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Friedrichs' system (KOF1958)

Assumptions:
d,r € N, Q C R? open and bounded with Lipschitz boundary T;

Ap € WH°(; M, (R)), k € 1..d, and C € L°°(; M,.(R)) satisfying

(F1) matrix functions A, are symmetric: A, = A} ;
d
(F2) (3uo >0) C+CT + ZakAk > 2u0l (ae on Q).
k=1

The operator £ : L2(Q;R") — D'(Q; R")

d
Lu:= Z@k(Aku) + Cu

k=1
is called the symmetric positive operator or the Friedrichs operator, and
Lu=f

the symmetric positive system or the Friedrichs system.



Symmetric hyperbolic systems (KOF1954)

In divergence form:
O (AFu) + (B — o, AP )u=1.



Symmetric hyperbolic systems (KOF1954)

In divergence form:
O(A*u) + Cu=f.

It is symmetric if all matrices A® are symmetric; and hyperbolic (Friedrichs) if
one of the matrices is even positive definite.
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The wave equation

In d-dimensional space:

(pu') —div(AVu) =g .

Time t = 2° and 8 := %:
d P
(%) 9o(pdou) — Y di(a”0u) =g.
Q=1
New variables: v; := 9;u, j € 0..d give vector unknown u = [u,vo, ..., vd]T,
and with: a” := —p,a% := a’® := 0 we have

—0i(a"v;) =g

This transformation gives us only one equation. For a system with d + 2
unknowns to be formally deterministic, we need d + 1 more equations.



The wave equation (cont.)
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The wave equation (cont.)

We also have (d + 1)(d + 2)/2 symmetry relations 9;v; = 9;v;.
Take the derivatives of the products in (x):
pOovo — aijaivj ~+ dopvo — (&-aij)vj =g.
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The wave equation (cont.)

We also have (d + 1)(d + 2)/2 symmetry relations 9;v; = 9;v;.
Take the derivatives of the products in (x):
pOovo — aijaivj ~+ dopvo — (&-aij)vj =g.
This will be the second equation of the system.
For the first, take the definition of v := dou.
The remaining d equations will be the Schwarz symmetry relations, with one
index being 0, but multiplied by AT:
80u — Vo = 0
pao'l)() - aij&-vj + bj’l)]' =g
a7 8yv; — a¥ 00 =0

where b° := 9op, b’ := —8;a¥ = [~divA T}, for j € 1..d.

Actually, we can take vg = Jou as a definition of u, and solve first for the
remaining unknowns.



The wave equation in the required form

p 0 0 0
. OJou +
: AT i=1
0 —a
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0
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The wave equation in the required form

p 0 0 0 —a' —a'"
0 d | —a'
. Oou + . o;u
AT ; a 0
0 —a""
bO bl . bn g
0 0
+ u=
. 0 .
0 0

A’ are symmetric, A° is even positive definite (o > 0 and A is p.d.).
In particular, the system to which we reduced the wave equation is hyperbolic
in the sense of Petrovski.



The wave equation (cont.)

For initial data u(0,.) = uo and u'(0,.) = u1, take:

( u(0,.)=uo )
Aou(0,.) = uy
9;u(0,.) = Qsuo ,fori e 1..d

as the initial data for the system.



The wave equation (cont.)

For initial data u(0,.) = uo and u'(0,.) = u1, take:

( u(0,.)=uo )
Aou(0,.) = uy
9;u(0,.) = Qsuo ,fori e 1..d

as the initial data for the system.

To check:
the identities defining v; (and therefore the symmetry relations).
For i € 1..d:

80Ui = aﬂ)o = &-&m = a()aiu .

Now, we have that 9y(v; — 9;u) =0, and v; — diu =0 at t = 0, and we
conclude that the last identity holds for any ¢ > 0.



Maxwell’s systems
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susceptibility g
D'=rotH—-J+F

B'= —rotE+G,



Maxwell’s systems

In a material with electric permeability €, conductivity o and magnetic
susceptibility g
D'=rotH—-J+F

B'= —rotE+G,
together with divD = p and divB = 0, and with the constitutive laws:

D(.,t) = €E(.,?)
J(.,t) = oE(,t
B(.,t) = pH(, 1) .

—~~
~



Maxwell's systems (cont.)

E and H as variables, u := “_El] the system can be written in the form of a

symmetric system:
3

> Adu+Bu=f,

=0
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Maxwell's systems (cont.)

E and H as variables, u := “ﬂ the system can be written in the form of a

symmetric system:
3

> Adu+Bu=f,

i=0
where:
A€ O] A1 [0 Q] 42 [0 Q] 4a. [0 Q]
0 yva Q1 0 Q2 0 Qg 0
The constant antisymmetric matrices Qy are given by:
0 0 O 0 0 1 0 -1 0
Q=10 0 -1{,Q2:=[0 0 0],Qs:=1|1 0 O
01 0 -1 0 0 0 0 O
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Maxwell's systems (cont.)

B= [‘(’) g], while the right hand side is f = {

11



Maxwell's systems (cont.)

B= [" 0] while the right hand side is f =

;o) <

In the above we have used the fact that the rotator (curl) of a vector field E
can be written as:

O E? — 93E? 00 0
rotE= |3E'—1E>| = |0 0 —1|6E
M E? - 9,E! 01 0
0 0 1 0 -1 0
+]0 0 O0|0E+|1 0 0f0sE.
-1 0 0 0 0 O
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Maxwell's systems (cont.)

o 0 . . S
B= [0 0], while the right hand side is f = {G
In the above we have used the fact that the rotator (curl) of a vector field E
can be written as:

O E? — 93E? 00 0
rotE= |3E'—1E>| = |0 0 —1|6E
M E? - 9,E! 01 0
0 0 1 0 -1 0
+]0 0 O0|0E+|1 0 0f0sE.
-1 0 0 0 0 O

If we assume the uniform boundedness and symmetry of the permeability and
susceptibility tensors, the above system is even symmetric hyperbolic.
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Goal:

— treating the equations of mixed type, such as the Tricomi equation:
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— unified treatment of equations and systems of different type.
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Friedrichs systems

Introduced in:
K. O. Friedrichs: Symmetric positive linear differential equations,
Communications on Pure and Applied Mathematics 11 (1958), 333418

Goal:
— treating the equations of mixed type, such as the Tricomi equation:

Fu Pu_
Y o2 oy2
— unified treatment of equations and systems of different type.
— still it does not cover all of Garding's theory of general elliptic equations, or
Lerray’s of general hyperbolic equations.
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Example — heat equation, first form

Heat equation with lower order terms (2 C R, T > 0 and Qr := (0,T) x Q):

Ou —div(AVu)+b-Vu+cu=f in Qr,

where f € L2(Qr), ¢ € L=(Qr), b € L=(Qr; RY) and A € L™(Qr; M4(R))
is symmetric with eigenvalues between o > 0 and 3 > « a.e. on Q.
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Example — heat equation, first form

Heat equation with lower order terms (2 C R, T > 0 and Qr := (0,T) x Q):

Ou —div(AVu)+b-Vu+cu=f in Qr,

where f € L2(Qr), ¢ € L=(Qr), b € L=(Qr; RY) and A € L™(Qr; M4(R))
is symmetric with eigenvalues between o > 0 and 3 > « a.e. on Q.

Similarly as for the wave equation: A = [a’---a% and w = Vu
1 0" u 4 [diva’ (@)’ u c b" ] [u] [f
{o 0}8‘“}_2{# o |%|w|/Tlo allw|~|0]

It is clearly symmetric; positivity should be checked.
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Example — heat equation, second form

New unknown vector function taking values in R4t

=2 =[]
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Example — heat equation, second form

New unknown vector function taking values in R4t

=2 =[]

Then the heat equation can be written as a first-order system

Ou+divy+cu—A"bv=f
Vu+A'v=0

which is a Friedrichs system

1 1 0
: 0 0
1 0" u 4 u ¢ —A7'
S K1 ) LR ] X b Y Pt
= 0 0
0 0 0
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Example — heat equation, second form

New unknown vector function taking values in R4t

=2 =[]

Then the heat equation can be written as a first-order system

Ou+divy+cu—A"bv=f
Vu+A'v=0

which is a Friedrichs system

1 1 0
: 0 0
1 o' u 4 u c =A%) [ul _[f
BRI EIN M e D M e MR
R 0 0
0 0 0

The condition (F1) holds. The positivity condition C 4+ CT > 2uol is fulfilled
if and only if ¢ — iAﬁlb - b is uniformly positive.

14



Tricomi's equation

yosu+ Oou=0.
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Tricomi's equation

y&iu—l—@iuzo.

The Tricomi equation is of mixed type. The standard procedure for
classification gives us ac — b® = y, so the equation is elliptic for y > 0,
parabolic on the line y = 0 and hyperbolic in the lower half plane y < 0.
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Tricomi's equation

y&iu—l—@iuzo.

The Tricomi equation is of mixed type. The standard procedure for
classification gives us ac — b® = y, so the equation is elliptic for y > 0,
parabolic on the line y = 0 and hyperbolic in the lower half plane y < 0.
Two unknown functions:

V= Ozu

w = Oyu ,

lead to the form:
YyOv — dQyw =0,
which gives a formally deterministic system, but not symmetric.
The Schwarz symmetries give us more equations, and the following choice leads
to a symmetric system:
Ozu—v=0
—yOgv — Oyw =0
8,»57.0 - ay’l) =0.

15



Tricomi's equation

Again, eliminate u and solve the system of two remaining equations, with
unknowns v and w: u1 := v, u2 = w.
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Tricomi's equation

Again, eliminate u and solve the system of two remaining equations, with
unknowns v and w: u1 := v, u2 = w.

Any solution of this equation satisfies the symmetric system:
A'd,u+ A*9u=0,

where the matrices are given by:

1. | 7Y 0 2, 0 —1
A.—[O 1}aundA .—[_1 0}.

Clearly, A' and A? are symmetric, and for y < 0 the matrix A' is positive
definite — its (simple) eigenvalues are 1 and —y.

Thus, a symmetric hyperbolic system corresponds to the Tricomi’s equation in
the lower half plane.
It is not positive ([KOF1958] — a transformation providing the right form).

16
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Boundary conditions

Boundary conditions are enforced via matrix valued boundary field:
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Boundary conditions are enforced via matrix valued boundary field:
d
A, =) uA, € LM (R)),
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where v = (v1,v2,- -+ ,v4q) is the outward unit normal on T, and
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Boundary condition
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Boundary conditions

Boundary conditions are enforced via matrix valued boundary field:
d
A, =) uA, € LM (R)),
k=1
where v = (v1,v2,- -+ ,v4q) is the outward unit normal on T, and
M e L=(T; M- (R)).

Boundary condition
(A, — M)u|r =0

allows the treatment of different types of usual boundary conditions.

18



Assumptions on the boundary matrix M

We assume (for ae x € T)

(FM1) (VEER") M(x)§-£>0,

[KOF1958]
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Assumptions on the boundary matrix M

We assume (for ae x € I") [KOF1958]

(FM1) (VEER") M(x)§-£20,

(FM2) R = ker(A,, (x) — M(x)) + ker(A,, (x) + M(x)) .
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Assumptions on the boundary matrix M

We assume (for ae x € I") [KOF1958]
(Fm1) (VEER") M(x)§-£>0,
(FM2) R = ker(A,, (x) — M(x)) + ker(A,, (x) + M(x)) .

Such M is called the admissible boundary condition.
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Assumptions on the boundary matrix M

We assume (for ae x € I") [KOF1958]
(Fm1) (VEER") M(x)§-£>0,
(FM2) R = ker(A,, (x) — M(x)) + ker(A,, (x) + M(x)) .

Such M is called the admissible boundary condition.

The boundary problem: for given f € L?(Q; R") find u such that

Lu="f
(A,, _M)U|F =0 ’

19



Different ways to enforce boundary conditions

Instead of
(A, —M)u=0 onT,

Lax proposed boundary conditions with

u(x) € Nx), xeTl,

where N = {N(x) : x € I'} is a family of subspaces of R".
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Different ways to enforce boundary conditions

Instead of
(A, —M)u=0 onT,

Lax proposed boundary conditions with

u(x) € Nx), xeTl,

where N = {N(x) : x € I'} is a family of subspaces of R".

Boundary problem:

Lu=f
u(x) € N(x), xeT ’
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Assumptions on N

maximal boundary conditions: (for ae x € T") [PDL]
(FX1) N (x) is non-negative with respect to A, (x):
(VEEN(x) Au(x)£-&=>0;
there is no non-negative subspace with respect to
(FX2)

A, (x), which contains N(x);
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Assumptions on N

maximal boundary conditions: (for ae x € T") [PDL]

N (x) is non-negative with respect to A, (x):

(FX1)
(VEEN(x) Av(x)§-£2>0;
(FX2) there is no non-negative subspace with respect to
A, (x), which contains N(x);
or [RSP&LS1966]

Let N(x) and N(x) := (A, (x)N(x))" satisfy (for ae x € T)

(VEeN(X) Av(x)£-£20

(FV1) -
(VE€e N(x)) A,(x)§-£<0

(FV2) N(x) = (A, (x)N(x))" and N(x)= (A, (x)N(x))".

21



Equivalence of different descriptions of boundary conditions

Theorem. [t holds
(FM1)-(FM2) <= (FX1)-(FX2) <= (FV1)-(FV2),

with
N(x) := ker(Ay(x) - M(x)) .

22



Equivalence of different descriptions of boundary conditions

Theorem. [t holds
(FM1)-(FM2) <= (FX1)-(FX2) <= (FV1)-(FV2),

with
N(x) := ker(Ay(x) - M(x)) .

In fact, for a weak existence result some additional assumptions are needed
[JR1994], [MJ2004].

22



Classical results on well-posedness

Friedrichs:
— uniqueness of the classical solution
— existence of a weak solution (under some additional assumptions)
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Classical results on well-posedness

Friedrichs:
— uniqueness of the classical solution
— existence of a weak solution (under some additional assumptions)

Contributions:
C. Morawetz, P. Lax, L. Sarason, R. S. Phillips, J. Rauch, ...
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Classical results on well-posedness

Friedrichs:
— uniqueness of the classical solution
— existence of a weak solution (under some additional assumptions)

Contributions:

C. Morawetz, P. Lax, L. Sarason, R. S. Phillips, J. Rauch, ...

— the meaning of traces for functions in the graph space

— weak well-posedness results under additional assumptions (on A,)
— regularity of solution

— numerical treatment
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New approach...

A. Ern, J.-L. Guermond, G. Caplain: An intrinsic criterion for the bijectivity of
Hilbert operators related to Friedrichs’ systems, Comm. Partial Diff. Eq. 32
(2007) 317-341.
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New approach...

A. Ern, J.-L. Guermond, G. Caplain: An intrinsic criterion for the bijectivity of
Hilbert operators related to Friedrichs’ systems, Comm. Partial Diff. Eq. 32
(2007) 317-341.

— abstract setting (operators on Hilbert spaces)
— intrinsic criterion for the bijectivity of Friedrichs’ operator
—avoiding the question of traces for functions in the graph space

—investigation of different formulations of boundary conditions

...and new open questions.
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Assumptions

L — real Hilbert space (L' = L),
D C L — dense subspace,
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Assumptions

L — real Hilbert space (L' = L),
D C L — dense subspace,
T,T :D — L — linear unbounded operators satisfying

(T1) Ve, €D) (To|v)=(p|TY)L;

(T2) Be>0)(vpeD) |(T+Del <clellr;

(T3) Buo>0)(VpeD) ((T+D)ple)r > 2ullel.
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The Friedrichs operator

Let D := CX(QR"), L=L*(Q;R") and T, T : D — L be defined by

d
Tu ::Zak(Aku) + Cu,
k=1
d d
Tu:=—> 0u(Afu)+(C" + > kAf)u,

k=1 k=1

where Ay and C are as above (they satisfy (F1)—(F2)).
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The Friedrichs operator

Let D := CX(QR"), L=L*(Q;R") and T, T : D — L be defined by

d
Tu:= Z Ok(Axu) + Cu,
k=1
d d
Tu:=—> 0u(Afu)+(C" + > kAf)u,
k=1 k=1

where Ay and C are as above (they satisfy (F1)—(F2)).

Then T and T satisfy (T1)—(T3)
... fits in this framework.
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Prolongations

(D, (-] -)r) is an inner product space, where
Clodr= Lo+ (T T

| - |l is called graph norm.
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Therefore T =T , and analogously T = T} .
|W0 |W0
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Prolongations

(D, (-] -)r) is an inner product space, where
(=10 +(T- [T

| - |l is called graph norm.
Wy — the completion of D in the graph norm

T,T : D — L are continuous with respect to (|| - ||z, || - ||z) ... extension by
density to L(Wo; L).

The following embedding are dense and continuous:
Wo—L=L —W,.
Let T* € £(L; W§) be the adjoint operator of T : Wy — L
(VUEL)(VUGWO) Wé(T*u,U>W0:<u|TU>L.
Therefore T =T , and analogously T = T} .
lwo B lwo
Abusing notation: 7,7 € L(L; W) ... (T1)=(T3)
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Formulation of the problem

Lemma. The graph space
Wi={uecL:TucLy={uelL:TuclL},

is a Hilbert space with respect to (- | - ).
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Formulation of the problem

Lemma. The graph space
Wi={uecL:TucLy={uelL:TuclL},

is a Hilbert space with respect to (- | - ).

Problem: for given f € L find u € W such that Tu = f.

Find sufficient conditions on V' < W such that T|V :V — Lis an
isomorphism.
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Boundary operator

Boundary operator D € L(W; W'):

wH{ Du,v)w :=(Tu|v)r — (u| Tv)L,

u,v € W.
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Boundary operator

Boundary operator D € L(W; W'):

wr{ Du,v)w = (Tu|v)p — (u|Tv)z, u,v € W.

Lemma. D is symmetric and satisfies

ker D = Wy

imD=W§ :={geW :(VueWy) wilg,u)w =0}.

In particular, im D is closed in W'.
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Boundary operator

Boundary operator D € L(W; W'):
wr{ Du,v)w = (Tu|v)p — (u|Tv)z, u,v € W.

Lemma. D is symmetric and satisfies

ker D = Wy
imD=W§ :={geW :(VueWy) wilg,u)w =0}.

In particular, im D is closed in W'.
If T is the Friedrichs operator £, then for u,v € C(R% R") we have

w{ Du,v)w = /A,,(x)u|r(x) -v|F(x)dS(x).

T
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Well-posedness theorem

Let V and V be subspaces of W that satisfy

V1) (Vue Y) w{Du,u)w >0
VveV) w{ Dv,v)w <0
(V2) Vv=DWV), V=DW)".

(cone formalism)

31



Well-posedness theorem

Let V and V be subspaces of W that satisfy

V1) (Vue ‘~/) w{Du,u)w >0
VveV) w{ Dv,v)w <0
(V2) V=DWV), V=DW).

(cone formalism)
Theorem. Under assumptions (T'1) — (T'3) and (V1) — (V2), the operators

T|V :V — L and T|\7 : V. — L are isomorphisms. .

[AE&JLG&GC2007]
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Correspondence with classical assumptions

VueV) wr{ Du,u)
(VveV) w{Dv,v)

(V1)

(V2) V=DWV), V=
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Correspondence with classical assumptions

(V1) ~
(V’UEV) W/(D’U U>W<O
(V2) V=DWV)", V=DWV)",
(FV1) (V€ € J\f(x)) A, (x)¢-£20,
(V€eN(x)) A (x)£-£<0,
(FV2) N(x) = (Au(x)N(x))" and N(x) = (A, (x)N(x))",

(for aex € 1)
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Other sets of conditions in the classical setting (recall)

maximal boundary conditions: (for ae x € I')

(FX1) (V€eN(X) Av(x)§-£>0,

there is no non-negative subspace with respect to

(FX2) . .
A, (x), which contains N(x),

admissible boundary conditions: there exists a matrix function
M : T — M, (R) such that (for ae x € I")

(FM1) (VEER") M(x)§-£>0,

(FM2) R" = ker(A,, (x) — M(x)) + ker(A,, (x) + M(x)) .
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Correspondence — maximal b.c.

maximal boundary conditions: (for ae x € I)

(FX1) (VEeN(X) Av(x)§-£>0,

there is no non-negative subspace with respect to

(FX2) . .
A, (x), which contains N(x),
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Correspondence — maximal b.c.

maximal boundary conditions: (for ae x € I)

(FX1) (VEeN(X) Av(x)§-£>0,

there is no non-negative subspace with respect to

(FX2) . .
A, (x), which contains N(x),

subspace V' is maximal non-negative with respect to D:

(X1) V is non-negative with respect to D: (Vv €V) w«(Dv,v)w >0,

(X2) there is no non-negative subspace with respect to D that contains V.
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Correspondence — admissible b.c.

admissible boundary condition: there exist a matrix function M : ' — M, (R)
such that (for ae x € ')

(FM1) (V€eR") M(x)§-£20,

(FM2) R" = ker(A,,(x) — M(x)) + ker(AV(x) + M(x)) .
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Correspondence — admissible b.c.

admissible boundary condition: there exist a matrix function M : ' — M, (R)
such that (for ae x € ')

(FM1) (VEER") M(x)£-£2>0,
(FM2) R" = ker(A,,(x) — M(x)) + ker(AV(x) + M(x)) .
admissible boundary condition: there exist M € L(W;W’) that satisfy

(M1) NVueW) wi{Mu,u)w >0,

(M2) W = ker(D — M) + ker(D + M).
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Equivalence of different descriptions of b.c.

Theorem. (classical) It holds
(FM1)-(FM2) — (FV1)-(FV2) — (FX1)-(FX2),

with
N(x) = ker(A.,(x) - M(x)) .
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Equivalence of different descriptions of b.c.

Theorem. (classical) It holds

(FM1)~(FM2) <

with

(FV1)-(FV2) = (FX1)-(FX2),

N(x) = ker(A,,(x) - M(x)) .

Theorem. (A. Ern, J.-L.
(M1)-(M2)

with

Guermond, G. Caplain) It holds
=
. (V1)-(V2) = (X1)—(X2),

V :=ker(D— M).
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(M1)-(M2) «— (V1)—(V2)

Theorem. Let V and V satisfy (V1)—( V2), and suppose that there exist
operators P € L(W;V) and Q € L(W; V) such that
(VveV) Dw-—Pv)=0,
(YveV) Dw—-Qu)=0,
DPQ = DQP.
Let us define M € L(W; W') (for u,v € W) with

wi{ Mu,v)w = w/(DPu, Pv)w — w{ DQu,Qu)w
+wAD(P+Q— PQu,v)w —w(Du,(P+Q— PQ)v)w.

ThenV :=ker(D — M), V := ker(D + M"), and M satisfies (M1)—-(M2).
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(M1)-(M2) «— (V1)—(V2)

Theorem. Let V and V satisfy (V1)—( V2), and suppose that there exist
operators P € L(W;V) and Q € L(W; V) such that
(VveV) Dw-—Pv)=0,
(YveV) Dw—-Qu)=0,
DPQ = DQP.
Let us define M € L(W; W') (for u,v € W) with

wi{ Mu,v)w = w/(DPu, Pv)w — w{ DQu,Qu)w
+wAD(P+Q— PQu,v)w —w(Du,(P+Q— PQ)v)w.

ThenV :=ker(D — M), V := ker(D + M"), and M satisfies (M1)—-(M2).

Lemma. Suppose additionally that V + V is closed. Then the operators P
and Q from previous theorem do exist.
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When this is satisfied?

Lemma. (K. Burazin, N.A.) 3
If codim Wo(= dim W/Wo) is finite, then the set V 4V is closed whenever V
and V satisfy (V1)-(V2).
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When this is satisfied?

Lemma. (K. Burazin, N.A.)

If codim Wo (= dim W/Wy) is finite, then the set V + V is closed whenever V
and V satisfy (V1)-(V2). .
In one dimension (ode-s) this is the case.

The classification of admissible conditions can be given.

However, in general this is not true, and for many interesting situations V + V
is NOT closed.

Sufficient conditions for a counter example:

Theorem. (K. Burazin, N.A.) B
Let subspaces V and V' of space W satisfy (VI1)-(V2), VNV = Wo, and
W#£V+V.

Then V + V is not closed in W.

Moreover, there do not exist operators P and Q with desired properties.
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Counter example

Let Q CR? 1> 0and f € L?(Q) be given. Scalar elliptic equation

—Au+ pu = f
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Counter example

Let Q CR? 1> 0and f € L?(Q) be given. Scalar elliptic equation
—Au+ pu = f

p+Vu=0
pu+divp = f
Then W = 13,,(Q) x H(Q). For a > 0 we define (Robin b. c.)

can be written as Friedrichs' system: {

{(pu)" € W : Taiwp = aTipu},
Vi={(rv)" €W : Tyr = —aTjv}.
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can be written as Friedrichs' system: {

{(pu)" € W : Taiwp = aTipu},
Vi={(rv)" €W : Tyr = —aTjv}.

Lemma. ~ } )
The above V and V satisfy (V1)-(V2), VNV =Wy andV +V £ W.
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Counter example

Let Q CR? 1> 0and f € L?(Q) be given. Scalar elliptic equation
—Au+ pu = f

p+Vu=0
pu+divp = f

can be written as Friedrichs' system: {
Then W = 13,,(Q) x H(Q). For a > 0 we define (Robin b. c.)

Ve {(pou) T € W : Touwp = aTiu}
{(rﬂ v)T eW: I]:iivr = _aTHl’U} .

Lemma.

The above V and V satisfy (V1)-(V2), VOV =Wy and V+V # W.

There exists an operator M € L(W;W'), that satisfies (M1)-(M2) and
V = ker(D — M).
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Why should one be interested in Friedrichs systems?
Symmetric hyperbolic systems
Symmetric positive systems

Classical theory
Boundary conditions for Friedrichs systems
Existence, uniqueness, well-posedness

Abstract formulation
Graph spaces
Cone formalism of Ern, Guermond and Caplain

Interdependence of different representations of boundary conditions

Krein space formalism
Krein spaces
Equivalence of boundary conditions
What can we say for the Friedrichs operator now?
Sufficient assumptions
An example: elliptic equation
Other second order equations
Two-field theory
Non-stationary theory
Homogenisation of Friedrichs systems
Homogenisation
Examples: Stationary diffusion and heat equation
Concluding remarks
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New notation

[u] 0] = wd Du,v)w = (Tu| v)r - (u| To)r,

is an indefinite inner product on W.

u,v €W

21



New notation

[w]v]:=w(Du,v)w = (Tu|v)r —(u|Tv), u,v €W

is an indefinite inner product on W.

) (wev) [v]o]>0,
MveV) [v|v]<0;
(V2) v=vH, = v=vH

(") stands for [- | - ]-orthogonal complement)



New notation

[w]v]:=w(Du,v)w = (Tu|v)r —(u|Tv), u,v €W

is an indefinite inner product on W.

MveV) [v|v]=0,
(V1) .

MveV) [v]v]<0;
(V2) v=vH, v =vH,
(") stands for [- | - ]-orthogonal complement)
subspace V' is maximal non-negative in (W,[- | -]):

(X1) V is non-negative in (W, [-|-]): (Vv eV) [v]|v]>0,

(X2) there is no non-negative subspace in (W, [- | -]) containing V.



Krein spaces

(W,[-]-]) is not a Krein space — it is a degenerate space, because its Gramm
operator G:=jo0D (j: W' — W is the canonical isomorphism) has
large kernel:

kerG =W,.
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Krein spaces

(W,[-]-]) is not a Krein space — it is a degenerate space, because its Gramm
operator G:=jo0D (j: W' — W is the canonical isomorphism) has
large kernel:

kerG =W,.

Theorem. If G is the Gramm operator of the space W, then the quotient
space W := W/ker G is a Krein space if and only if im G is closed.

W := W/Wy is the Krein space, with

[@] D] =[u]|v], u,v € W.

Important: im D is closed and ker D = W.
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Quotient Krein space

Lemma. LetU D Wy andY be subspaces of W. Then

a) U is closed if and only if U := {0 : v € U} is closed in W;
b)((J/—l—\)/'):{u+v+Wo:uGU,vGY}:U-i-?;

c) U +Y is closed if and only if U + Y is closed;

d) (V) =y,

e) if Y is maximal non-negative (non-positive) in W, than'Y is maximal
non-negative (non-positive) in W;

f) if U is maximal non-negative (non-positive) in W, then U is maximal
non-negative (non-positive) in W.
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(V1)-(V2) <=  (X1)=(X2)

Theorem. a) If subspaces V and V satisfy (V1)~(V2), then V is maximal

non-negative in W (satisfies (X1)—(X2)) and V is maximal non-positive in W .

b) If V is maximal non-negative in W, then V and V = VI satisfy

(V1)~(V2).
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(M1)=(M2) =  (V1)=(V2)  (recall)

Theorem. [EGC] (T1)—(T3)and M € L(W;W') satisfy (M) imply

V:=ker(D — M) and V :=ker(D+ M") satisfy (V).

Corollary. Under above assumptions

:ker(D— M) — L i :ker(D+ M*) — L

T|ker(D71\l) T|ker(D+M*)

are isomorphisms.
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(M1)-(M2) «— (V1)—(V2) (recall)

Theorem. Let V and V satisfy (V1)—( V2), and suppose that there exist
operators P € L(W;V) and Q € L(W; V) such that
(VveV) Dw-—Pv)=0,
(YveV) Dw-Qu)=0,
DPQ = DQP.
Let us define M € L(W;W') (for u,v € W) with
wA Mu,v)w = w({DPu, Pv)w — wi{ DQu, Qu)w
+wAD(P+Q—PQ)u,v)w —w(Du,(P+Q— PQv)w.

Then V :=ker(D — M), V := ker(D + M™*), and M satisfies (M1)—-(M2).

Lemma. Suppose additionally that V + V is closed. Then the operators P
and Q from previous theorem do exist.
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(M1)-(M2) «— (V1)—(V2) (recall)

Theorem. Let V and V satisfy (V1)—( V2), and suppose that there exist
operators P € L(W;V) and Q € L(W; V) such that

(VveV) Dw-—Pv)=0,
(YveV) Dw-Qu)=0,
DPQ = DQP.
Let us define M € L(W;W') (for u,v € W) with

wi Mu,v)w = wA DPu, Pv)w — wA{ DQu,Qu)w
+wAD(P+Q—PQu,v)w — wADu,(P+Q—PQv)w.

Then V :=ker(D — M), V :=ker(D + M*), and M satisfies (M1)~(M2).
Lemma. Suppose additionally that V + V is closed. Then the operators P

and Q from previous theorem do exist. .

Closedness of V + V is actually equivalent to the existence of operators P and

Q.
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On existence of P and @)

Our original approach was indirect:
Firstly, the existence of P and @ implies the existence of certain projectors in
the quotient Krein space; more precisely:

]512)::]35, Q’LZ}I:@, wew

the projectors P, Q : W — W are defined, satisfying
PP=P and Q*=Q,

imP=V and irnQ:V7
PO =0P.
Secondly, this allowed us to prove the existence of corresponding projectors on
w.
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(M1)-(M2) <= (V1)=(V2) (direct proof)

Theorem. IfV,V are two closed subspaces of W that satisfy Wo CV N v,
then the following statements are equivalent: ~
a) There exist operators P € L(W;V) and Q € L(W;V), such that
(MveV) D(w-Pv)=0,
(YveV) Dw—-Quv)=0,
DPQ = DQP.
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(M1)-(M2) <= (V1)=(V2) (direct proof)

Theorem. IfV,V are two closed subspaces of W that satisfy Wo CV N v,
then the following statements are equivalent: ~
a) There exist operators P € L(W;V) and Q € L(W;V), such that
(MveV) D(w-Pv)=0,
(VveV) Dw—-Qu)=0,
DPQ = DQP.
b) There exist projectors P', Q" € L(W; W), such that

P/Q _ P/ and Q/Q _ Q/,
imP' =V and imQ =V,
P/Q/ — Q/Pl
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(M1)-(M2) <= (V1)=(V2) (direct proof)

Theorem. IfV,V are two closed subspaces of W that satisfy Wo CV N v,
then the following statements are equivalent: ~
a) There exist operators P € L(W;V) and Q € L(W;V), such that
(MveV) D(w-Pv)=0,
(YveV) Dw—-Quv)=0,
DPQ = DQP.
b) There exist projectors P', Q" € L(W; W), such that
P/QZP/ and Q/Q :Q/,
imP' =V and imQ =V,
P/Q/ — Q/Pl

(b) is equivalent to closedness of V + V.

48



(M1)=(M2) <= (V1)-(V2)  (cont.)

Theorem.

a) V,V < W satisfy (V), and exists a closed subspace Wo C C~ of W,
V+4Wao = W, then there exist an operator M € L(W; W') satisfying (M) and
V =ker(D — M).

If we define W1 as orthogonal complement of Wy in V', so that

W = W1 +Wy+Wa, and denote by R1, Ry, Ra projectors that correspond to
above direct sum, then one such operator is given with M = D(R1 — R2).
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(M1)=(M2) <= (V1)-(V2)  (cont.)

Theorem.

a) V,V < W satisfy (V), and exists a closed subspace Wo C C~ of W,
V+4Wao = W, then there exist an operator M € L(W; W') satisfying (M) and
V =ker(D — M).

If we define W1 as orthogonal complement of Wy in V', so that

W = W1 +Wy+Wa, and denote by R1, Ry, Ra projectors that correspond to
above direct sum, then one such operator is given with M = D(R1 — R2).

b) M € L(W;W') an operator satisfying (M1)-(M2), V :=ker(D — M).
For Wa, the orthogonal complement of Wy in ker(D + M), Wo C C™ is
closed, V4+Wy = W, and M coincide with the operator in (a).
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(M1)=(M2) <= (V1)-(V2)  (cont.)

Theorem.

a) V,V < W satisfy (V), and exists a closed subspace Wo C C~ of W,
V+4Wao = W, then there exist an operator M € L(W; W') satisfying (M) and
V =ker(D — M).

If we define W1 as orthogonal complement of Wy in V', so that

W = W1 +Wy+Wa, and denote by R1, Ry, Ra projectors that correspond to
above direct sum, then one such operator is given with M = D(R1 — R2).

b) M € L(W;W') an operator satisfying (M1)-(M2), V :=ker(D — M).

For Wa, the orthogonal complement of Wy in ker(D + M), Wo C C™ is
closed, V4+Wy = W, and M coincide with the operator in (a).

Lemma. Let W3 < W satisfies Wo' CC~ and W4/ +V =W.
Then there is a closed subspace Wo of W, such that Wo C C~ and
WotV =W.
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(M1)=(M2) <= (V1)-(V2)  (cont.)

Lemma. IfU; + Uz = W for some subspaces Uy C C* and U, CC™ of W,
then Uy N Uz C Wy.

If additionally Uy is maximal nonnegative and Us maximal nonpositive, then
UrNUs =Wy.
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(M1)=(M2) <= (V1)-(V2)  (cont.)

Lemma. IfU; + Uz = W for some subspaces Uy C C* and U, CC™ of W,
then Uy N Uz C Wy.

If additionally Uy is maximal nonnegative and Us maximal nonpositive, then
UrNUs =Wy.

Theorem. For a maximal nonnegative subspace V' of W, it is equivalent:
a) There is a maximal nonpositive subspace Wo of W, such that Wo +V = W,

b) There is a nonpositive subspace Wy of W, such that Wy +V = W. .
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(M1)=(M2) <= (V1)-(V2)  (cont.)

Lemma. IfU; + Uz = W for some subspaces Uy C C* and U, CC™ of W,
then Uy N Uz C Wy.

If additionally Uy is maximal nonnegative and Us maximal nonpositive, then
UrNUs =Wy.

Theorem. For a maximal nonnegative subspace V' of W, it is equivalent:
a) There is a maximal nonpositive subspace Wo of W, such that Wo +V = W,
b) There is a nonpositive subspace W5 of W, such that W5 +V = W. .

Corollary. The conditions (V) and (M) are equivalent.
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Some used properties

Theorem. a) [- | - ]-orthogonal complement of a maximal non-negative
(non-positive) subspace is non-positive (non-negative).

b) Each maximal semi-definite subspace contains all isotropic vectors in W.

c) If L is a non-negative (non-positive) subspace of a Krein space, such that
L™ is non-positive (non-negative), then Cl L is maximal non-negative
(non-positive).

d) Each maximal semi-definite subspace of a Krein space is closed.

e) A subspace L of a Krein space is closed if and only if L = LI

f) For a subspace L of a Krein space W it holds

LnH =y} = a@w+Lth=w.
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Why should one be interested in Friedrichs systems?
Symmetric hyperbolic systems
Symmetric positive systems

Classical theory
Boundary conditions for Friedrichs systems
Existence, uniqueness, well-posedness

Abstract formulation
Graph spaces
Cone formalism of Ern, Guermond and Caplain

Interdependence of different representations of boundary conditions

Krein space formalism
Krein spaces
Equivalence of boundary conditions
What can we say for the Friedrichs operator now?
Sufficient assumptions
An example: elliptic equation
Other second order equations
Two-field theory
Non-stationary theory
Homogenisation of Friedrichs systems
Homogenisation
Examples: Stationary diffusion and heat equation
Concluding remarks
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Posing and solving the problem

Problem: for given f € L find u € W such that Tu = f.
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Posing and solving the problem

Problem: for given f € L find u € W such that Tu = f.

Boundary operator D € L(W; W'):

wA Du,v)w = (Tu|v)r — (u| Tv)L,

u,veW.
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Posing and solving the problem

Problem: for given f € L find u € W such that Tu = f.

Boundary operator D € L(W; W'):

wi{ Du,v)w = (Tu|v)r — (u|Tv)y, u,v e W.

Theorem. Assume (T'1) — (T'3) and the existence of M € L(W; W)
satisfying

(M1) NVMueW) wi{Mu,u)w >0,

(M2) W =ker(D — M) + ker(D + M) .

Then the operator T|k D ker(D — M) — L is an isomorphism.
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Application to the classical theory

Let D := CX (R, L=L*Q;R") and T, T : D — L be defined by

d
Tu:=) Ok(Axu) + Cu,

k=1
. d d
Tu:==) 0k(Agu)+ (C"+> 0Af)u,
k=1 k=1

where Ay and C are as before (they satisfy (F1)—(F2)).

Then T and T satisfy (T1)—(T3)
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Application to the classical theory

Let D := CX (R, L=L*Q;R") and T, T : D — L be defined by

d
Tu:=) Ok(Axu) + Cu,

k=1
. d d
Tu:==) 0k(Agu)+ (C"+> 0Af)u,
k=1 k=1

where Ay and C are as before (they satisfy (F1)—(F2)).

Then T and T satisfy (T1)-(T3) and

d
W= {u €L*(R"): Y Ok(Agu)+Cu € LQ(Q;R")} .

k=1
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Correlation of boundary conditions

Classical theory: (A, — M)u|F =0,
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Correlation of boundary conditions

Classical theory: (A, — M)u|F =0,
with M € L*°(92; M,-(R)) satisfying (for ae x € T")

(FM1) (V€eR") M(x)§-£>0,

(FM2) R = ker(Au(x) - M(x)) + ker(AV(x) + M(x)) .
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Correlation of boundary conditions

Classical theory: (A, — M)u|F =0,
with M € L*°(92; M,-(R)) satisfying (for ae x € T")

(FM1) (V€eR") M(x)§-£>0,

(FM2) R = ker(AV(x) - M(x)) + ker(AV(x) + M(x)) .

Abstract theory:  u € ker(D — M),
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Correlation of boundary conditions

Classical theory: (A, — M)u|F =0,
with M € L*°(92; M,-(R)) satisfying (for ae x € T")

(FM1) (VEER") M(x)§-£20,
(FM2) R = ker(Au(x) - M(x)) + ker(AV(x) + M(x)) .

Abstract theory:  u € ker(D — M),
with M € L(W; W) satisfying

(Ml) (VUGW) W/(MU,U,)W >0,

(M2) W =ker(D — M) + ker(D + M) .

55



Correlation of boundary conditions

Classical theory: (A, — M)u|F =0,
with M € L*°(92; M,-(R)) satisfying (for ae x € T")

(FM1) (VEER") M(x)§-£20,
(FM2) R = ker(Al, (x) — M(x)) + ker(Al, (x) + M(x)) .

Abstract theory:  u € ker(D — M),
with M € L(W; W) satisfying

(Ml) (VUGW) W/<Mu,u>w >0,
(M2) W =ker(D — M) + ker(D + M) .

For given matrix field M is there an operator M determined by M in some
natural way?



What is a natural way?

Abstract well-posedness result:

T| :ker(D — M) — L is an isomorphism.
ker(D—M)
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What is a natural way?

Abstract well-posedness result:

T| :ker(D — M) — L is an isomorphism.
ker(D—M)

should correspond to the
Weak well-posedness result for the original problem:

Tu="fF
(A, —M)u|F =0

meaning that any smooth weak solution is also a classical solution
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What is a natural way?

Abstract well-posedness result:

T| :ker(D — M) — L is an isomorphism.
ker(D—M)

should correspond to the
Weak well-posedness result for the original problem:

Tu="f
(Ay — M)u|F =0
meaning that any smooth weak solution is also a classical solution

i.e. smooth u € ker(A — M) should satisfy (A, — M)U‘m =0

56



Representation of D and M via matrix fields

For u,v € C°(R% R") we have

w{ Du,v)w = /FAV(X)U|F(X) -v|F(x)dS(x).
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Representation of D and M via matrix fields

For u,v € C®(R%;R") we have

w{ Du,v)w = / A, (x)u‘r(x) . v|F(x)dS(x) .
r
For a given field M, it is reasonable to seek an operator M of the form

(m) wi{ Mu,v)w = /I;M(X)U‘F(x) -vlr(x)dS(x).
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Representation of D and M via matrix fields

For u,v € C®(R%;R") we have

w{ Du,v)w = /FA,, (x)u‘r(x) . v|F(x)dS(x) .
For a given field M, it is reasonable to seek an operator M of the form
(m) i Mucv)wr = [ Mxuy, () v, (dS ()

...then smooth u € ker(D — M) would satisfy (A, — M)u|F =0
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Representation of D and M via matrix fields

For u,v € C®(R%;R") we have

w{ Du,v)w = /FA,, (x)u‘r(x) . v|F(x)dS(x) .
For a given field M, it is reasonable to seek an operator M of the form
(m) i Mucv)wr = [ Mxuy, () v, (dS ()

...then smooth u € ker(D — M) would satisfy (A, — M)u|F =0

Question: Do (FM) and (m) define M € L(W; W) satisfying (M)?
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Representation of D and M via matrix fields

For u,v € C®(R%;R") we have
w{ Du,v)w = / A,,(x)u‘r(x) -v|F(x)dS(x).
r

For a given field M, it is reasonable to seek an operator M of the form

(m) wi{ Mu,v)w = /I;M(X)U‘F(X) -vlr(x)dS(x).

...then smooth u € ker(D — M) would satisfy (A, — M)u|F =0

Question: Do (FM) and (m) define M € L(W; W) satisfying (M)?

Answer: not in general (by a counterexample)
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Representation of D and M via matrix fields

For u,v € C®(R%;R") we have

w{ Du,v)w = /FA,,(x)u‘F(x) -v|F(x)dS(x).

For a given field M, it is reasonable to seek an operator M of the form
(m) wi{ Mu,v)w = / M(x)u‘r(x) -vlr(x)dS(x) .
r

...then smooth u € ker(D — M) would satisfy (A, — M)u|F =0
Question: Do (FM) and (m) define M € L(W; W) satisfying (M)?
Answer: not in general (by a counterexample)

Question: ...perhaps under some additional assumptions...?
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Idea: represent M by A,

Lemma. If M satisfies (FM), then (for ae x € I") there is a pair of projectors
S, (x), S_ (x)
(ie. Sy (x)+S_(x) =T and S; (x)S—(x) = S_(x)S4+(x) =0), s.t.

(A, +M)(x) =28 (x)AL(x) & (A, —M)(x) =28 (x)A,(x).
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Idea: represent M by A,

Lemma. If M satisfies (FM), then (for ae x € I") there is a pair of projectors
S, (x), S_ (x)
(ie. Sy (x)+S_(x) =T and S; (x)S—(x) = S_(x)S4+(x) =0), s.t.

(A, +M)(x) =28 (x)AL(x) & (A, —M)(x) =28 (x)A,(x).

Therefore
M(x) = (1 - Qsi(x))A,,(x).
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Idea: represent M by A,

Lemma. If M satisfies (FM), then (for ae x € I") there is a pair of projectors
S, (x), S_ (x)
(ie. Sy (x)+S_(x) =T and S; (x)S—(x) = S_(x)S4+(x) =0), s.t.

(A, +M)(x) =28 (x)AL(x) & (A, —M)(x) =28 (x)A,(x).

Therefore
M(x) = (I — QSj(X))Au(X) .

... under additional regularity on S_ expect continuity of M ...
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Idea: represent M by A,

Lemma. If M satisfies (FM), then (for ae x € I") there is a pair of projectors
S, (x), S_ (x)
(ie. Sy (x)+S_(x) =T and S; (x)S—(x) = S_(x)S4+(x) =0), s.t.

(A, +M)(x) =28 (x)AL(x) & (A, —M)(x) =28 (x)A,(x).
Therefore
M(x) = (I — QSj(X))Au(X) .

... under additional regularity on S_ expect continuity of M ...

...(M1) then trivially follows from (FM1)...
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Idea: represent M by A,

Lemma. If M satisfies (FM), then (for ae x € I") there is a pair of projectors
S, (x), S_ (x)
(ie. Sy (x)+S_(x) =T and S; (x)S—(x) = S_(x)S4+(x) =0), s.t.

(A, +M)(x) =28 (x)AL(x) & (A, —M)(x) =28 (x)A,(x).

Therefore
M(x) = (I — QSj(X))Au(X) .

... under additional regularity on S_ expect continuity of M ...
...(M1) then trivially follows from (FM1)...
... perhaps this regularity is strong enough to derive (M2) from (FM2)?
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Idea: represent M by A,

Lemma. If M satisfies (FM), then (for ae x € I") there is a pair of projectors
S, (x), S_ (x)
(ie. Sy (x)+S_(x) =T and S; (x)S—(x) = S_(x)S4+(x) =0), s.t.

(A, +M)(x) =28 (x)AL(x) & (A, —M)(x) =28 (x)A,(x).

Therefore
M(x) = (I — QSj(X))Au(X) .
..under additional regularity on S_ expect continuity of M ...
.. (M1) then trivially follows from (FM1). ..
.. perhaps this regularity is strong enough to derive (M2) from (FM2)?
N. Antoni¢, K. Burazin: Boundary operator from matrix field formulation of

boundary conditions for Friedrichs systems, Journal of Differential Equations
250 (2011) 3630-3651.
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Idea: represent M by A,

Lemma. If M satisfies (FM), then (for ae x € I") there is a pair of projectors
S, (x), S_ (x)
(ie. Sy (x)+S_(x) =T and S; (x)S—(x) = S_(x)S4+(x) =0), s.t.

(A, +M)(x) =28 (x)AL(x) & (A, —M)(x) =28 (x)A,(x).

Therefore
M(x) = (I — QSj(X))Au(X) .
..under additional regularity on S_ expect continuity of M ...
.. (M1) then trivially follows from (FM1). ..
.. perhaps this regularity is strong enough to derive (M2) from (FM2)?
N. Antoni¢, K. Burazin: Boundary operator from matrix field formulation of

boundary conditions for Friedrichs systems, Journal of Differential Equations
250 (2011) 3630-3651.

... not good enough for applications to hyperbolic equations
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P is not necessarily a projector

Lemma
For a matrix field M the following statements are equivalent.
— M satisfies (FM2).
— There is a matrix field P such that M = A, (I — 2P) and
ker(A,P) + ker(A,(I—P)) =R" ae in 0.
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Main result for Friedrichs systems

Theorem. Let matrix field M € L*°(I'; M.(R)) satisfy (FM), and let S_ be
extendable to a measurable function on CI 2, and satisfy:
(51) The multiplication operator S_ ,, is in L(W).

(S—p(v) :=S_ v forve W)
(52) (Vv e H (;R™)) S_pv € HY(RT) & T2 (S—pv) = S_Tiav.
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Main result for Friedrichs systems

Theorem. Let matrix field M € L*°(I'; M.(R)) satisfy (FM), and let S_ be
extendable to a measurable function on CI 2, and satisfy:
(51) The multiplication operator S_ ,, is in L(W).

(S—p(v) :=S_ v forve W)
(52) (Vv e H (;R™)) S_pv € HY(RT) & T2 (S—pv) = S_Tiav.

Then (m) defines operator M € L(W; W') satisfying (M1).
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Main result for Friedrichs systems

Theorem. Let matrix field M € L*°(I'; M.(R)) satisfy (FM), and let S_ be
extendable to a measurable function on CI 2, and satisfy:
(51) The multiplication operator S_ ,, is in L(W).

(S—p(v) :=S_ v forve W)
(52) (Vv e H (;R™)) S_pv € HY(RT) & T2 (S—pv) = S_Tiav.
Then (m) defines operator M € L(W; W') satisfying (M1).

Furthermore, such M satisfies (M2).
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Main result for Friedrichs systems

Theorem. Let matrix field M € L*°(I'; M.(R)) satisfy (FM), and let S_ be
extendable to a measurable function on CI 2, and satisfy:
(51) The multiplication operator S_ ,, is in L(W).

(S—p(v) :=S_ v forve W)
(52) (Vv e H (;R™)) S_pv € HY(RT) & T2 (S—pv) = S_Tiav.
Then (m) defines operator M € L(W; W') satisfying (M1).

Furthermore, such M satisfies (M2).

Test on examples ...
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Main result for Friedrichs systems

Theorem. Let matrix field M € L*°(I'; M.(R)) satisfy (FM), and let S_ be
extendable to a measurable function on CI 2, and satisfy:
(51) The multiplication operator S_ ,, is in L(W).

(S—p(v) :=S_ v forve W)
(52) (Vv e H (;R™)) S_pv € HY(RT) & T2 (S—pv) = S_Tiav.
Then (m) defines operator M € L(W; W') satisfying (M1).

Furthermore, such M satisfies (M2).

Test on examples . ..assumptions are reasonable ...
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An example — scalar elliptic equation

QCR? pu>0and f € L3Q) given.

—Au+pu=f
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An example — scalar elliptic equation

QCR? pu>0and f € L3Q) given.
—Au+pu=f
can be written as a first-order system

p+Vu=0
pu+divp = f

)
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An example — scalar elliptic equation

QCR? pu>0and f € L3Q) given.
—Au+pu=f
can be written as a first-order system

p+Vu=0
pu+divp = f

which is a Friedrichs system with the choice of

00 1 000 100
Ay=|0 0 0|, A,=|0 0 1|, c=|01 0
100 010 00 pu
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An example — scalar elliptic equation

QCR? pu>0and f € L3Q) given.
—Au+pu=f

can be written as a first-order system

p+Vu=0
pu+divp = f

which is a Friedrichs system with the choice of

0 0 1 0 0 1 0 0
A;=]|0 0 0|, A2=|0 0 1|, C=|0 1 0
1 0 0 0 1 0 0 u
Note
O 0 1414

AL, =v1A1 +1nAr = 0 0

141 1] 0
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Elliptic equation — different boundary conditions

M A, - M (AU—M){Z} =0
I
0 0 —U1 0 O 21/1
0 0 —w 0 0 2w
move 0 00 0 up =0
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Elliptic equation — different boundary conditions

M A, - M (A,,—M){z} =0
I
0 0 —U1 0 O 21/1
0 0 —w 0 0 2w
move 0 00 0 up =0

0 0 un 0 0 0
0 0 12 0 0 O
-1 —v2 0 2v1 2v2 O v (Vu)|F =0
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Elliptic equation — different boundary conditions

M A, - M (A,,—M){z} =0
I
0 0 —U1 0 O 21/1
0 0 - 00 2w
move 0 00 0 up =0
0 0 un 0 0 0
0 0 0 0 0
-1 —v2 0 2v1 2v2 O v (Vu)|F =0

0 0 Iz 0 0 0
0 0 Vs 0 0 0 I/~(Vu)|r—|—04u‘F =0
2

-1 —V2 2« v 2Uvs 2«
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Elliptic equation — different boundary conditions

M A, - M (A,,—M){z} =0
Ir
0 0 —U1 0 O 21/1
0 0 - 0 0 2
m o 0 00 0 up =0
0 0 121 0 0 0
0 0 12 0 0 O
-1 —v2 0 2v1 2v2 O v (Vu)|F =0
0 0 Iz 0 0 0
0 0 Vs 0 0 0 I/~(Vu)|r—|—04u‘F =0
-1 —vy 2« 21 21 2«

All above matrices M satisfy (FM).
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Elliptic equation — projector S_

Dirichlet:
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Elliptic equation — projector S_

Dirichlet:

Neumann:

o = O

o
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Elliptic equation — projector S_

Dirichlet: _ -
1 0
S_.=1{0 1 0
_0 O_
Neumann: ~ _
0 0 O
S_-=1{0 0 O
|10 0 1]
Robin:
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Elliptic equation — projector S_

Dirichlet: _ -
1 0
S_.=(0 1 0
_0 O_
Neumann: _ _
0 0 0
S_.=(0 0 O
|10 0 1]
Robin:
0 0 —any
S_. =0 0 —are
0 0 1

Constants can easily be extended, but we need v : I' — R" to be Lipschitz in
order to have bounded multiplication for the Robin b.c.
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Practical sufficient conditions

Lemma
For constant A € M,(R) and P € M,.(R) the multiplication operator
u — Pu belongs to L(W) if and only if there exists S € M,.(R) such that

AP =SA, forkel.d.
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Practical sufficient conditions

Lemma

For constant A € M,(R) and P € M,.(R) the multiplication operator

u — Pu belongs to L(W) if and only if there exists S € M,.(R) such that
AP =SA, forkel.d.

Theorem (sufficient conditions)

Let P : CIQ — M, (R) be a Lipschitz matrix function satisfying:
- (3S e W (M, (R))(Vk € 1..d)  AxP =SA,
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Practical sufficient conditions

Lemma

For constant A € M,(R) and P € M,.(R) the multiplication operator

u — Pu belongs to L(W) if and only if there exists S € M,.(R) such that
AP =SA, forkel.d.

Theorem (sufficient conditions)

Let P : CIQ — M, (R) be a Lipschitz matrix function satisfying:
- (3S e W (M, (R))(VEk €1..d) AP =SAy,
— for almost every x € OQ the matrix A, (x)(I — 2P (x)) is positive semidefinite
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Practical sufficient conditions

Lemma

For constant A € M,(R) and P € M,.(R) the multiplication operator

u — Pu belongs to L(W) if and only if there exists S € M,.(R) such that
AP =SA, forkel.d.

Theorem (sufficient conditions)

Let P : CIQ — M, (R) be a Lipschitz matrix function satisfying:

- (3S e W (M, (R))(VEk €1..d) AP =SAy,

— for almost every x € OQ the matrix A, (x)(I — 2P (x)) is positive semidefinite
and

— for almost every x € 9N it holds

ker (A,, (X)P(x)) + ker((A,, (x)(I— P(x))) =R".
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Practical sufficient conditions

Lemma

For constant A € M,(R) and P € M,.(R) the multiplication operator

u — Pu belongs to L(W) if and only if there exists S € M,.(R) such that
AP =SA, forkel.d.

Theorem (sufficient conditions)

Let P : CIQ — M, (R) be a Lipschitz matrix function satisfying:

(38 € Whe(Q; M- (R)))(VEk € 1..d)  AxP = SAy,

for almost every x € 9§} the matrix A, (x)(I — 2P(x)) is positive semidefinite ,
and

for almost every x € OX) it holds

ker (A,, (X)P(x)) + ker((A,, (x)(I— P(x))) =R".

Then formula (m), for M(x) := A, (x)(I — 2P(x)) on 0N, defines a bounded
operator M € L(W; W') satisfying (M).

64



Tests on examples

Applications on hyperbolic equations (transport and wave equation)
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Tests on examples

Applications on hyperbolic equations (transport and wave equation)

N. Antoni¢, K. Burazin, M. Vrdoljak: Second-order equations as Friedrichs
systems, Nonlin. Analysis B: Real World Appl. 14 (2014) 290-305.

65



Tests on examples

Applications on hyperbolic equations (transport and wave equation)

N. Antoni¢, K. Burazin, M. Vrdoljak: Second-order equations as Friedrichs
systems, Nonlin. Analysis B: Real World Appl. 14 (2014) 290-305.

... still unable do get good results for mixed type problems
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Heat equation

. with zero initial and Dirichlet boundary condition:
Oru—divx (AVxu) + b - Vixu+cu = fin Qr
u=0o0n 90 x (0,T)
u(-,0) =0 on Q
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Heat equation

. with zero initial and Dirichlet boundary condition:

Oru—divx (AVxu) + b - Vixu+cu = fin Qr
u=0o0n 90 x (0,T)
u(-,0) =0 on Q

...as a Friedrichs system:

{ VxUdt1 + A_lud =0

8tud+1 + div xug + CUdy1 — Ailb sUg = f

)

(note that we use u = (ug, udgt1) ' ).
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Friedrichs operator and the graph space

The operator T is given by

7| ua | _ Vxtdas1 + A ug
Udar1 | | Octtayr +divxug + cugrr — A7b - ug

’
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Friedrichs operator and the graph space

The operator T is given by

7| ua | _ Vxtdas1 + A ug
Udr1 | | Octtasr +divxug + cugir — A7 b-ug |’

while the corresponding graph space is
W = {u e L2(Qr; R : Vyug € L2(Qr; RY)
& Bpuars +divug € L2(QT)}
- {u € L3, () : Viuars € LQ(QT;Rd)}

= {u € L3 (@) tuan € L2(0, T3 H' (@)}
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Properties of the last component

Lemma. The projection u = (uq, Ugr1) | — uqr1 is a continuous linear
operator from W to W (0, T), which is continuously embedded to

C([o, T|; L*()).
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Properties of the last component

Lemma. The projection u = (uq, Ugr1) | — uqr1 is a continuous linear
operator from W to W (0, T), which is continuously embedded to

C([0, T}; L* (). .
The space

W(0,T) = {u € 1L2(0, T; HY(Q)) : du € LQ(O,T;H_l(Q))} ,

is a Banach space when equipped by norm

lullw o,y = 3/l o, gt + 19l o -1y -
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Main result

Let

V:

V=

{
{

ue W :ugpr € L2(0,T; H(l](Q)), ug+1(-,0) =0 a.e. on Q},

vEW twg € L2(0,T;Hy()), wvar1(,T) =0 a.e. on Q}
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Main result

Let
V= {u €W :ugrr € L2(0,T;HH(R)),  wari(-0) =0 a.e. on Q}

V= {v €W :vay1 € L2(0,T; HH(Q)), vas1(-,T) =0 a.e. on Q}

Do they satisfy (V1)—-(V2)?
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Main result

Let
V= {u €W :ugrr € L2(0,T;HH(R)),  wari(-0) =0 a.e. on Q}

V= {v €W :vay1 € L2(0,T; HH(Q)), vas1(-,T) =0 a.e. on Q}

Do they satisfy (V1)—-(V2)? Technical...
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Main result

Let
V= {u €W :ugrr € L2(0,T;HH(R)),  wari(-0) =0 a.e. on Q}

V= {v €W :vay1 € L2(0,T; HH(Q)), vas1(-,T) =0 a.e. on Q}

Do they satisfy (V1)—-(V2)? Technical...

Theorem B
The above V and V satisfy (V1)—-(V2), and therefore the operator
T|v :V — L is an isomorphism.
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Two-field theory. . .

Heat equation with b =0 and ¢ = 0:
Oru—divx(AVxu) = f in Qr
u=0onT x(0,T)
u(-,0) =0 on Q

70



Two-field theory. . .

Heat equation with b =0 and ¢ = 0:

Oru—divx(AVxu) = f in Qr
u=0onT x(0,T)
u(-,0) =0 on Q

Two field theory:
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Two-field theory. . .

Heat equation with b =0 and ¢ = 0:

Oru—divx(AVxu) = f in Qr
u=0onT x(0,T)
u(-,0) =0 on Q

Two field theory:

developed by Ern and Guermond for elliptic problems
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Two-field theory. . .

Heat equation with b =0 and ¢ = 0:
Oru—divx(AVxu) = f in Qr
u=0onT x(0,T)
u(-,0) =0 on Q

Two field theory:
developed by Ern and Guermond for elliptic problems

matrices need to be of the form

0 B c’ o
Ak:|:(Bk)T ak:| and C:|:OT Cd+1}’

where B¥ € R? are constant vectors, a* € W' (Qr), C? € L™(Qr; Ma(R))
and ¢! € L=®(Qr), k € 1..(d + 1).



Two-field theory. . .

Heat equation with b =0 and ¢ = 0:
Oru—divx(AVxu) = f in Qr
u=0onT x(0,T)
u(-,0) =0 on Q

Two field theory:
developed by Ern and Guermond for elliptic problems

matrices need to be of the form

0 B c’ o
Ak:|:(Bk)T ak:| and C:|:OT Cd+1}’

where B¥ € R? are constant vectors, a* € W' (Qr), C? € L™(Qr; Ma(R))
and ¢! € L=®(Qr), k € 1..(d + 1).

For the heat equation matrices have this form!



..with partial coercivity

Instead of coercivity (positivity) condition (F2), the following is required:

(Fpr > 0)(VE = (€,,8a1) € R
d+1

(C +C'+ Z@kAk)E e>2mle, > (ae onQ),

k=1
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..with partial coercivity

Instead of coercivity (positivity) condition (F2), the following is required:

(Fpr > 0)(VE = (€,,8a1) € R
d+1

(C +C'+ Z@kAk)E e>2mle, > (ae onQ),

k=1
(Fpz > 0)(Yue VUV)

\/< Lu | u)pzpma+1y + ”Bud+1”L2(QT;Rd) > N2||Ud+1||L2(QT) )

d+1
where Bud+1 = Zkil Bk(’)kudH = qud+1.
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.with partial coercivity

Instead of coercivity (positivity) condition (F2), the following is required:

(Fpr > 0)(VE = (€,,8a1) € R
d+1

(C +C'+ Z@kAk)E e>2mle, > (ae onQ),

k=1
(Fpz > 0)(Yue VUV)

\/< Lu | u)pzpma+1y + ||Bud+1”L2(QT;Rd) > N2||Ud+1||L2(QT) )

d+1
where Bud+1 = Zkil Bk(’)kudH = qud+1.

For our system both conditions are trivially fulfilled.
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.with partial coercivity

Instead of coercivity (positivity) condition (F2), the following is required:

(Fpr > 0)(VE = (€,,8a1) € R
d+1

(C +C'+ Z@kAk)E e>2mle, > (ae onQ),

k=1
(Fpz > 0)(Yue VUV)

\/< Lu | u)pzpma+1y + ||Bud+1”L2(QT;Rd) > N2||Ud+1||L2(QT) )

d+1
where Bud+1 = Zkil Bk(’)kudH = qud+1.
For our system both conditions are trivially fulfilled.

Therefore, we have the well-posedness result.

71



An example — stationary diffusion equation
We consider the equation
—div(AVu) 4+ cu=f

in Q C RY,
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An example — stationary diffusion equation
We consider the equation
—div(AVu) 4+ cu=f

in Q C RY, where f € L?(Q), ¢ € L°°(Q) with
3 >a >0,

1
B

<c< % for some
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An example — stationary diffusion equation
We consider the equation
—div(AVu) 4+ cu=f

in Q C RY, where f € L?(Q), ¢ € L°°(Q) with
B >a >0, and

L <e< L, for some
63 a

A e My(d,3;Q) = {A € L™(2My(R)) :

(VEER) AL - £ >l & AL - € > %IA&Q}
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An example — stationary diffusion equation
We consider the equation
—div(AVu) 4+ cu=f

in Q C RY, where f € L?(Q), ¢ € L°°(Q) with
B >a >0, and

L <e< L, for some
63 a

A e My(d,3;Q) = {A € L™(2My(R)) :
(V€ €RY) AL-€ > o/l6 & AL-€ > Z|AE])

New unknown vector function taking values in R4+

u— ug | _ —Aqu}
T uags | u ’
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An example — stationary diffusion equation
We consider the equation
—div(AVu) 4+ cu=f

in Q C RY, where f € L?(Q), ¢ € L°°(Q) with
B >a >0, and

% <c< % for some

A e My(d,3;Q) = {A € L™(2My(R)) :
1
(V€€ RY) AL £ > o6 & A& > S |AL’)
New unknown vector function taking values in R4+
u— ug | | —AVxu
T uags | u ’

Then the starting equation can be written as a first-order system

qudH —+ A_lud =0
divug + cugy1 = f
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An example — stationary diffusion equation (cont.)

which is a Friedrichs system with the choice of

A =er®eqp1 +eq1 ®er € Mg (R), C= {

A71
0

0
c

|
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An example — stationary diffusion equation (cont.)

which is a Friedrichs system with the choice of
Ay =ep®eqq1 +edr1 ®er € Mayr1(R), C= {

The graph space: W = L3, (Q) x H'(Q).

A71
0

0
c

|

73



An example — stationary diffusion equation (cont.)

which is a Friedrichs system with the choice of

Ay =ep®eqq1 +edr1 ®er € Mayr1(R), C= { 0 e

The graph space: W = L3, (Q) x H'(Q).
Dirichlet, Neumann and Robin boundary conditions are imposed by the
following choice of V' and V:

Vb = Vb :=L3;, (Q) x Hy(Q),
VN = ‘7N ;:{(ud’ud_;,_l)—r cW :v-uqg= 0},
Vi :={(ug,uas1) €W :v-ug= aud+1|r}7

VR ::{(ud,ud+1)T ceW: :v-ug= 7aud+1‘r} .

A1t 0}
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Non-stationary problem

Marko Erceg, Kresimir Burazin: Non-stationary abstract Friedrichs systems via
semigroup theory, submitted
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Non-stationary problem

Marko Erceg, Kresimir Burazin: Non-stationary abstract Friedrichs systems via
semigroup theory, submitted

L real Hilbert space, as before (L' = L), T >0
We consider an abstract Cauchy problem in L:

{ u'(t) + Tu(t) = f(t)

) u(0) = uo
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Non-stationary problem

Marko Erceg, Kresimir Burazin: Non-stationary abstract Friedrichs systems via

semigroup theory, submitted

L real Hilbert space, as before (L' = L), T >0
We consider an abstract Cauchy problem in L:

- { u'(t) + Tu(t) = f(t)

where
- f:(0,TY — L, ug € L are given,
— T (not depending on t) satisfies (T1), (T2) and

(T3 (Ve eD) (T+T)ple)L>0,

- u:[0,7) — L is unknown.



Non-stationary problem

Marko Erceg, Kresimir Burazin: Non-stationary abstract Friedrichs systems via
semigroup theory, submitted

L real Hilbert space, as before (L' = L), T >0
We consider an abstract Cauchy problem in L:

- { u'(t) + Tu(t) = f(t)

where
- f:(0,TY — L, ug € L are given,
— T (not depending on t) satisfies (T1), (T2) and

(T3 (Ve eD) (T+T)ple)L>0,

- u:[0,7) — L is unknown.

Numerics:
E. Burman, A. Ern, M. A. Fernandez, SIAM JNA, 2010.
D. A. Di Pietro, A. Ern, 2012.



Semigroup setting

A priori estimate:

(vVee01])  fu®]i < et(\lﬂolli +/Ot I\f(8)||2L> :
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Semigroup setting

A priori estimate:

(vVee01])  fu®]i < et(\lﬂolli +/0 I\f(8)||2L> :

LetA:VQL—>L,.A::—T‘V
Then (P) becomes:

(P")
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Semigroup setting

A priori estimate:

(vVee01])  fu®]i < et(\lﬂol\% +/0 I\f(8)||2L> :

LetA:VQL—>L,.A::—T‘V
Then (P) becomes:

(P")

Theorem. The operator A is an infinitesimal generator of a Cy-semigroup on
L.
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Existence and uniqueness result

Corollary. Let T be an operator that satisfies (T1)-(T2) and (T3), let V be
a subspace of its graph space satisfying (V1)-(V2), and f € L*((0,T); L).
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Existence and uniqueness result

Corollary. Let T be an operator that satisfies (T1)-(T2) and (T3), let V be
a subspace of its graph space satisfying (V1)-(V2), and f € L*((0,T); L).
Then for every ug € L the problem (P) has the unique mild solution

u € C([0,T]; L) given with

u(t) =7 (t)uo + /Ot T(t — s)f(s)ds, tel0,7],

where (7 (t))>0 is the semigroup generated by A.

76



Existence and uniqueness result

Corollary. Let T be an operator that satisfies (T1)-(T2) and (T3), let V be
a subspace of its graph space satisfying (V1)-(V2), and f € L*((0,T); L).
Then for every ug € L the problem (P) has the unique mild solution

u € C([0,T]; L) given with

u(t) =7 (t)uo + /Ot T(t — s)f(s)ds, tel0,7],

where (7 (t))>o0 is the semigroup generated by A.
If additionally f € C([0,T); L) N (Wl’l(((), T); L) ULY({0, T); V)) with V
equipped with the graph norm and ug € V, then the above mild solution is the

classical solution of (P) on [0,T). .

76



Mild solution

Theorem. Letug € L, f € L*((0,T); L) and let

u(t) =T (t)uo + /0 T(t— s)f(s)ds,

be the mild solution of (P).

te (0,77,

7



Mild solution

Theorem. Letug € L, f € L*((0,T); L) and let

t
u(t) =T (t)uo + / T(t— s)f(s)ds,
0
be the mild solution of (P).
Then u', Tu,f € L'({0,T); W) and
u+Tu="f,
in L'((0,T); Wg).

te (0,77,

7



Bound on solution

From
u(t) =7 (t)uo +/ T(t— s)f(s)ds, telo,1],

we get:

(Veel0,T])  fu@®lz < lluollz +/Ot ()l zds -
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Bound on solution

From
u(t) =T (t)uo +/ T(t — s)f(s)ds, te (0,17,
we get:

(Veel0,T])  fu@®lz < lluollz +/Ot ()l zds -

A priori estimate was:

vie,T)  u@)? < et(uuou% +/0 Hf(s)ni) .
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Non-stationary Maxwell system 1/5

Let © C R® be open and bounded with a Lipschitz boundary T,
u,e € WH(Q) positive and away from zero, T;; € L°°(Q; M3(R)),
i,5 € {1,2}, and f1,f2 € L' ({0, T); L2(; R?)).
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Let © C R® be open and bounded with a Lipschitz boundary T,

u,e € WH(Q) positive and away from zero, T;; € L°°(Q; M3(R)),
i,7 € {1,2}, and f1,f> € L' ({0, T); L2(; R?)).

We consider a generalized non-stationary Maxwell system

(MS)

O:H+rotE+ 3X11H+ XE=F
12297 r 11 12 1 in (O,T} xQ,
eO:E —rotH + 3o1H + 3o0E =15
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Non-stationary Maxwell system 1/5

Let © C R® be open and bounded with a Lipschitz boundary T,

u,e € WH(Q) positive and away from zero, T;; € L°°(Q; M3(R)),
i,7 € {1,2}, and f1,f> € L' ({0, T); L2(; R?)).

We consider a generalized non-stationary Maxwell system

(MS) in (0,T) x Q,

uOtH + rotE+ 311H + 312E=1f;
eO:E —rotH + 3o1H + 3o0E =15

where E,H : [0,T) x @ — R? are unknown functions.
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Non-stationary Maxwell system 1/5

Let © C R® be open and bounded with a Lipschitz boundary T,

u,e € WH(Q) positive and away from zero, T;; € L°°(Q; M3(R)),
i,5 € {1,2}, and f1,f2 € L' ({0, T); L2(; R?)).

We consider a generalized non-stationary Maxwell system

(MS) in (0,T) x Q,

uOtH + rotE+ 311H + 312E=1f;
eO:E —rotH + 3o1H + 3o0E =15

where E,H : [0,T) x @ — R? are unknown functions.
Change of variable

o [1] - [2]. e
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Non-stationary Maxwell system 1/5

Let © C R® be open and bounded with a Lipschitz boundary T,

u,e € WH(Q) positive and away from zero, T;; € L°°(Q; M3(R)),
i,5 € {1,2}, and f1,f2 € L' ({0, T); L2(; R?)).

We consider a generalized non-stationary Maxwell system

(MS) in (0,T) x Q,

uOtH + rotE+ 311H + 312E=1f;
eO:E —rotH + 3o1H + 3o0E =15

where E,H : [0,T) x @ — R? are unknown functions.
Change of variable

(2] (). e

turns (MS) to the Friedrichs system

ou+Tu=F,

79



Non-stationary Maxwell system 2/5

with
r 0 0 07
0 0 0 -1
01 o0
Al :=c 0 0 , As:=c
0o 0 1 0
LO 1 J
r 0 —1 07
0 1 0 O )
As:=c 0 0 0 |
0O 1 0 7
-1 0 0 0
LO O O i

0
0 0
-1
0 -1
0 0
0 O

o O O

o
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Non-stationary Maxwell system 2/5

with
r 0 0 07 0 0 1
0 0 0 -1 0 0 0 O
01 O -1 0 0
A1.—C 0 0 0 s Az.—C 0 0 _1 )
0 0 1 0 0 0 O 0
LO 1 0 i 1 0 0
r 0 —1 07
0 1 0 O )
f
As:=c 0 0 0 , F = ‘/1ﬁ1 s C:=....
0O 1 0 \Efz
-1 0 0 0
LO 0 O i

an are satistied (with change v := e “"u for large A > 0, It neede
F1 d (F2 isfied (with ch My for | A > 0, if needed
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Non-stationary Maxwell system 3/5

The spaces involved:
L=L*Q;R?) x L>(Q; R?),
W = Lot (4 R?) x Lo (% R?),
Wo = Lot 0( R®) x Lig o (4 R?) = Clw CZ (4 RY)

where L2, (Q; R?) is the graph space of the rot operator.
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Non-stationary Maxwell system 3/5

The spaces involved:
L=L*Q;R?) x L>(Q; R?),
W = LIy (9 R?) x Lo (4 RY)
Wo = Lioio( R?) x Ligo (% R?) = Clw CZ (2 RY),
where L2, (Q; R?) is the graph space of the rot operator.

The boundary condition
vV X E‘F =0

corresponds to the following choice of spaces V, VCwW:
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Non-stationary Maxwell system 3/5

The spaces involved:
L=L*Q;R?) x L>(Q; R?),
W = LIy (9 R?) x Lo (4 RY)
Wo = Lioio( R?) x Ligo (% R?) = Clw CZ (2 RY),
where L2, (Q; R?) is the graph space of the rot operator.

The boundary condition
vV X E‘F =0

corresponds to the following choice of spaces V, VCwW:

V:V:{UEW:VXUon}
={ueW:vxE=0}
:Lfot(Q;RS) X Lfot,O(Q;RS)‘

81



Non-stationary Maxwell system 4/5

Theorem. Let Eq € Lfot’O(Q;R ), Ho € LZ&(Q; R?) and let

fi,f2 € C([0, T]; L*(; R®)) satisfy at least one of the following conditions:

- f1,f2 € W-((0, T> LQ(Q R?));
- fl € L1(<OvT> ro':(Q R ))' f2 € L1(<0 T> rot O(Q R ))
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Non-stationary Maxwell system 4/5

Theorem. Let Eg € L2, o(Q; R?),Ho € L2, (Q; R?) and let
fi,f2 € C([0, T]; L*(; R®)) satisfy at least one of the following conditions:
- f1,f2 € Wh({0, T> L3(Q;R?));
-fi e L1(<03T> rot(Q RB))I f2 € L1(<0 T> rot O(Q Rg))
Then the abstract initial-boundary value problem
,U,H, +rotE4+ X1 H+XE=1H
eE’ —rotH + 391 H + X92FE =1,
E(0) = Eo
H(0) = Ho
Vv X E|F =0
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Non-stationary Maxwell system 5/5

Theorem. ...has unique classical solution given by
1
H |mL 0 ViHo
HERK RIS

1 1

+

—1 0 t —f1(5)
Vi | VE
oo [ F

}ds, telo,T],

where (7T (t))t>0 is the contraction Cy-semigroup generated by —T.
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Other examples

— Symmetric hyperbolic system
d
O+ Y Ok(Agu)+Cu=f in(0,7) x R’
k=1
u(0,-) = uo

)

84



Other examples

— Symmetric hyperbolic system
d
O+ Y Ok(Agu)+Cu=f in(0,7) x R’
k=1 )
u(0,-) = uo
— Non-stationary div-grad problem
dq+Vp=f in(0,T)xQ, QCR?,
C%@,gp—&—divq =fo in{0,T)xQ,
0

Plog =05 P(0)=po, a(0)=do
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Other examples

— Symmetric hyperbolic system
d
O+ Y Ok(Agu)+Cu=f in(0,7) x R’
k=1 )
u(0,-) = uo
— Non-stationary div-grad problem
dq+Vp=f in(0,T)xQ, QCR?,
C%@,gp—&—divq =fo in{0,T)xQ,
0

Plog =05 P(0)=po, a(0)=do

— Wave equation
{8ttu —PAu= f in{0,T) x R4

u(ov ) =uo, atu(oa ) = u(l)

84



Friedrichs systems in a complex Hilbert space

Let L be a complex Hilbert space, L’ = L its antidual, D C L, T,T L — L
linear operators that satisfy (T1)—(T3) (or T3' instead of T3).
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Friedrichs systems in a complex Hilbert space

Let L be a complex Hilbert space, L’ = L its antidual, D C L, T,T L — L
linear operators that satisfy (T1)—(T3) (or T3' instead of T3).

Technical differences with respect to the real case, but results remain the
same. . .
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linear operators that satisfy (T1)—(T3) (or T3' instead of T3).

Technical differences with respect to the real case, but results remain the
same. . .

For the classical Friedrichs operator we require

(F1) matrix functions Ay are selfadjoint: A, = A,
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Friedrichs systems in a complex Hilbert space

Let L be a complex Hilbert space, L’ = L its antidual, D C L, T,T L — L
linear operators that satisfy (T1)—(T3) (or T3' instead of T3).

Technical differences with respect to the real case, but results remain the
same. . .

For the classical Friedrichs operator we require

(F1) matrix functions Ay are selfadjoint: A, = A,
d
(F2) (Fpo>0) CH+C +> Ak >2ul  (aeon Q),
k=1
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Friedrichs systems in a complex Hilbert space

Let L be a complex Hilbert space, L’ = L its antidual, D C L, T,T L — L
linear operators that satisfy (T1)—(T3) (or T3' instead of T3).

Technical differences with respect to the real case, but results remain the
same. . .

For the classical Friedrichs operator we require

(F1) matrix functions Ay are selfadjoint: A, = A,
d
(F2) (Fpo>0) CH+C +> Ak >2ul  (aeon Q),
k=1

and again (F1)—(F2) imply (T1)-(T3).
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Application to Dirac system 1/2

We consider the Cauchy problem
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Application to Dirac system 1/2

We consider the Cauchy problem

3
O+ > Apdru+ Cu=f in(0,T) x R,
(DS) P

u(0) = uo,
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Application to Dirac system 1/2

We consider the Cauchy problem
Tu

O+ > Agdru+ Cu=f in (0,T) x R,
(DS) P

u(0) =uo,
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Application to Dirac system 1/2

We consider the Cauchy problem
Tu

O+ > Agdru+ Cu=f in (0,T) x R,
(DS) P

u(0) =uo,

where u : [0,T) x R® — C* is an unknown function, up : R®* — C*,
f:[0,7) x R® — C* are given, and
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Application to Dirac system 1/2

We consider the Cauchy problem
Tu

O+ > Agdru+ Cu=f in (0,T) x R,
(DS) P

u(0) =uo,

where u : [0,T) x R® — C* is an unknown function, up : R®* — C*,
f:[0,7) x R® — C* are given, and

10 ok _|al 0
L P
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Application to Dirac system 1/2

We consider the Cauchy problem
Tu

O+ > Agdru+ Cu=f in (0,T) x R,
(DS) P

u(0) =uo,

where u : [0,T) x R® — C* is an unknown function, up : R®* — C*,

f:[0,7) x R® — C* are given, and

Ak::{o Uk},kel..?), c::{“l 0],
O

0 0 CQI
where
So_[o1 oo [0 =i S [1 0
T ool S A 7o -1
are Pauli matrices, and c1,c2 € L®(R?; C). ... (F1)—(F2)
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Application to Dirac system 2/2

Theorem. Let ug € W and let f € C([0,T); L2(R?; C*)) satisfies at least one
of the following conditions:

- f e Wh((0,T); L*(R?; CY));

- fc LY((0,T); W).
Then the abstract Cauchy problem

3
O+ Apdgu+ Cu=f
k=1

u(0) =uo
has unique classical solution given with

u(t) =T (t)uo + /Ot T(t — s)f(s)ds, te[0,17,

where (T (t))¢>0 is the contraction Co-semigroup generated by —T .
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TODO: Time-dependent coefficients

The operator T depends on ¢ (i.e. the matrix coefficients Ay and C depend on
t if T is a classical Friedrichs operator):

{ u'(t) + T(t)u(t) = f(t) .
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TODO: Time-dependent coefficients

The operator T depends on ¢ (i.e. the matrix coefficients Ay and C depend on
t if T is a classical Friedrichs operator):

{ u'(t) + T(t)u(t) = f(t)

— Semigroup theory can treat time-dependent case, but conditions that ensure
existence/uniqueness result are rather complicated to verify. . .
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TODO: Semilinear problem

Consider

where f: [0,T) x L — L.
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~
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where f: [0,T) x L — L.
— semigroup theory gives existence and uniqueness of solution
— it requires (locally) Lipschitz continuity of f in variable u
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TODO: Semilinear problem

Consider

f(t,u(®))

—_——
c
~
—~
~~
=
+
~
c
—~
~~
=
I

where f: [0,T) x L — L.

— semigroup theory gives existence and uniqueness of solution

— it requires (locally) Lipschitz continuity of f in variable u

— if L =L2% it is not appropriate assumption, as power functions do not satisfy it;
L =L is better. ..
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Let L be a reflexive complex Banach space, L' its antidual, D C L,

T, T : D — L' linear operators that satisfy a modified versions of (T1)—(T3),
e.g.

(T1) (Yo, €D) 1T, ) = AT, o)1

Technical differences with Hilbert space case, but results remain essentially the
same for the stationary case. ..

Problems:
— in the classical case (F1)—(F2) need not to imply (T2) and (T3): instead of

(T3) we get R
L { (T +T)p,0)ne 2 (@]
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TODO: Banach space setting

Let L be a reflexive complex Banach space, L' its antidual, D C L,
T, T : D — L' linear operators that satisfy a modified versions of (T1)—(T3),

e.g.
(Tl) (V%wep) L/<TSO7¢>L:L’<T¢1¢>L

Technical differences with Hilbert space case, but results remain essentially the
same for the stationary case. ..

Problems:
— in the classical case (F1)—(F2) need not to imply (T2) and (T3): instead of
(T3) we get R
L { (T +T)p,0)ne 2 (@]

— for semigroup treatment of non-stationary case we need to have
T:-DCL— L

90



Why should one be interested in Friedrichs systems?
Symmetric hyperbolic systems
Symmetric positive systems

Classical theory
Boundary conditions for Friedrichs systems
Existence, uniqueness, well-posedness

Abstract formulation
Graph spaces
Cone formalism of Ern, Guermond and Caplain

Interdependence of different representations of boundary conditions

Krein space formalism
Krein spaces
Equivalence of boundary conditions
What can we say for the Friedrichs operator now?
Sufficient assumptions
An example: elliptic equation
Other second order equations
Two-field theory
Non-stationary theory
Homogenisation of Friedrichs systems
Homogenisation
Examples: Stationary diffusion and heat equation
Concluding remarks
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Homogenisation setting

Kredimir Burazin, Marko Vrdoljak: Homogenisation theory for Friedrichs systems,
Comm. Pure Appl. Analysis 13 (2014) 1017-1044.
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A sequence of Friedrichs systems T,u, =f, f € L.
Here u,, naturally belongs to the graph space of T,.

Our assumptions must secure that every u, belongs to the same space, with
clearly identified topology that shall be used. ..
— A}, are symmetric constant matrices in M. (R), k € 1..d

- CeM(a,3;,Q) = {c € L®(Q; M, (R)) : (V€ € RY)
C&-£ > alél & CE - € > 3|CE[* ). and

d d
Tou = Zak(Aku) = ZAké)ku,
k=1

k=1
so that T := Ty + C is the Friedrichs operator. Its graph space

W:={ueL:TueL}={ueL:Toue L}.
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Homogenisation setting
Kredimir Burazin, Marko Vrdoljak: Homogenisation theory for Friedrichs systems,
Comm. Pure Appl. Analysis 13 (2014) 1017-1044.

A sequence of Friedrichs systems T,u, =f, f € L.
Here u,, naturally belongs to the graph space of T,.

Our assumptions must secure that every u, belongs to the same space, with
clearly identified topology that shall be used. ..
— A}, are symmetric constant matrices in M. (R), k € 1..d

- CeM(a,3;,Q) = {c € L®(Q; M, (R)) : (V€ € RY)
C&-£ > alél & CE - € > 3|CE[* ). and

d d
Tou = Zak(Aku) = ZAké)ku,
k=1

k=1
so that T := Ty + C is the Friedrichs operator. Its graph space
W:={ueL:TueL}={ueL:Toue L}.
Moreover, we have equivalence of norms (y = y/max{2, 1 + 232}):
lully < Allullz, < 2*lully  for any C.
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Boundary operator and a priori bound

The boundary operator D corresponding to the operator T does not depend on
particular C from M. («, 5; ).
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The boundary operator D corresponding to the operator T does not depend on
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If V is a subspace of W that satisfies (V), well-posedness result implies that
T|v : V. — L is an isomorphism, with

1
lullzy < llully <74/ =5 +LITull,, uveV.
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Boundary operator and a priori bound

The boundary operator D corresponding to the operator T does not depend on
particular C from M. («, 5; ).

If V is a subspace of W that satisfies (V), well-posedness result implies that
T|v : V. — L is an isomorphism, with

1
lullzy < llully <74/ =5 +LITull,, uveV.

Therefore, for fixed Ty and V satisfying (V), we have a priori bound

(Fe>0)(VC e Mi(a, 3;0))(Vu e V) ullg < cll(Lo+ Cull, .
Note that constant ¢ depends only on T, o and S.
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H-convergence

In the sequel Lo = 37, Ak and V are fixed.

Definition (H-convergence for Friedrichs systems)

We say that a sequence (C,) in M, (a, 8; ) H-converges to
C € M. (d/,3';9Q) with respect to Ty and V if, for any f € L, the sequence
(un) in V defined by u,, := T,; 'f € V, with T}, = Lo + C,, satisfies

U, —u inL,
Cpup, — Cu  in L,

where u =T e V, with T = Lo + C.
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H-convergence

In the sequel Lo = 37, Ak and V are fixed.

Definition (H-convergence for Friedrichs systems)

We say that a sequence (C,) in M, (a, 8; ) H-converges to
C € M. (d/,3';9Q) with respect to Ty and V if, for any f € L, the sequence
(un) in V defined by u,, := T,; 'f € V, with T}, = Lo + C,, satisfies

u, —u in L,

Cpup, — Cu  in L,
where u =T e V, with T = Lo + C.

As Tou, + Cpu, = f = Tou + Cu, the second convergence implies
Tour, — Tou in L, which gives the weak convergence u, — uin W.

94



H-convergence and topology. . .

Theorem

Let F = {f, : n € N} be a dense countable family in L2(; R"),

C,D € M,(a,3;9), and uy, v, € V solutions of (Tp + C)u,, = f, and
(To + D)vy, = fn, respectively. Furthermore, let

s Un — Vn — RT + Cun_DVn — RT
d(C,D) — ZQ_TL ” HH L(Q;R™) ” ”H 1(Q;R7) )
n=1 ||f"||L2(Q;R7")
Then the function d : M,(a, 3;Q) x M, (a, 8; Q) — R forms a metric on

the set M, (a, 3;2), and the H-convergence is equivalent to the sequential
convergence in this metric space.
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Compactness assumptions

Additional assumptions: for every sequence C,, € M, («, 3;2) and every
f € L, the sequence u,, € V defined by u,, := (To + C, )~ 'f satisfies the
following: if (u,) weakly converges to u in W, then also

(Kl) W’<Dun7un>W —>W/<DU,U>W7

or
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Compactness assumptions

Additional assumptions: for every sequence C,, € M, («, 3;2) and every
f € L, the sequence u,, € V defined by u,, := (To + C, )~ 'f satisfies the
following: if (u,) weakly converges to u in W, then also

(Kl) W’<Dun7un>W —>W/<DU,U>W7
or

(K2) (Vo € C2(Q) (Toun | pun )z — (Tou | pu)z.
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Compactness theorems

97



Compactness theorems

Theorem
For fixed Ty and V, if family M, («, 3; Q) satisfies (K1) and (K2), then it is
compact with respect to H-convergence, i.e. from any sequence (Cy,) in

M (e, 3; Q) one can extract a H-converging subsequence whose limit belongs
to M, (a, B; Q).
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Compactness theorems

Theorem

For fixed Ty and V, if family M, («, 3; Q) satisfies (K1) and (K2), then it is
compact with respect to H-convergence, i.e. from any sequence (Cy,) in

M (e, 3; Q) one can extract a H-converging subsequence whose limit belongs
to M, (a, B; Q).

The proof follows the original proof of Spagnolo in the case of parabolic
G-convergence.
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Stationary diffusion equation as Friedrichs system

—div(AVu) +cu = f
in Q C RY,
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Stationary diffusion equation as Friedrichs system

—div(AVu) +cu = f
in Q C RY, with f € L3(Q), A € My(o/,3;9) and ¢ € L°°(Q) with

;gcg 2, for some 3’ > o’ > 0.
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Stationary diffusion equation as Friedrichs system

—div(AVu) +cu = f

in Q C RY, with f € L*(Q), A € Ma(/,3;9) and ¢ € L>=(Q2) with
% <c< 2, forsome 8/ >’ > 0. Ay =er ®ear1 +ear1 ®ex € May1(R),
fork=1,...,d

C= {Agl (c)] € L= (% Ma+1(R)),
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Stationary diffusion equation as Friedrichs system

—div(AVu) +cu = f

in Q C RY, with f € L*(Q), A € Ma(/,3;9) and ¢ € L>=(Q2) with
% <c< 2, forsome 8/ >’ > 0. Ay =er ®ear1 +ear1 ®ex € May1(R),
fork=1,...,d

C= {Agl (C)] € L= (% Ma+1(R)),

d
Tu :ZAkaku+Cu:f

k=1

| v | Vugyr Cu— A luy
0 Ud+1 divug |’ | cugyr |
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Stationary diffusion equation as Friedrichs system

—div(AVu) +cu = f

4 with f € L*(Q), A € Ma(a/,3;Q) and ¢ € L>=(Q) with
L forsome ' >a' >0. Ay =er ®eqr1 +eqr1 ®ex € Mg (R),

inQCR
F<c<g
fork=1,...,d

C= {A(;I (C)] € L™(Q;May1(R)),

d
Tu :ZAkaku+Cu:f

k=1
| v | Vugyr Cu— A luy
0 Ud+1 divug |’ | cugyr |

Graph space ... W =13,,(Q) x H(Q)
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Boundary conditions

Dirichlet

Vb = Vb = L3 () x HH(Q),
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Boundary conditions

Dirichlet _
Vb = Vp = L, (Q) x Hy(Q),

Neumann

VN =VN = {(ud,ud+1)T cW :v-uy :0},
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Boundary conditions

Dirichlet _
Vb = Vb := L3, (Q) x Hy(Q),
Neumann B
VN =VN = {(ud,ud+1)T cW :v-uqg= 0}7
Robin

Vi :={(ua,uas1) €W :v-ug= aud+1|r}7

‘7R ::{(ud,ud+1)T eW: :v-ug = 7a’u,d+1‘r} .
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Properties (K1) and (K2)

(K1) For any sequence (uy) in V

up —u =  wA{ Dup,un)w — w({Du,u)w
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up —u =  wA{Dup,un)w — w{Du,u)w

2
{ 0
= 2
2alluata HL?(F)

... Dirichlet or Neumann

... Robin ... W =13,(Q) x H'(Q)
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Properties (K1) and (K2)

(K1) For any sequence (uy) in V

up —u =  wA{ Dup,un)w — w({Du,u)w

w{ Du,u)w :2H,%(V Ud7ud+1>H%
0 ... Dirichlet or Neumann
| 2alluaalfegry .- Robin ... W = L3, (2) x H'()

v
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Properties (K1) and (K2)

(K1) For any sequence (uy) in V

up —u =  wA{Dup,un)w — w{Du,u)w

w{ Du,u)w :2H,%(V Ud7ud+1>H%
0 ... Dirichlet or Neumann
| 2alluaalfegry .- Robin ... W = L3, (2) x H'()

v

(K2) For any sequence (uy,) in V and any ¢ € C°(Q)

up —u = (Toun | @un)r — (Tou | pu)r

100



Compensated compactness

{(Toun [ pun )z Jo S0, Akdrun - puy dx,

= 7% fQ ak@ZZzl Aruy, - u,dx
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Compensated compactness

(Toun | pun )L Jo S Akdrun - puy dx,

= L[ 0t Arun - u,dx
Theorem (Quadratic theorem)
For Ay, € My ,(R) let A := {A ER” : (3 £0) Zd:gkAk)\ - o}
k=1
Q(A) :== QX - A, such that Q = 0 on A,

un — u  weakly in L*(Q;R?),

d
(Z Akakun) is relatively compact in  H™'(; RY).
k=1

Then Qou, — Qou in D(Q).
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Compensated compactness

(Toun | pun )L fQZZ:IAkBkunwpundx, p=q=d+1

O Un

= 7% fQ ak‘PZZ:l Kiu, “u, dx
Theorem (Quadratic theorem)
d
For Ay, € My ,»(R) let A := {A ER”: (3E#0) S &A= o}
k=1
QA) :==QX -\, such that @ =0o0n A,
Un — u  weakly in L*(Q;RP),

d
Lou, = (Z Akakun) is relatively compact in  H™'(; RY).
k=1

Then Qou, — Qou in D(Q).
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Proof of (K2)

Ad+1€1
d )
> &A= : = A...Xay1=0
k=1 Ad+1&a
Zizl A&k

Q) = AX-A=2 ) as1 =0, AEA
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Proof of (K2)

Ad+1€1
d )
> &A= : = A...Xay1=0
k=1 Ad+1&a
22:1 A&k

Q) = AX-A=2 ) as1 =0, AEA
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Comparison with classical H-convergence

alg
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Comparison with classical H-convergence

& > algf
Co(x)§-€ > £[Ca(x)€f
a< cp(x) <
<:>{ A"(x)E-€ > SlEP
A"(x)E-¢ > oA (x)EP
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Comparison with classical H-convergence

0 o] € Man(asi0)

> algf?
> 4[Cu(x)¢?
a< cn(x) <P
<:>{ A"(x)¢-6 > SlEP
A"(x)E-¢ > oA (x)EP

At a subsequence C,, AN C, by compactness theorem.
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Comparison with classical H-convergence

} € Musr (o, 5:)

o' Cn
n(X)E-E > al)?
‘:’{ Cu(x)E-€ > L[C.(x)E
a< cp(x) <
<:>{ AM(x)E-€ > SlEf
A"(X)E-E > alAn(x)E

H
At a subsequence C,, —— C, by compactness theorem.
— Has the limit C the same structure?

103



Comparison with classical H-convergence

Cn:{(%’f O}GMEIH( 3:9)

Q
Cn
n(X)E-E > al)?
‘:’{ Cu(x)E-€ > 3|Ca(x)E
a< cp(x) <
—{ AME-E > LlEP
AM(x)E-€ > alAT(x)E]

H
At a subsequence C,, —— C, by compactness theorem.
— Has the limit C the same structure?

— Can we make a connection with H-converging (in classical sense) subsequence
of (A™)?
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Characterisation of the H-limit

Theorem
For the Friedrichs system corresponding to the stationary diffusion equation, a
sequence (C,) in May1(a, 3; Q) of the form

Cn = [(A;T)_l CO} .

H -converges with respect to Lo and Vp if and only if (A™) classically
H-converges to some A and (c,) L™ weakly = converges to some c. In that
case, the H-limit is the matrix function

A0
o=[o 2]
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Heat equation as Friedrichs system

Q) C R? open and bounded set with Lipschitz boundary I', 7' > 0 and
Qr =0 x <0,T>

Orun — divx (A" Viun) + cup = f in Qr,
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Orun — divx (A" Viun) + cup = f in Qr,

u = | Udn | —A"Vxun
" luav, | Up, ’
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Heat equation as Friedrichs system

Q) C R? open and bounded set with Lipschitz boundary I', 7' > 0 and
Qr =0 x <0,T>

Orun — divx (A" Viun) + cup = f in Qr,

u = | Udn | —A"Viun
" ud+1n - Un ’

The matrices Ay = e, @ €411 + ea+1 ®exr € Mgr1(R), k=1,...4d,
A1 =eqr1 ®eqq1 and

ol LI Vxud+1
O | was Orugy1 +divyug |
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Heat equation as Friedrichs system

Q) C R? open and bounded set with Lipschitz boundary I', 7' > 0 and
Qr =0 x <0,T>

Orun — divx (A" Viun) + cup = f in Qr,

u = | Udn | —A"Viun
" ud+1n - Un ’

The matrices Ay = e, @ €411 + ea+1 ®exr € Mgr1(R), k=1,...4d,
A1 =eqr1 ®eqq1 and

ol LI Vxud+1
O | was Orugy1 +divyug |

Graph space

W = {u €L2,(Qr) : ugsr € Lz(O,T;Hl(Q))}.
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Compactness result

Dirichlet boundary conditions with zero initial value:

V= {u EW :ugrr € L2(0, T HA(Q)),  wari(-0) =0 a.e. on Q}

V= {v e W :v" € L*(0,T; Hy(Q), v“(-,T)=0a.e. on Q}

106



Compactness result

Dirichlet boundary conditions with zero initial value:

V= {u €W :ugrr € L2(0,T;HY(RQ)),  wari(-0) =0 a.e. on Q}
V= {v e W :v" € L*(0,T; Hy(Q), v“(-,T)=0a.e. on Q} .

(K1):
w( Du,u)w = [luar (- T[Tz q) -

106



Compactness result

Dirichlet boundary conditions with zero initial value:

V= {u EW :ugrr € L2(0, T HA(Q)),  wari(-0) =0 a.e. on Q}
V= {v e W :v" € L*(0,T; Hy(Q), v“(-,T)=0a.e. on Q}

(K1):
w{ Du,u)w = Hud+1('7T)||i2(Q) : \/

106



Compactness result

Dirichlet boundary conditions with zero initial value:

V= {u €W :ugrr € L2(0,T;HY(RQ)),  wari(-0) =0 a.e. on Q}
V= {v e W :v" € L*(0,T; Hy(Q), v“(-,T)=0a.e. on Q} .

(K1):
w{ Du,u)w = HU«dJrl('vT)“i?(Q) : \/

(K2): similarly to stationary diffusion equation: A = {\ € R¥™! : \yy; =0}
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V= {u €W :ugrr € L2(0,T;HY(RQ)),  wari(-0) =0 a.e. on Q}
V= {v e W :v" € L*(0,T; Hy(Q), v“(-,T)=0a.e. on Q} .

(K1):
w{ Du,u)w = Hud+1('7T)||i2(Q) : \/

(K2): similarly to stationary diffusion equation: A = {\ € R¥™! : \yy; =0}
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Compactness result

Dirichlet boundary conditions with zero initial value:
V= {u €W :ugyr € L2(0,T;HY()), wati(-,0) =0 ae. on Q}
V= {v e W :v" € L*(0,T; Hy(Q), v“(-,T)=0a.e. on Q} .
(K1):
w( Du,u)w = [luar (- T[Tz q) - Ve

(K2): similarly to stationary diffusion equation: A = {\ € R¥™! : \yy; =0}

v

=  Mayi(a, 5;Q) is compact with H-topology for given Lo and V/

Comparison with classical parabolic H-convergence. ..
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Compactness result

Dirichlet boundary conditions with zero initial value:
V= {u €W :ugyr € L2(0,T;HY()), wati(-,0) =0 ae. on Q}
V= {v e W :v" € L*(0,T; Hy(Q), v“(-,T)=0a.e. on Q} .
(K1):
2
w( Du,u)w = [[ua+1( T)lli20) - Ve

(K2): similarly to stationary diffusion equation: A = {\ € R¥™! : \yy; =0}

v

=  Mayi(a, 5;Q) is compact with H-topology for given Lo and V/

Comparison with classical parabolic H-convergence. . . similarly as for stationary
diffusion equation.
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G-convergence
Instead of C,, € M, («, 3; ) we take
Cn € Fa, 3;9) ::{C e L(L): Yue L)

1
(Culu)e > ofu2 & (Culu)r> B\Icul\i}-
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G-convergence

Instead of C,, € M, («, 3; Q) we take
Cn € Fa, 3;9) ::{C e L(L): Yue L)

1
(Culu)e > ofu2 & (Culu)r> B\Icul\i}-

Definition (G-convergence for Friedrichs systems)

For C, € F(a, 3;2), we say that a sequence of isomorphisms
T, :=To+C, : V — L G-converges to an isomorphism T':=Ty +C:V — L,
for some C € F(o/, 55 Q) if

VfeL) T,'f—T 'finW.

Theorem

For fixed Ty and V, if family F(«a, 8; ) satisfies (K1), then for any sequence
(Cn) in F(a, B; ) there exists a subsequence of Ty, := Ty + Cy, which
G-converges to T := Ty + C with C € F(a, 3;9).
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Why should one be interested in Friedrichs systems?
Symmetric hyperbolic systems
Symmetric positive systems

Classical theory
Boundary conditions for Friedrichs systems
Existence, uniqueness, well-posedness

Abstract formulation
Graph spaces
Cone formalism of Ern, Guermond and Caplain

Interdependence of different representations of boundary conditions

Krein space formalism
Krein spaces
Equivalence of boundary conditions
What can we say for the Friedrichs operator now?
Sufficient assumptions
An example: elliptic equation
Other second order equations
Two-field theory
Non-stationary theory
Homogenisation of Friedrichs systems
Homogenisation
Examples: Stationary diffusion and heat equation
Concluding remarks
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Open problems . ..

— Find all representations of a particular equation in the form of a Friedrichs
system.

— Application to other equations of practical importance (mixed-type problems).

— Compare the results to those already known in the classical setting.
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