(@v(©).

Limit is a linear functional in 1), thus an integral over the sphere of some
nonegativne Radon measure, which depends on ¢.

(a bounded sequence of Radon measures has an accumulation point)
The crucial question was how does this limit depend on .



Existence of H-measures
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Associated H-measure

pr = > [0 ©OA)

kezd\ {0}



Example 2: Concentration

For U € L*(R?) define

un(z) = n%U(na:) .




Example 2: Concentration

For U € L*(R?) define

Associated H-measure

i = [ 1005 ©0(0)dy
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Analytic picture

Multiplication by b € 1L°°(R?), a bounded operator M, on L?(R?):

(Mpu)(x) := b(x)u(x) , norm equal to bl gr2)-
Fourier multiplier P,, for a € L°°(R2): ﬁa\u = ail.

The norm is again equal to |||y, (g2)-

Delicate part: a is given only on S* or P*.
We extend it by the projections, p or 7: if a is a function defined on a
compact surface, we take a := aopora:=aom, i.e.

o T I3 o T 3
a8 = ol g 0e) )= 5rg 5mp)

The precise scaling is contained in the projections, not the surface.
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Example 1: Oscillation

Periodic function (take ©9,0 = 0, as before):

obx) = DT et
(w,k)ezl+d
For o, B € R™, a sequence of periodic functions with periods approaching zero:
Un (t, %) := v(n“t,n"x) = Z By 2wt
(w,k)ezZl+d

Their Fourier transforms are:

U (1,8€) = Z Dok Onow (T)0,,0 () -

(w,k)ez1td
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Example 1: Oscillation (cont.)

. By.
un(t,x) — v(nat,’ﬂﬁx) _ Z Dok eQm(n wt+nPk-x) )

(w,k)ezt+d
(un) is a pure sequence, and its variant H-measure up(t,x,7,€) is

Z |ﬁw,k|25(ﬁ70> (T7£) + Z |{)0,k|25(0 k‘ )(Ta 5)7 a > 25

7‘T

(w,k)ezttd kezd
w#0
A, x) Z ‘@w,k|25(o,‘ftl)(7"5) + Z [0w,0 26(%\70)(775)7 o <23
’ (w,k)ez!td wEZ
k0

> |@w,k|25( " ) )(775), =20,

(w,k)€Z1+d p2(w,k) p(w,k)
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Example 2: Concentration

Forv € L2(R'™¥) and o, € RT

Un (t, %) 1= n* TPy (n2*t, n*’x),

bounded in L*(R'*?) with constant norm ||u || 2g1+a) = 0]l 2g1+4), and
weakly converges to zero.
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Example 2: Concentration

Forv € L2(R'™¥) and o, € RT

a+pd 26

Un(t,x) :=n v(n**t, n*’x),

bounded in L*(R'*?) with constant norm ||u || 2g1+a) = 0]l 2g1+4), and
weakly converges to zero.

(un) is pure, with variant H-measure (up,p K ¢p) =
[ e 0dedn + [ o000, Lydn. > 20
RI+d |o | "Inl

60,03 [ olemPu. Dydsdn+ [ (.0 v L0 do o <23

/RM\ ol w( TERL ﬁ) dodn, o =28
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Other variants

E. Yu. Panov (2009): ultraparabolic H-measures
. lvec, D. Mitrovi¢ (2011): for fractional scalar conservation laws

M. Lazar, D. Mitrovi¢ (2012): velocity averaging
H-measures can be tailored to the equations, following the above ideas (and

surmounting technical details, which do appear).
The objects are quadratic in nature, and are suited essentially to linear

problems.
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However, we are no longer limited to considering L? sequences, but pairs of L?
and L’ sequences.

Applications to compactness by compensation by M. MiSur and D. Mitrovi¢
(submitted), and velocity averaging by M. Lazar and D. Mitrovi¢ (2013).
Other dualities are also possible, like mixed-norm Lebesgue spaces by N.A. and
. Ivec (submitted), and Sobolev spaces by J. Aleksi¢, S. Pilipovi¢ and .
Vojnovié.

Some were presented on the posters.

There is also independent work of F. Rindler on microlocal defect forms
(preprint on arXiv).
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Existence of H-distributions
¥ : RY — C is a Fourier multiplier on LP(R?) if
F(pF() € LP(RY),  for 0 € S(RY),

and
S(RY) 30— F(F()) € LP(R?)

can be extended to a continuous mapping Ay : LP(R?) — LP(R%).
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Existence of H-distributions
¥ : RY — C is a Fourier multiplier on LP(R?) if
F@F@®) e LP(RY),  for 6 € SRY),
and ~
S(R") 20— F(ypF(0)) € LP(R?)
can be extended to a continuous mapping Ay : LP(R?) — LP(R%).

Theorem. [fu, — 0 in LY (R?) and v, —— v in LL_(R?) for some

q > max{p’, 2}, then there exist subsequences (u,), (v,/) and

pwp € D' (R x S471) of order not more than k = [d/2] + 1 in £, such that for
every @1, 02 € CX(RY) and ¢ € C*(S?1) we have:

i [ AuCernn) ) 0k =t [ (1) 9 A (pav i
n R
= (up, P1P29) ,

where Ay, : LP(R®) — LP(RY) is the multiplier with symbol 1 € C*(S4~1). .

up is the H-distribution corresponding to (a subsequence of) (un) and (vx).

Of course, for g € (1,00) the weak * convergence coincides with the weak
convergence.

16



Some remarks

The question of replacing L? by L” was already raised by Gérard (1991), as it
was important for nonlinear problems.

17



Some remarks

The question of replacing L? by L” was already raised by Gérard (1991), as it
was important for nonlinear problems.

If (un), (vn) are defined on Q C R?, extension by zero to R? preserves the

convergence, and we can apply the Theorem. up is supported on ClQ x S4~1,

17



Some remarks

The question of replacing L? by L” was already raised by Gérard (1991), as it
was important for nonlinear problems.

If (un), (vn) are defined on Q C R?, extension by zero to R? preserves the
convergence, and we can apply the Theorem. up is supported on ClQ x S4~1,

In the Theorem we distinguish u,, € LP(R%) and v, € LY(R%). If p > 2, p’ < 2
so we can take g > 2; this covers the L? case (including u, = v,,).

Thus we can take u,,v, — 0 in L} (R%), resulting in a distribution up of
order zero (a Radon measure, not necessary bounded), instead of a more
general distribution.

The real improvement in Theorem is for p < 2.

17



Some remarks

The question of replacing L? by L” was already raised by Gérard (1991), as it
was important for nonlinear problems.

If (un), (vn) are defined on Q C R?, extension by zero to R? preserves the
convergence, and we can apply the Theorem. up is supported on ClQ x S4~1,

In the Theorem we distinguish u,, € LP(R%) and v, € LY(R%). If p > 2, p’ < 2
so we can take g > 2; this covers the L? case (including u, = v,,).

Thus we can take u,,v, — 0 in L} (R%), resulting in a distribution up of
order zero (a Radon measure, not necessary bounded), instead of a more
general distribution.

The real improvement in Theorem is for p < 2.

For applications, of interest is to extend the result to vector-valued functions.
For u, € LP(R% CF) and v,, € LY(R%; C), the result is a matrix valued
distribution pp, = [p*], i € 1..k and j € 1..1.

In contrast to H-measures, we cannot consider H-distributions corresponding to
the same sequence, but only to a pair of sequences, and the H-distribution
would correspond to a non-diagonal block for an H-measure.
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One-scale H-measures

Introduced for problems involving a characteristic length, by Patrick Gérard
(1990).

Luc Tartar (1990) constructed a similar object on an example, but Gérard's
construction was easier; later they jointly simplified it further.
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Luc Tartar (1990) constructed a similar object on an example, but Gérard's
construction was easier; later they jointly simplified it further.

Pierre-Louis Lions and Thierry Paul (1993) constructed the same objects by
using the Wigner transform, and renamed them as Wigner measures.
One-scale H-measures (Tartar, 2009) are variant H-measures which have the
advantages of both H-measures and semiclassical measures.

Further step would be to introduce multi-scale H-measures.

A sample problem: consider 7> 0, Q C R?, U := (0,T) x Q, (ux) in
Hioe (U),

Lloc<U) Lloc<U>

o 20, A € WHo(U), =220, and &, \, 0

Ortn, — endiv (AVuy) = fn .
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Introduced for problems involving a characteristic length, by Patrick Gérard
(1990).

Luc Tartar (1990) constructed a similar object on an example, but Gérard's
construction was easier; later they jointly simplified it further.

Pierre-Louis Lions and Thierry Paul (1993) constructed the same objects by
using the Wigner transform, and renamed them as Wigner measures.
One-scale H-measures (Tartar, 2009) are variant H-measures which have the
advantages of both H-measures and semiclassical measures.

Further step would be to introduce multi-scale H-measures.

A sample problem: consider 7> 0, Q C R?, U := (0,T) x Q, (ux) in
Hioe (U),

Lloc<U) Lloc<U>
Un

o 20, A € WHo(U), =220, and &, \, 0
Ortn, — endiv (AVuy) = fn .

What can we say about solutions on the limit n — 00?
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Semiclassical measures

Theorem. If u, — 0 in L2(Q; C"), £, \, 0, then there exist a subsequence
(unr) and pr,, € My (Q x R% M, (C)) such that for every @1, @2 € Co(2) and
¥ € S(RY)

lim [ G100 (€) © G ()Y (e €) dE = {phocr 0172 ).

Measure . we call the semiclassical measure with characteristic length ¢,
corresponding to the (sub)sequence (uy).
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Semiclassical measures

Theorem. If u, — 0in LE _(Q;C"), €, \, 0, then there exist a subsequence
(unr) and pr,, € M(Q x R% M,(C)) such that for every @1, s € Cc(Q) and
¥ € S(RY)

The distribution of the zero order p . we call the semiclassical measure with
characteristic length &,, corresponding to the (sub)sequence (uy).

(un) is (en)-oscillatory if

R—o0 n

(Vo e CX(Q) lim nmsup/lﬂ> . |pun(&)]*de =0.

Theorem.

L2
Un—280 <= p,,=0 & (un)is (en) — oscillatory .
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Example 1a: Oscillation — one characteristic length

a>0,keZ\ {0}, e, \, O

2
Lloc O .

w (X) L eQTrinakx
n =
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Example 1a: Oscillation — one characteristic length

a>0,keZ\ {0}, e, \, O

un(x) :=e

ck(E),

o>

27min“k-x

L2

loc O

lim, n%, =0
lim, n%, = ¢ € (0, 00)
lim, n%e, = oo
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Example 1a: Oscillation — one characteristic length

a>0,keZ\ {0}, e, \, O

2
Lloc O .

w (X) L eQTrinakx
n =

d0(€), limp,n%, =0

fse = A(X) K ¢ Sek(€), lim, n%e, = c € (0, 00)
0, lim,, n%€, = 00
n=2
= sin(Ynmz)
= sin(nmz)

2

= sin(n*mx)

21



Example 1b: Oscillation — two characteristic lengths

0<a<f kseZ\ {0}, &, \,0:

2
2min®k-x Li
Up(x) = ™" 20

2rinfs.x leoc
vn(x) =€ —250.
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Example 1b: Oscillation — two characteristic lengths

0<a<p ksecZ®\ {0}, e, \LO:

2
2min®k-x Lioc
Up(x) = ™" 20

2rinfs.x leoc
up(X) :=e —=0.

wi (psc) is H-measure (semiclassical measure with characteristic length
en "\, 0) corresponding to un + vn.

i = A8 (5 +55)(€)

[k

200(€), lim,, n®e, =0
(8es + 00)(€), lim, nPe, = ¢ € (0, c0)

pse = A(x) B ¢ 5o(&), lim,, n’e, = oo & lim, n%, =0
Ocks lim, n%, = ¢ € (0, 0)

0, lim, n%e, = oo

22



Compatification of R%\ {0}

- .'EO
\

Yo = {0% : g, eS8}
Yoo = {o0f0 : £, €871}
Koo (RY) := (R*\ {0}) UD U S
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Compatification of R?\ {0}

S IR R4
// \\
/ \
/ \
/ \
Sl \ S = {0f0 © £, €871
. ! -
'. 130 | Too 1= {00% 1 g, €871}
\ 1
\ ! Koo (RY) := (RT\{0}) UL USe
\\ //
We have:

a) Co(R%) C C(Ko,oo (RY)).
b) ¥ € C(S?71), o € C(Ko,o(R?)), where w(€) = £/|€].
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Existence and definition of one-scale H-measures
Theorem. If u, — 0in L?(Q; C"), e, \, 0, then there exist a subsequence
(upr) and ., € Mp(2 x R M, (C)) such that for every @1, 2 € Co(R2) and
¥ € S(RY)

— -

m [ (p1un)(§) @ (paun)(§)Y(en§) d€ = (o, p1P2 K Y)

n’ JRrd

Measure . we call the semiclassical measure with characteristic length ¢,
corresponding to the (sub)sequence (uy).
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Existence and definition of one-scale H-measures
Theorem. If u, — 0in L2 (€ C"), €, \, 0, then there exist a subsequence
(ups) and prge, € M(Q x Ko,00(R%); M, (C)) such that for every
@1, 02 € Ce(Q) and 1 € C(Ko,oo(RY))

—_
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n' Jrd

The distribution of the zero order py  _ we call 1-scale H-measure with
characteristic length ¢,, corresponding to the (sub)sequence (up).
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Existence and definition of one-scale H-measures
Theorem. If u, — 0in LY (€ C"), €, \, 0, then there exist a subsequence
(uns) and prge, € M(Q ¥ Ko, (R%); M, (C)) such that for every

@1, 02 € Ce(Q) and 1 € C(Ko,o0o(RY))

lim [ (prun)(€) @ (p2un)()v(en€) d€ = (px, ., 192 DY) .
The distribution of the zero order py  _ we call 1-scale H-measure with
characteristic length ¢,, corresponding to the (sub)sequence (up).

Some properties: ~
Theorem. 1,92 € Cc(Q), ¥ € S(RY), ¢ € C(S471).

a) (o o p192BY) = (p,, 0192 BY),
b)  (wky . Pr2Mpom) = (uy,p102 X)),
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Existence and definition of one-scale H-measures

Theorem.

If up, = 0in L3 (Q;C"), en, \, 0, then there exist a subsequence

(ups) and pge, € M(2 % Ko, (R%); M, (C)) such that for every

@1, 02 € Ce(Q) and 1 € C(Ko,o0o(RY))

—_

m [ (pruns)(§) @ (pouns) (€)Y (en ) d€ = (i, ., P12 K Y) .

n' Jrd

The distribution of the zero order py  _ we call 1-scale H-measure with
characteristic length ¢,, corresponding to the (sub)sequence (up).

Some properties:

Theorem. 1,02 € C.(Q), ¥ € S(R?), ¢ € C(S?7H).

a) (o o p192BY) = (p,, 0192 BY),
b)  (wky . Pr2Mpom) = (uy,p102 X)),

Theorem.
a) Nf(o,oc = Mk,
Li,.
b) up—>=0 =

<) P, (X Bs) =0 = (un) is (5n> — oscillatory
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Example 1a revisited

un(x) _ eerin‘ll«x'
pE = A
Mse = A

lim, n%, =0
lim, n%, = ¢ € {0, 00)
lim, n%e, = oo
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Example 1a revisited

00(€), limp,n%e, =0

Sk (&), lim,n%e, = c € (0,00)

0, lim,, n%€, = oo

6 « (&), lim,n%, =0

) , lim, n%, = ¢ € (0, 00)
0 . (&), lim,n%, =o0
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Example 1b revisited

The corresponding measures of u,, + v, for:

. inBs-
’LLn(X) — eQTanO‘kx ’ Un (X) _ 627r7,n sx ,

200(&), lim, n®e, =0
(60 + 6es)(€), lim, nPe, = ¢ € (0, 00)

fse = A(x) X ¢ 6o(8), lim, nfe, = oo & lim, n%, =0
ek, lim, n%, = ¢ € (0,00)

0, lim, n“e, = oo



Example 1b revisited

The corresponding measures of u,, + v, for:

’LLn(X) — e27'rzn°‘k<x , Un (X) _ 627r7,n s-X ,

200(&), lim, n®e, =0
(60 + 6es)(€), lim, nPe, = ¢ € (0, 00)
fse = A(x) X ¢ 6o(8), lim, nfe, = oo & lim, n%, =0
ek, lim, n%, = ¢ € (0,00)
0, lim,, n%e,, = 0
6« +0 .s)(&), limyn’e, =0

o
=|

o
=|

lim,, n’e, = ¢ € (0, 00)
%)(5)7 lim,, n”
)(&), lim,n%, =c € (0,00)

lim, n%, = co

PKo oo = A(x) X en =00 & lim, n%, =0

=

(7}
o
I~
o+ o+ +
S S
o
5
8 3
=
o
o

=2}
o
= —
-

~ o~~~ o~
%
I~

>
‘r
+3
(=%
‘m
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One-scale parabolic H-measures

A similar construction can be carried out by starting with parabolic H-measures
instead of classical H-measures.

The resulting objects will have two scales: one corresponding to ¢, and another
to x.

27



One-scale H-distributions

This construction requires much more work. The topological construction is
not enough, as we also have to check the derivatives.
However, the construction is feasible, and we obtain the new objects.

28



Localisation principle

Most of the known applications of H-measures depend in one way or the other
on the localisation principle, which gives the information on the support of
H-measure.

It is indispensable even for the known applications of the propagation principle.
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Localisation principle

Most of the known applications of H-measures depend in one way or the other
on the localisation principle, which gives the information on the support of
H-measure.

It is indispensable even for the known applications of the propagation principle.
A similar statement holds for semiclassical measures as well.
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Localisation principle for H-measures (symmetric systems)

d
Zak(Aku) +Bu=f, A" € Cy(Q; M, x,) Hermitian
=1

Assume:
L? .
u,— 0, and defines p g
-1

Hloc
fa—>0.

30



Localisation principle for H-measures (symmetric systems)

d
Zak(Aku) +Bu=f, A" € Cy(Q; M, x,) Hermitian
=1

Assume:
L? .
u,— 0, and defines p g

-t
fn—%0.
Theorem. If u, satisfies:
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Thus, the support of H-measure p is contaned in the set
{(x,€) € 2 x S " : det P(x,&) = 0} of points where P is a singular matrix.
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Localisation principle for H-measures (symmetric systems)

d
Zak(Aku) +Bu=f, A" € Cy(Q; M, x,) Hermitian
=1

Assume:
L? .
u,— 0, and defines p g

—1

H
fn—%0.
Theorem. If u, satisfies:
d
Z@k (A*u™) — 0 inH (2 C),
k=1

then for P(x, &) := ZZ:1 ELAR(x) on Q x S9! one has:

Thus, the support of H-measure p is contaned in the set
{(x,€) € 2 x S " : det P(x,&) = 0} of points where P is a singular matrix.

It contains a generalisation of compactness by compensation to variable
coefficients.



Localisation principle for H-measures (higher derivatives)

Let © C R? open, m € N, u,, — 0in L (Q;C"), A* € C(Q; M,(C)) and
Pu,= »  Oa(A%un) — 0in H " (Q;C").
|a|=m

Then we have
p(x,&)py =0,
where p(x,&) = Z|0~|:m £* A (x) is the principle simbol of P.

31



Localisation principle for parabolic H-measures
In the parabolic case the details become more involved.

Anisotropic Sobolev spaces (s € R; kp(7,&) := /1 + 0(7,€))

H2* (R = {u €S ke LZ(R”"Z)} .

32



Localisation principle for parabolic H-measures
In the parabolic case the details become more involved.

Anisotropic Sobolev spaces (s € R; kp( = Y1+ 04(1,¢))
HE S (R = {u €S klue L2(R1+d)} .

Theorem. (localisation principle) Let u, — 0 in L*(R'™%; C"), uniformly
compactly supported in ¢, satisfy (s € N)

loc

+ > 0%(un-aa) — 0 in Hy 2R

la|=s

where b,a, € Cp(R'*¢; C"), while v/, is a pseudodifferential operator with
polyhomogeneous symbol v/27wiT, i.e.

Vou=F (\/ 2miT 11(7')) .
For a parabolic H-measure p associated to (a sub)sequence (of) (u,) one has
" ((\/MT)SB + > (2mig)* §a> =0.
|la|=s
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Localisation principle for semiclassical measures

Let © C R open, m € N, A* € C(Q; M,(C)), en \, 0, f, — 0 in
L%.(€Q; C") and consider:

Pup = Y el0a(A%u,) =f, in Q.

lal<m

Furthermore, assume that u,, — 0 in L2 .(Q; C").
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Localisation principle for semiclassical measures

Let © C R open, m € N, A* € C(Q; M,(C)), en \, 0, f, — 0 in
LZ.(€; C") and consider:

Pou, = Z 6La|8a(Aaun) =f, inQ.
le|l<m
Furthermore, assume that u,, — 0 in L2 .(Q; C").
Then we have
p(x,&)p,. =0,
where p(x, &) = 3_ <, €A% (), and p,, is semiclassical measure with
characteristic length (£,,), corresponding to (uy).
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Localisation principle for semiclassical measures

Let © C R open, m € N, A* € C(Q; M,(C)), en \, 0, f, — 0 in
LZ.(€; C") and consider:

Pup = Y el0a(A%u,) =f, in Q.
lal<m
Furthermore, assume that u,, — 0 in L2 .(Q; C").

Then we have
p(x,§)p. =0,
where p(x, &) = 3_ <, €A% (), and p,, is semiclassical measure with
characteristic length (£,,), corresponding to (uy).
Problem: p,. = 0 is not enough for the strong convergence!

33



One-scale H-measures

Let u, — 0in LY (,C"), £, \\ 0, A* € C(Q; M,(C))

> e 00 (A%,) =1, inQ,

I<|al<m

where f,, € H " (Q; C") such that

loc

oo gf? . 2 d r
VpeCr(Q) ——2" 0 in LAR%LC)
1+ 300 en s

(Clen))
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One-scale H-measures

Let u, — 0in LY (,C"), £, \\ 0, A* € C(Q; M,(C))

> e 00 (A%,) =1, inQ,

I<|el<m

where f,, € H 7" (Q; C") such that

loc
Phn

VeeCl() —=m o —
1+Zs:15n l|€|s

0 in L*(R%C7)  (Cen))

Lemma.
a) (C(en)) is equivalent to

ofn,

(th S CEO(Q)) 14 |£|l +€?7l|£|m

—0 in L*R%CN).

b) 3k €l.m) f, — 0in H_*(Q;C") = (ek~'f,,) satisfies (C(en)).

loc
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Localisation principle

> e 0a(A%,) =f, inQ,
I<]al<m
ofn

(Ve € CZ(Q)) Ty e e
s=[ =1

—0 in L*R%CT).  (Clen))

Theorem. [Tartar (2009)] Under previous assumptions and [ = 1, 1-scale
H-measure puy _ with characteristic length e, corresponding to (un) satisfies

.
supp (P, ) € 2 x o,

where

X = 271 ‘MLAO‘ X).
p( 7€) lglaz‘gm( 7”) ‘£|+|€‘m ( )
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Localisation principle

Z 90 (A%,) =, in Q,

I|e|sm

¢fn

VeeCl () —=m s —
14+ 200 e gl

0 in L*R%CY).  (Clen))

Theorem. Under previous assumptions, 1-scale H-measure pric _ with
characteristic length ,, corresponding to (uy) satisfies

P, . =0,
where N
3

x,€) = 7177 Ll . S—
p(x,§) Z (2mi) FHENEE

I<lelsm

A% (x).
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Localisation principle — final generalisation
Theorem. &, > 0 bounded u, — 0 in L}, .(92; C") and

> e Oa (AU =1,

I<|a|<m

where A5 € C(Q; M, (C)), Ay — A uniformly on compact sets, and
fn € H 7' (Q; C") satisfies (C(en)).
Then for w, — 0 such that lim, “6’—: = ¢ € [0, 00], corresponding 1-scale

H-measure puy _ with characteristic length w., satisfies

P, . =0,
where
> lal=t mAa (x) , lim,, &2 = o0
POCE) = 4§ Yo (29) " ST AT (0 lim, 22 = c € (0,00)

¥ alem e A (%) , lim, 22 =0



Localisation principle — final generalisation
Theorem. &, > 0 bounded u, — 0 in L}, .(92; C") and

> e Oa (AU =1,

I<|a|<m

where A% € C(Q; M, (C)), A7 — A® uniformly on compact sets, and
fn € H 7' (Q; C") satisfies (C(en)).
Then for w, — 0 such that lim,, 2= =

¢ € [0, 0], corresponding 1-scale
H-measure puy _ with characteristic length w., satisfies

P, . =0,
where
S ATl =
p(x,§) = Zlg‘a‘gm(%)lalﬁAa(x) ; limy 2 =c € (0,00)
Z‘a WAO‘( X) , lim, ¢ =

Moreover, if there exists eg > 0 such that g, > €9, n € N, we can take

px,E) = 3 é‘m A% (x).

le|=

36



Localisation principle (H-measures and semiclassical measures)

e Using the preceding theorem and py = py on QX S?=! we can obtained
the known localisation principle for H-measures.
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Localisation principle (H-measures and semiclassical measures)

e Using the preceding theorem and py = py on QX S?=! we can obtained
the known localisation principle for H-measures.

Theorem. Under the assumptions of the preceding theorem, we have
p(x,€)p,. =0,
where
Z\a\:z §*A%(x)
p(x,§) == Zlgla‘gm(@

: )\a\gaAa(x) , limn%:ce<07oo>
Z|a\:m éaAOC (X)

, limn?:oo
n

1 Wn _—
, lim,, = 0
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