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What are H-measures?

Mathematical objects introduced by:
o Luc Tartar, motivated by intended applications in homogenisation (H), and

o Patrick Gérard, whose motivation were certain problems in kinetic theory
(and who called these objects microlocal defect measures).

Start from u, — 0 in L%(R%), ¢ € C.(R%), and take the Fourier transform:

Fne) = [ e ) ()

As @u,, is supported on a fixed compact set K, so |gu,(€)] < C.
Furthermore, u, — 0, and from the definition @gu,(£) — 0 pointwise.

By the Lebesgue dominated convergence theorem on bounded sets, we get
@y, —» 0 strong, i.e. strongly in L (R?).

On the other hand, by the Plancherel theorem: ||gun |2 (gay = [[ptnlly2(ra)-
If pun # 0in L2(R?), then @u,, / 0; some information must go to infinity.
How does it go to infinity in various directions? Take 1 € C(S¢™!), and
consider:

tm [ w(e/leDIFm g = [ v(@v(©).

The limit is a linear functional in v, thus an integral over the sphere of some
nonegativne Radon measure (a bounded sequence of Radon measures has an
accumulation point), which depends on . How does it depent on ¢?
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and projection R2Z = R? \ {0} onto the curve (surface):
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Analytic picture

Multiplication by b € L>°(R?), a bounded operator M; on L?*(R?):

(Myu)(x) := b(x)u(x) |, norm equal to [[b]},o (ga2)-
Fourier multiplier A, for a € L™= (R?): Auu = aii.

The norm is again equal to [|ally, e g2)-

Delicate part: a is given only on S* or P*.
We extend it by the projections, p or 7: if ais a function defined on a
compact surface, we take a := cwopora:=a«aom, i.e.

o T § = . :
9=y ) 8= (g r.0)

The precise scaling is contained in the projections, not the surface.

Now we can state the main theorem, where we use the notation

Veu= Zviﬁi , (v®u)a:=(a-u)v,while (fXNg)(x,£&):=f(x)g(&).
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There are some other variants (E. Ju. Panov, ...).
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Lemma. (general form of the first commutation lemma — Luc Tartar)
Ifbe Co(RY) and a € L°°(R?) satisfy the condition

(Vp,e c RTHEM e RT) a(é) —a(n)| <e (ae (&,m) €Y (M,p)),
then C := [A,, My)] is a compact operator on L2(R?).
For given M, p € R denote the set

Y =Y(M,p)={(&mn) e R*:[€],In| > M & |€ —n| < p}.

In both cases discussed above, this lemma can also be proven directly, based on
elementary inequalities.



The importance of First commutation lemma

If we take un = (un,vn), and consider p = u12, we have
im [ Q1 $20,9 d€ = lim{Ay (p1uns)|p2v,)
n Rd n

= 111}1/‘ ATZJ ((plun/)(pg’un/ dx

= hm/ Aw U’ )SDlSOQUn’ dx = <M7 (801902) X 7/)>
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The importance of First commutation lemma

If we take un = (un,vn), and consider p = u12, we have
lim | @1 Pt d = lim(Ay (o1l ipavn)
= lir/n/ Ay (01U ) P2U,7 dx
= hm/ Ay (U ) o1820,7 dx = (i, (p1@2) K ) .

Thus the limit is a bilinear functional in ¢1¢2 and v, and we have the bound:

| [ Astumyorpmmmrax| < Cllleqsos @l
R

This form makes sense even for p < 2 (for p > 2 we use the fact that
un € Line(R7)).
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Localisation principle for classical H-measures

d
D oo(Afun) in=fa, A" € G(R M)
k=1

Assume:

L2 .
u,— 0, and defines p
H-!
f loc 0

Theorem. (Iocalisation principle) If u, satisfies:
Zak ) —0 in H.(R%:C),

then for p(x, &) := >¢_ &,.A%(x) on Q x S¢! one has:
p(x.Ep’ =
Thus, if [ = r, the support of H-measure p is contaned in the set
{(x,€) € Qx S ! :det p(x,£) = 0} of points where p is a singular matrix.
The localisation principle is behind the applications to the small-amplitude

homogenisation, which can be used in optimal design.

It contains a generalisation of compactness by compensation to variable
coefficients.



Localisation principle for parabolic H-measures
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Anisotropic Sobolev spaces (s € R;; kp(7,€) := /1 + (277)2 + (27[€])%)

HE (R = {u €8 ke L2(R1+d)} .
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Localisation principle for parabolic H-measures
In the parabolic case the details become more involved.

Anisotropic Sobolev spaces (s € R;; kp(7,€) := /1 + (277)2 + (27[€])%)

HE (R = {u €8 ke L2(R1+d)} .

Theorem. (localisation principle) Let u, — 0 in L*(R'*%; C"), uniformly
compactly supported in ¢, satisfy (s € N)

Vo, (A u,) + Z O (A%u,) — 0 strongly in  H,_ 2 (R

loc
la|=s

where A% A® € C,p (R4, M, 4.(C)), for some [ € N, while v/, is a
pseudodifferential operator with symbol v/2miT, i.e.

Vou=F (\/%am) .

Then for a parabolic H-measure p associated to (a sub)sequence (of) (u,) one
has

((W)SAO + > (2m‘§)°‘A°‘>uT =0.

|a|=s

10
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Good bounds: the Hormander-Mihlin theorem
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Theorem. [Hormander-Mihlin] Let ¢ € L°°(R®) have partial derivatives of
order less than or equal to k = [£] + 1. If for some k > 0
(vr>0)(Va eNG) ol <rx = |0%p(€) P de < K*r?21el
s<lel<r
then for any p € (1,00) and the associated multiplier operator Ay, there exists

a Cq (depending only on the dimension d) such that

1
[Aelisin < Camax{p, Lo bk + ol

For ¢ € C*(S*" '), extended by homogeneity to R?, we can take k = ||| n-
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The main theorem

Theorem. [N.A. & D. Mitrovi¢ (2011)] /f u,, — 0 in L?(R?) and

vy, —— v in LY(R?) for some q > max{p’, 2}, then there exist subsequences
(tns), (vnr) and a complex valued distribution i € D'(R® x S¢=1) of order not
more than k = [d/2] + 1 in &, such that for every @1, 2 € C(R?) and

€ CH(S*TY) we have:

lirp/ Ay (0115 ) (%) (0205 ) dx—hm/ P1Uns) ¢( 2V ) (Xx)dx
n' Jrd

= (1, 1P,1)) .
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take ¢ > 2; this covers the L? case (including u, = vy,).

The assumptions imply un, v, — 0 in LY _(R?), resulting in a distribution s
of order zero (an unbounded Radon measure, not a general distribution).

The novelty in Theorem is for p < 2.

For vector-valued u,, € LP(Rd; CF) and v,, € LI(R%; C"), the result is a matrix
valued distribution p = [p*], i € 1..k and j € 1..1.

The H-distribution would correspond to a non-diagonal block for an H-measure.
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The proof is based on First commutation lemma

¥ € C*(S%7!) satisfies the conditions of the Hérmander-Mihlin theorem.
Therefore, Ay and M, are bounded operators on LP(R?), for any p € (1, 00).
We are interested in the properties of their commutator, C' = Ay, M, — M, Ay.
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¥ € C*(S%7!) satisfies the conditions of the Hérmander-Mihlin theorem.
Therefore, Ay and M, are bounded operators on LP(R?), for any p € (1, 00).
We are interested in the properties of their commutator, C' = Ay, M, — M, Ay.

Lemma. Let (v,) be bounded in both L?(R?) and L"(R?), for some
r € (2,00, and let v, — 0 in D'. Then the sequence (Cvy,) strongly converges

to zero in LY(R?), for any q € [2,7] \ {co}. .
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to zero in LY(R?), for any q € [2,7] \ {co}. .

If ¢ < r, we can apply the classical interpolation inequality:
ICvnlly < ICvA I3 IConllr™

for a € (0,1) such that 1/¢ = a/2 + (1 — @) /r. As C' is compact on L?(R?)
by Tartar’s First commutation lemma, while it is bounded on L™(R%), we get
the claim.
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For the most interesting case, where ¢ = r, we need a better result: the
Krasnosel'skij theorem (a variant of Riesz-Thorin theorem).
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The proof is based on First commutation lemma

¥ € C*(S%7!) satisfies the conditions of the Hérmander-Mihlin theorem.
Therefore, Ay and M, are bounded operators on LP(R?), for any p € (1, 00).
We are interested in the properties of their commutator, C' = Ay, M, — M, Ay.

Lemma. Let (v,) be bounded in both L?(R?) and L"(R?), for some
r € (2,00, and let v, — 0 in D'. Then the sequence (Cvy,) strongly converges

to zero in LY(R?), for any q € [2,7] \ {co}. .

If ¢ < r, we can apply the classical interpolation inequality:
ICvnlly < ICvA I3 IConllr™

for a € (0,1) such that 1/¢ = a/2 + (1 — @) /r. As C' is compact on L?(R?)
by Tartar’s First commutation lemma, while it is bounded on L™(R%), we get
the claim.

For the most interesting case, where ¢ = r, we need a better result: the
Krasnosel'skij theorem (a variant of Riesz-Thorin theorem).

We still need a lemma on compactness of uniformly bounded bilinear forms,
and an application of the Schwartz kernel theorem.
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Localisation principle

Theorem. Take u, — 0 in LP(R%), fn = 0in W
q € (1,d), such that

—1,q
loc

div (a(x)un (%)) = fu(x) -

(R%), for some

15



Localisation principle

Theorem. Take u, — 0 in LP(R%), f, — 0 in W;.L%(R%), for some
q € (1,d), such that

div (a(x)un (x)) = fu(x) .
Take an arbitrary (v,,) bounded in L=°(R%), and by p. denote the
H-distribution corresponding to a subsequence of (u,) and (v,). Then

(a(x) - E)u(x,€) =0

in the sense of distributions on R% x S*~1, (x,&) — a(x) - € being the symbol

of the linear PDO with C§ coefficients. .
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Localisation principle

Theorem. Take u, — 0 in LP(R%), f, — 0 in W;.L%(R%), for some
q € (1,d), such that

div (a(x)un (x)) = fu(x) .
Take an arbitrary (v,,) bounded in L=°(R%), and by p. denote the
H-distribution corresponding to a subsequence of (u,) and (v,). Then

(a(x) - E)u(x,€) =0

in the sense of distributions on R% x S*~1, (x,&) — a(x) - € being the symbol
of the linear PDO with C§ coefficients. .

In order to prove the theorem, we need a particular multiplier, the so called

(Marcel) Riesz potential I1 := Ajy.¢)-1, and the Riesz transforms R; := A ¢, .
7€l

Note that

/Il(¢)aj9 = /(R;‘¢)g7 geSMRY).

Using the density argument and that R; is bounded from LP(R?) to itself, we
conclude 8;11(¢) = —R;(¢), for ¢ € LP(R?).
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Compactness by compensation: L? case

It is well known that weak convergences are ill behaved under nonlinear
transformations. Only in some particular cases of compensation it is even
possible to pass to the limit in a product of two weakly converging sequences.
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It is well known that weak convergences are ill behaved under nonlinear
transformations. Only in some particular cases of compensation it is even
possible to pass to the limit in a product of two weakly converging sequences.
The prototype of this compensation effect is Murat-Tartar’s div-rot lemma.

For simplicity consider 2D case, (up,u2) and (v}, v2) converging to zero
weakly in L?(R?), such that (8,u; + 0yu2) and (9yvs — O,v2) are both
contained in a compact set of H; ! (R?) (which then implies that they converge
to zero strongly in H,,L(R?)).

16



Compactness by compensation: L? case

It is well known that weak convergences are ill behaved under nonlinear
transformations. Only in some particular cases of compensation it is even
possible to pass to the limit in a product of two weakly converging sequences.

The prototype of this compensation effect is Murat-Tartar’s div-rot lemma.

For simplicity consider 2D case, (up,u2) and (v}, v2) converging to zero
weakly in L?(R?), such that (8,u; + 0yu2) and (9yvs — O,v2) are both
contained in a compact set of H; ! (R?) (which then implies that they converge
to zero strongly in H,,L(R?)).

loc

We can define U, := \Lj" , which (on a subsequence) defines a 4 x 4
n

H-measure p. By the localisation principle, as the above relations can be
written in the form (A', A? are 4 x 4 constant matrices with all entries zero
except A}, = A}, = A%; =1 and A}, = —1)

A'9,U, + A%d,U,, — 0 strongly in H,,}(R*)* ,

the corresponding H-measure satisfies (1A' + &A% = 0. After

straightforward calculations this shows that ulvl + uZv2 — 0 weak * in the

sense of Radon measures (and therefore in the sense of distributions as well).

16



What for sequences in LP?
For the above we have used only the non-diagonal blocks p,, = p3; of

K11 Hi2
n = s
[Nm M22:|

corresponding to products of u!, and v; in fact, the calculation shows that
uis 4 p3% = 0, which gives the above result.
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What for sequences in LP?
For the above we have used only the non-diagonal blocks p,, = p3; of

K11 Hi2
n = s
[Nm M22:|

corresponding to products of u!, and v; in fact, the calculation shows that
uis 4 p3% = 0, which gives the above result.

Assume now (uh,u2) and (vs,v2) converging to zero weakly in L (R?) and
Lp,(RQ), and (O1u;y + B2u2) bounded in LP(R?), while (av; — d1v2) in

L* (R?) (thus precompact in W, LP(R?), and W, L * (R?)).

Then (upv), +u2v2) is bounded in L'(R?), so also in M; (Radon measures),
and by weak % compactness it has a weakly converging subsequence. However,
we can say more—the whole sequence converges to zero.
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What for sequences in LP?

For the above we have used only the non-diagonal blocks p,, = p3; of

K11 Hi2
n = s
[Nm M22:|

corresponding to products of u!, and v; in fact, the calculation shows that
uis 4 p3% = 0, which gives the above result.

Assume now (uh,u2) and (vs,v2) converging to zero weakly in L (R?) and
Lp,(RQ), and (O1u;y + B2u2) bounded in LP(R?), While (92 — B1v2) in
L* (R?) (thus precompact in W;_1?(R?), and W;, Ly’ (R?)).

loc loc

Then (upv), +u2v2) is bounded in L'(R?), so also in M; (Radon measures),
and by weak * compactness it has a weakly converging subsequence. However,

we can say more—the whole sequence converges to zero.

Denote by u* the H-distribution corresponding to (some sub)sequences (of)

(un, uz) and (vn, v7).

Since (O1u;, + O2u2) is bounded in LP(R?), and (d2v} — 81v2) is bounded in

LPI(R2), they are weakly precompact, while the only possible limit is zero, so
Oul +8u =0 in L7, and

1 2 . !
821)” — alvn — 0 in Lp .

17



From the compactness of the Riesz potential I; mentioned above, we conclude
that for ¢ € C.(R?) and 9 € C*(S*™!) the following limit holds in L?(R?):

1 2y 1 2
A¢(§/‘§|>%(Sﬁun) + Aw(s/‘ﬂ)%(@un) = A"l’(ﬁlé!ﬁ\) (81 (SDUn) + aQ(SDUn)) —0.

Multiplying it first by vl and then by @v2, integrating over R? and passing to
the limit, we conclude from the existence theorem that:

Gu't + &p*t =0, and  &pP 4+ &u* =0,
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From the compactness of the Riesz potential I; mentioned above, we conclude
that for ¢ € C.(R?) and 9 € C*(S*™!) the following limit holds in L?(R?):

1 2y _ 1 2
A¢(§/‘§|>%(Sﬁun) + Aw(s/‘ﬂ)%(@un) = A"l’(ﬁlé!ﬁ\) (81 (SDUn) + aQ(SDUn)) —0.
Multiplying it first by vl and then by @v2, integrating over R? and passing to
the limit, we conclude from the existence theorem that:
Gu't + &p*t =0, and  &pP 4+ &u* =0,
Next, take . . ,
wy, = @Awa‘é\en (pus) e WP (RY), j=1,2.
From the last limits on the preceeding slide we get
((gov,ll, —govfl),wal) = —(rot (gov,ll,govi),wfl) —0 as n — oo,

for j = 1,2. Rewriting it in the integral formulation, we obtain again from the
existence theorem:

Lop't —&p'? =0, Lpt —&p* =0.
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From the compactness of the Riesz potential I; mentioned above, we conclude
that for ¢ € C.(R?) and 9 € C*(S*™!) the following limit holds in L?(R?):

1 2y 1 2
A¢(§/‘§|>%(Sﬁun) + Aw(s/‘ﬂ)%(@un) = A"l’(ﬁlé!ﬁ\) (81 (SDUn) + aQ(SDUn)) —0.

Multiplying it first by vl and then by @v2, integrating over R? and passing to
the limit, we conclude from the existence theorem that:
Gu't + &p*t =0, and  &pP 4+ &u* =0,

Next, take . . ,

wy, = @Awa‘é\en (pus) e WP (RY), j=1,2.
From the last limits on the preceeding slide we get

((gov,ll, —govfl),wal) = —(rot (gov,ll,govi),wfl) —0 as n — oo,
for j = 1,2. Rewriting it in the integral formulation, we obtain again from the
existence theorem:
Lop't —&p'? =0, Lpt —&p* =0.
From the algebraic relations above, we can easily conclude
51 (Mll + /1122) — O and 52 (//Lll +,U/22) _ 07

implying that the distribution p*' + 122 is supported on the set
{& =0} N {& = 0} N P = (), which implies pu'' + u*> = 0.
After inserting ¥ = 1 in the definition of H-distribution, we immediately reach
the conclusion.

18



This proof is similar to the L2 case, but it should be noted that we had used
only a non-diagonal block of 4 x 4 H-measure, which corresponds to the only
available 2 x 2 H-distribution.
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This proof is similar to the L2 case, but it should be noted that we had used
only a non-diagonal block of 4 x 4 H-measure, which corresponds to the only
available 2 x 2 H-distribution.

There is no reason to limit oneself to two dimensions; take (uy,) and (vy)

converging weakly to zero in L?(R%)¢ and Lp/(Rd)d, and by p denote d x d
matrix H-distribution corresponding to some chosen subsequences of (u,) and

(Vn)-
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This proof is similar to the L2 case, but it should be noted that we had used
only a non-diagonal block of 4 x 4 H-measure, which corresponds to the only
available 2 x 2 H-distribution.

There is no reason to limit oneself to two dimensions; take (uy,) and (vy)

converging weakly to zero in L?(R%)¢ and Lp/(Rd)d, and by p denote d x d
matrix H-distribution corresponding to some chosen subsequences of (u,) and

(Vn)-

Theorem. Let (uy) and (vn) be vector valued sequences converging to zero
weakly in L*(R%)? and Lp,(Rd)d, respectively. Assume the sequence (div uy,)
is bounded in LP(R?), and the sequence (rotv,,) is bounded in Lp/(Rd)dXd.
Then the sequence (un - v ) converges to zero in the sense of distributions (or
vaguely in the sense of Radon measures).
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H-measures and variants
H-measures
Existence of H-measures
Localisation principle

H-distributions
Existence
Localisation principle
An application to compactness by compensation

Extensions and variants
H-distributions on Lebesgue spaces with mixed norm
Velocity averaging
Compactness by compensation
Further variants
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Lebesgue spaces with mixed norm
For p € [1,00)%, by LP(R?) denote the space of f on R with finite norm

e (o (f (o) ™)
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Lebesgue spaces with mixed norm
For p € [1,00)%, by LP(R?) denote the space of f on R with finite norm

e (o (f (o) ™)

These spaces can be seen as vector-valued Lebesgue spaces in the sense

LP(Rd) _ ng(R, L;I;lwuapd—l)(Rdfl)) )

..... Tg_1
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Lebesgue spaces with mixed norm
For p € [1,00)%, by LP(R?) denote the space of f on R with finite norm

e (o (f (o) ™)

These spaces can be seen as vector-valued Lebesgue spaces in the sense

LP(RY) = Ly (R L0 (RTY).

.....

Theorem. Let m € L°°(Rd \ {0}) for some A > 0 and any |a| < [g] +1
(a) either Mihlin's condition |ogm(€)| < Alg|7'* or
(b) Hérmander’s condition

sup R ~42lel / |0Em(€)]* dé < A* < oo
R>0 R<|€|<2R

Then m lies in My, for any p € (1,00)%, and we have the estimate

d k—1
k -1 .
I, < 3¢ [ maxtpass, (pay — 1) P4H(A + m]l, )
k=1  j=0

d—1
< ¢ [ max{pa—s, (pa—y — 1)~ /P43 (A + ml|, ) ,

=0

where ¢ and ¢’ are constants that depend only on d.
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H-distributions on mixed-norm Lebesgue spaces

Lemma. Let (v,) be bounded both in L?(R?) and in L*(RY), for some

r € [2,00]%, and such that v, — 0 in D'. Then (Cvy,), where the

commutator is defined by C := Ay M, — M, Ay, strongly converges to zero in

LY(RY), for any q € [2,00)¢ such that there exists A € (0,1) for which it holds
1 X 1-2x

-2y . diel.d.
qi 2 T 1
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H-distributions on mixed-norm Lebesgue spaces

Lemma. Let (v,) be bounded both in L?(R?) and in L*(RY), for some

r € [2,00]%, and such that v, — 0 in D'. Then (Cvy,), where the

commutator is defined by C := Ay M, — M, Ay, strongly converges to zero in

LY(RY), for any q € [2,00)¢ such that there exists A € (0,1) for which it holds
1 X 1-2x

-2y . diel.d.
qi 2 T 1

Theorem. Let s =[d/2]+ 1 and p € (1,00)%. If u, — 0 weakly in
LP (R%), v, — v in L} _(R?), for some q € [2, 00]? such that q > p/, then
there exist subsequences (u,) and (v,/) and a complex distribution

€ D' (R x S*71), such that for g1, p2 € C°(R?) and ¢ € C*(S?™') one
has

lim 1 ey A ($1), G200 ) = lim o ray( 911t Ag(d2vnr) )
= <ua$1¢2 IEE) )

where Ay : LP(R?) — LP(RY) is the Fourier multiplier operator.

L (R4) L (R4)

22



Velocity averaging

A sequence of solutions to some (fractional order) PDE

d

D02k (ar(x, V)ua(x,v)) = ga(x,v)

k=1

is often only weakly convergent in Lf’oc(Rd+m). Sometimes it is sufficient to
have strong precompactness only of the averaged sequence; for some
p € C(R™):

[ oty
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Velocity averaging

A sequence of solutions to some (fractional order) PDE

d

S 02 (ar(, V)un (%, V) = gn(x,V)

k=1

is often only weakly convergent in Lfoc(RaH'm). Sometimes it is sufficient to
have strong precompactness only of the averaged sequence; for some
p € C(R™):

[ oty

In abstract terms, take E a separable Banach space, and p € (1, 00).
Theorem. [M. Lazar & D. Mitrovi¢ (CRAS, 2013)]

A continuous bilinear functional B : LP(R?) R E — C can be extended to a
continuous functional on LP(R%; E) if and only if there is a b € L (R4 RY)

such that ~
(V¢ € E) |By(x)| <bx)[¥]g ,

where B is defined by (B, ¢) = B(p,1)).
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An H-distribution
Instead of the sphere (or ellipsoid) take a manifold

P.= {geRd : Ed]gk\“lk - 1} ,
k=1

where [ is such that lax > d, k € 1..d.
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An H-distribution
Instead of the sphere (or ellipsoid) take a manifold

P.= {geRd : Ed]gk\“lk - 1} ,
k=1

where [ is such that lax > d, k € 1..d.
A function v from P can be extended to ¢p on R®\ {0} by projections

—1/la;
(mp(§))i :fz( ial +...+§é¢¥d) i '
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An H-distribution

Instead of the sphere (or ellipsoid) take a manifold

P:= {geRd : im\lak = 1} ;
k=1

where [ is such that lax > d, k € 1..d.
A function v from P can be extended to ¢p on R®\ {0} by projections

—1/la;
(mp(§))i :fz( ial —|—...+§;O‘d) 1 '

Theorem. [M. Lazar & D. Mitrovi¢ (CRAS, 2013)] (u,) bounded in
L*(R¥*™), supported in a compact (s € (1,2)), and (v,) bounded in

L (R™).

Then for any § € (1, s), on a subsequence, there is a continuous bilinear
functional B on L® (R%*™) & C%(P) such that for ¢ € L¥ (R*t™) and
¥ € CU(P)

Blp,w) =tim [ (6, v)un (5, v) (Aypva) (x) dxcv
n Rd+m

Fu/rthermore, B can be extended to a continuous bilinear functional on
L (R, CY(P)),
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What for ¢ < oo?

An analogous construction led M. Misur and D. Mitrovi¢ to a construction of
another variant, with an application to compactness by compensation.

Theorem. [M. MiSur & D. Mitrovi¢ (JFA, 2015)] (u,) bounded in LP(R?),
p > 1, and (v,) bounded in L4(R®), where 1/r := 1/p+1/q < 1, and v,, are
supported in a compact.

Then for any § € (1,r), on a subsequence, there is a continuous bilinear
functional B on L° (R%) & C%(P) such that for o € L¥ (R%) and ¢ € C*(P)

B(p,¢) = lim "y P(x)un(x)(Ay pon)(x) dx .

Fu/rthermore, B can be extended to a continuous bilinear functional on
LY (R% C(P)).
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Strong consistency condition

Introduce the set

Ao = {me D@L EY)) (Y enie) A )u—0,},

k=1

where the given equality is understood in the sense of L*(R%; (C4(P%))")™.

26



Strong consistency condition

Introduce the set

Ap = {u e LYR% (CHPH)) (Z(zmgk)ﬂmk)u - om},
k=1
where the given equality is understood in the sense of L*(R%; (C4(P%))")™.

Let us assume that coefficients of the bilinear form ¢(x, A, 1) = Q(x)A - n,
belong to space L},.(R%), where 1/t +1/p+1/¢q < 1.

We say that set Ap, bilinear form ¢ and matrix
=y, )y € Lf(R%; (C*(P%)))" satisfy the strong consistency
condition if (Vj € {1,...,7}) pu; € Ap, and it holds

Q@ 1,p) >0, ¢cL°(RLERY).
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Compactness by compensation

Theorem. Assume that sequences (u,) and (v,,) are bounded in L?(R%;R")
and LY(R%; R"), respectively, and converge toward u and v in the sense of
distributions.

Assume that

d
Gn:=> 9*(A*u,) —0in WHP(Q;R™),
k=1
holds and that
¢(X;Un,vn) = w in D'(RY).
If the set Ap, the bilinear form q, and matrix H-distribution p, corresponding

to subsequences of (u, — u) and (v, — v), satisfy the strong consistency
condition, then

q(x;u,v) <w in D'(RY).

27



Further variants and open questions

J. Aleksi¢, S. Pilipovi¢, I. Vojnovi¢ (preprint)
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Further variants and open questions

J. Aleksi¢, S. Pilipovi¢, I. Vojnovi¢ (preprint)
F. Rindler (ARMA, 2015): microlocal compactness forms
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Thank you for your attention.
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