H-distributions and mixed-norm Lebesgue spaces

Nenad Antonié

Department of Mathematics
Faculty of Science
University of Zagreb

International Conference on Generalized Functions GF2018
(celebrating professor Michael Oberguggenberger’s anniversary)
Novi Sad, 27" — 315t August, 2018

Joint work with Marko Erceg, Ivan Ivec, Marin Misur, Darko Mitrovi¢ and lvana Vojnovié

o
A

s

%,
WeConMApp

*u
Z

Iy

-9

Y, ’
o, o
&
0. parens




Microlocal energy density for hyperbolic systems
Existence of H-measures
Propagation property

Lebesgue spaces with mixed norm
Mixed-norm Lebesgue spaces
Boundedness of pseudodifferential operators of class S?ﬁ
A compactness result

H-distributions
Existence
Localisation principle



Existence of H-measures

Theorem. [fu, — 0 in L%..(R% R"), then there exists its subsequence
and a complex matrix Radon measure distribution of order zero p on
R x S such that for any 1,2 € C.(R%) and ¢ € C(S*™') one has

ti [ @ @ Fa (e €D dE = (. (o122) D)

= [ eemu©daxe).
Rdxgd-1
There are some other variants: (ultra)parabolic, fractional, one-scale, ...
Multiplication by b € L>(R%), a bounded operator M, on L*(R%):
(Myu)(x) := b(x)u(x) , norm equal to [|b[|; . ga2)-
Fourier multiplier A,, for a € L°°(R2): .Za\u = ail.
The norm is again equal to [|all, e g2)-

Delicate part: a is given only on S'.
We extend it by the projection p:  if « is a function defined on a compact
surface, we take a ;= aop , i.e.

.f T g
a(t,€) == a(m, m)

The precise scaling is contained in the projections, not the surface.



First commutation lemma

Lemma. (general form of the first commutation lemma — Luc Tartar)
Ifb e Co(RY) and a € L°°(RY) satisfy the condition

(Vp,e eRT)(EAM eRT) a(§) —a(n)| <e (ae. (€&m) € Y(M,p)),
then C := [Aq, My is a compact operator on L*(R?).
For given M, p € R™ denote the set

Y =Y(M,p)={(&n) eR*: [&],In| > M & € —n| < p} .

[Some improvements in N.A., M. Migur, D. Mitrovi¢ (2018)]



The importance of First commutation lemma

If we take un = (un,vn), and consider p = u12, we have

im [ Q1 $20,9 d€ = lim{Ay (p1uns)|p2v,)
n R4 n

= 111}1/ ATZJ ((plun/)(pg’un/ dx

= hm/ Ay (un ) 102007 dx = (1, (p152) K1) .
Thus the limit is a bilinear functional in ¢1¢2 and v, and we have the bound:

| [ Astun)erpamdx| < Clloen e Pallo,me
R

This form makes sense even for p < 2 (for p > 2 we use the fact that
un € Line(R7)).



A class of symbols (L. Tartar)

Actually, we can consider more general operators than A, and M,. We can
consider the symbols of the form

s(x,8) = am(€)bm(x) ,

Wlth Zm HOé"LHC(Sd*l)Hb"LHCO(Rd) = k’ < 0.

To such a symbol s, a standard operator Ss € L(L*(R%); L*(R%)) is assigned
by
Ss = ZAame )

with [1Ss L2 mayL2may) < K-

Clearly, Ss does not depend on the above decomposition, as
Sau(©) = [ e Es(x,g/l€utx) dx
R

for u in a dense set of L?(R?) (e.g. S).



A class of symbols (cont.)

Any operator A € L(L*(R?); L?(R%)), which differs from S; only by a
compact operator, is an operator of symbol s, like

Ly =Y My, A, ,
m

where HLSHL(LQ(Rd);L%Rd)) < k. Neither L; depends on the decomposition.

Theorem. [fu, — 0 in L3 (R% R"), then there exists its subsequence and
an H-measure p, which is a Hermitian non-negative v X r matrix of
distributions of order zero on R% x S~ such that for any @1, p2 € C.(R%)
and any operators Ls, , Ls, € L(L*(R%); L>(R%)), with symbols s1, s> one has

lim [ L, (prul,) Ls, (p2uk,) d€ = (17", p1517252) -

P. Gérard used a different approach, by using classical symbols. However, it is
important to have symbols of lower regularity, as they come in applications
from coefficients in PDEs.

We can consider 2 C R as a domain, or even a manifold (with a volume
form).



Symmetric systems

ZAkaku +Bu=f, AF Hermitian

k

Assume:
n L2
u"——0 (weakly),
n Hioe
f*"—=% 0 (strongly).

If supports of u™, f™ are contained inside €, we can extend them by zero to R%.

Theorem. (localisation property) Ifu™ — 0 in L*(R®)" defines p,
and if u™ satisfies:

Ok (Aku") — 0 in the space H,L(RY)",
then for P(x, &) := &, A% (x) on Q x S it holds:

P(x,)u’ =0.

Thus, the support of H-measure p is contained in the set
{(x,6) € Qx S ! : det P(x,£) = 0} of points where P is a singular matrix.)



Second commutation lemma

X" = {w e FIL'RY): (Va e NY) o] <m = w® ¢ f(Ll(Rd))}

is a Banach space with the norm:

m/2
ol = [ (1+4%lgl)"™
Rd

w(€)|dE .

X™ C C™(RY), and the derivatives up to order m vanish in infinity (they are
in Co(R%)).
On the other hand, H*(R?) C X™, for s > m + 2.
X™ is an algebra with respect to the multiplication of functions; it holds:

I gl < N lLallgllen

1+ 9l xo < [1fllxollgll xo
Xio.(Q) : the space of all functions u such that pu € X™, for ¢ € C°(Q).
Lemma. Let A., M, be standard operators, with symbols «, b, such that
acC(S* ) andbe X!,
Then C := [Aq, M) € L(L*(R?),H"(R%)), and VC has a symbol

(Vea - Vsb)E.
(we extend o to a homogeneous function on R := R*\ {0})



A smaller class of symbols (L. Tartar)

Corollary. Under the above assumptions,
Ao Mydju = Myd;(Aau) + Lu, u € L*(RY),
where L has a symbol £;{a, b}. .

Actually, we can consider more general operators than A, and M;. We can
consider the symbols of the form

5,8 = 3 @ (€)bm(x)

with >° ||am||cl(sd—1)||bmnxl < o0,
and standard operators S. =" Aa,, Ms.
Lemma. [fS1,S are standard operators with symbols s1, s2 as above, then

9

Oz [Sh SQ] has symbol fj{sl, 82} .
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Propagation property for symmetric systems

Akaku +Bu=f, AF Hermitian

Theorem. Let A® € C§(Q; Myxr).
If (u™,f™) satisfy the above for n € N, and u™,f* — 0 in L*(Q),
then for any 1 € C3(Q x S4=1), the H-measure associated to sequence

(u™,f™):
_ | #11 M2
® {#21 lLQQ] '

satisfies:
(111, (P, 9} + O A* — 208) + (2Retrpsyy, ) =0,
where S := %(B + B*), while the Poisson bracket is:
{6,Q} = Ved - VxQ — Vi - VeQ. [Recall: P = &, AF | \

W is associated to the pair of sequences (u™,f"), the block g, is determined
by u™, py, with f, while the non-diagonal blocks correspond to the product of
u™ and f".
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The equation for H-measure

Corollary. In the sense of distributions on  x S¢~1 the H-measure p satisfies:

O'P - Ouptyy — OLOP - pyy) + (d — 1)(OP - pay )€
+ (28 — iA") - g, = 2Retrpsyy

where 8} := ' — £'¢,,0% is the tangential gradient on the unit sphere. .

This allows us to investigate the behaviour of H-measures as solutions of
initial-value problems, with appropriate initial conditions.

Besides the wave equations, there are applications to Maxwell's and Dirac's
systems, even to the equations that change their type (like the Tricomi
equation).

12



The wave equation

(pu") —div(AVu) =g .

It can be written as an equivalent symmetric system (t = z° and 9y := %):

d
3o(pdou) — Y di(a”0u) =g.

4,j=1

By introducing: v; := d;u, for j € 0..d, we obtain (Schwarz' symmetries!):

p 0 - 0 0 —a"
0 d | —a¥
. Oov + Z .
: el S 0
0 —a'
po pt L. pd
0
+ | .
: 0
0

The symbol of differential operator is:

i

Px.€) = 6ab) = | &p, (A8

A LA

87;V
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Transport of H-measures associated to the wave equation

From the localisation property we can conclude that p = (€ ® &€)v. For the
right hand side of the equation we have:

oo ()70, (©)0 (i) e .

RA4+1

Theorem. On R4 x S measure v satisfies (Q := pt — A&’ - ¢'):
VeQ-Vx(6ov)—QAov+(§2€—1) VxQ Ve (Eov)+(d+2) (VxQ-€) (§ov) = 2Rery

The equation can be written in a nicer form:

{Q, &ov} + (VxQ - €)[€ - Ve(6ov) + (d + 2)(6ov)] — Qdov = 2Rery .

14



Recent Tartar's result (2017)

Theorem. Let u™ € C°(0,T;H'(Q)) N C*(0, T;L*(Q)) be a sequence of
solutions of a "wave equation”

(p(u™)) —div(AVU™) 4+ S*ou™ — 0 in LE((0,T) x Q) ,

with p, A in X},.NC?, p> 0 and A real positive definite (or replace it with its
symmetric part, and subsume the lower order terms in the last term), and S k
be standard operators with symbols s*.

If u™ — 0 in H,.((0,T) x Q), then Vu™ corresponds to an H-measure

p = (§®&)m, then

and

<7r, {¥,Q} + (&s" + Skgk)\l’> =0,
for W € CL((0,T) x Q x 8%).

15



An explicit example

Uttt — Ugye = 0
u(0,-) =wv
u(0,-) =w.
We have used D'Alembert’s formula for solution, our approach and the

approach of P. Gérad, obtaining the same result in this special case (which is
treatable by both methods, and explicit calculations).

Physically important quantity is energy density:

d(t,z) := %(u? +ui) ,

as well as the energy at time t¢: e(t) := / d(t,z) dzx.
R
After simple calculations we get
2 2
Ad(t, ) = (v’(x Ft) 4wz + t)) + (v’(x —t) —w(z - t))

Assume that the physical system is modelled by the above wave equation on
the microscale. In order to pass to the macroscale, in the spirit of Tatar's
programme, we have to pass to the weak limit.

16



Oscillating initial data

Let (vn) and (wy) be sequences of initial data, determining the sequence of
solutions (ur, ), such that:
H'(R) L*(R)
Vp ———0 and Wy ——0 .
It follows that
un_éo )
but d,, — d > 0 weakly * in the space of Radon measures; in general d is not
zero.
Applying the div-rot lemma we arrive at equipartition of energy, i.e.
u? — ui — 0
the kinetic and potential energy are balanced at the macroscopic level.
In order to determine the solution completely, let us take periodically
modulated initial conditions (we work in spaces Hj,.(R) and L} (R)):

vp(x) = %sin(mc) and wp(x) := sin(nx) .

Simple calculations lead us to: dy(t,z) =1+ cos2nzsin2nt — 1,

weak * in the space of Radon measures, therefore in the space of distributions
as well.

Even though the sequence of solutions (u,) weakly converges to zero, the
energy density is 1, equally distributed to kinetic and potential energy.

17



How this can be computed in general?

Two interesting quadratic forms:

a(wv) = 5lpl@)ed + Ay -],

1
Qav) 1= 5 [p(w)of — Aw)o o]
Convergence of initial data and uniformly compact support imply:
U =0 in L®R;H)NW"™(R;L?).

The energy density is d, = q(Vun).
Goal: compute the distributional limit d,, i.e. the limit

D, = / dn¢ dtdx .
(0,T)xR4
Results:

Gilles Francfort & Frangois Murat (1992): in linear case, C* coefficients
Patrick Gérard (1996): for constant coefficients, nonlinearity with term
uP,p<5b

N. A. & Martin Lazar (2002): for symmetric hyperbolic systems

We have attempted to do the same for semilinear wave equation (d = 3,p = 3),
with variable coefficients. The difficulties led to the study of mixed-norm
Lebesgue spaces, and also prompted the introduction of H-distributions.

For nonlinear equations L? theory usually does not work; one should try the L?
cnaces

18



A general view

We can unify the results: consider equations of the form
P()(gPoun) + P1-APiu, =0,

where Py and Py stand for (pseudo)differential operators in time and space
variables, with (principal) symbols po and p1, and Q = gp3 + Aps - p1 being the
symbol of the differential operator defining the left-hand side of the equation.
For the H-measure fi associated to (Poun, P1us), converging weakly in L2 to
0, fx is of the form
. pRp-
R

where U := trfs is a scalar measure, and the localisation principle reads
Qi=0.

Finally, the propagation principle states

(22, 06.Q)) + (s p0n@) =0.

This covers both the classical and the parabolic case.

19
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Lebesgue spaces with mixed norm

For p € [1,00)%, by LP(R?) denote the space of f on R? with finite norm

p2/pP1 P3/p2 1/pa
1£ll, = <[R ([R (L|f($1,-~~,xd)|plda:1> dac2> dmd) ,

and analogously for p; = co.
These Banach spaces can be seen as vector-valued Lebesgue spaces in the sense

LP(R) = i (R L2 (RY)

Some facts:
(a) S — LP(RY),
(b) S is dense in LP(R?), for p € [1,00)¢,
(c) Lp/(Rd) is topological dual of LP(R?), for p € [1,00)?,
(d) LP(RY) — &'.

21



Basic results

Some generalisations of classical results are still valid:

dominated convergence for LP(R?) spaces, p € [1, c0)¢
Let (fn) be sequence of measurable functions. If f,, — f (ss), and if there

exists G € LP(R) such that |f.| < G (ss), for n € N, then || f — fllp —0

Minkowski ineaquality for integrals
For p € [1,00]% and f € L1 (R4+42) we have

| - f<xzy>dpr < /R o )y,

Holder’s ineaquality and its converse
For p € [1,00]% we have

Fg()dx| <I1f [, gl

| fu 769

17, = s | [ foax| = sup | [ raix],
gESp/

geSp/mS

where Sy is a unit sphere in LP' (RY).
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Boundedness of pseudodifferential operators on classical spaces

(p,d)-symbol of order m € N (A(€) = /1 + 4w2|€|?)
10007 a(x, €)] < Ca,pA™~7PH12I(E),

and the associated operator a(-,D) : S — S
(abx D)) = [ e Salx, )5(6) de.
R

Using the adjoint operator, it can be extended to an operator on S’.

Classical boundedness results on Lebesgue spaces:
o L. Hérmander: for 0 < § < p <1 and § < 1 the necessary condition is

o C. Fefferman: for 1 < p < oo this condition is also sufficient.

The strongest results are for p = 1, valid even for m = 0, which easily leads to
generalisations for Sobolev spaces (|v| < k — m) via

(@ a)(-,D) = > aalD)0™.

la|<k

23



Notation

x=(x,%), x=(21,..., %), X = (Try1,...,74), 0<r < d—1,

LPP(R?) = L (R, If 5, = 1l g, p,...pys B = (P15

Ifr=0: [[f(x)p =G fllp,, = 1fllee-
Distribution function:
Ar(a) = A(f; @) = vol{x € R? : |f(x)| > a}.

(a) Ay is non-increasing and right continuous.
(b) If |f] < g, then Ay < Aq.

)
(c) If |fu] /' |f], then Ap, 7 A
(d) If f =g+ h, it follows )\(f;a) < )\(g; %) + )\(h; %)

7p7‘)'

24



General framework

Theorem. Assume:
1) A A" L (RY) — LL.(R?) are formally adjoint linear operators.
2) For both T = A and T = A" there exist constants N > 1 and ¢1 > 0 satisfying

(V7 €0.(d=1))(Vxp € RT")(VE > 0) / ITF(x)lpdx" < exllfllgs
\x’—x()\m>Nt
for any function f in a subspace of L°(R?) determined by properties:
(a)supp f CR" x {x": [x" — X000 < 1},
(b) [ga—r f(X,X)dx' =0 (a.e.x€R").
3) For some q € (1,00) A has a continuous extension to an operator from L?(R%)
to itself with norm cq.

Then A has a continuous extension to an operator from LP(R?) to itself for
any p € (1, oo)d, with the norm

d k—1
HAHLP*}LP < ch H max(pd,j, (pd—j — 1)_1/pd*j)(cl + Cq)
k=1 j=0

d—1
< [[ max(pa—j, (pa—j — 1)7/749 ) (e1 + cq),
j=0

where ¢ and ¢’ are constants depending only on N and d.

25



A few words about the proof

Note that we are using L°(R?) as a dense subspace, and not C°(R%), as we
have to use the Calderén-Zygmund decomposition.

The proof follows by repeated application of

Lemma. Assume that A, A* : L°(R%) — L .(R?) are linear operators
satisfying assumptions of the theorem.

If operator A has a continuous extension from LP%(R?) to itself with norm c,,
for some p € (1,00)" and q € (1,00), then A has a continuous extension from
LPP(R?) to itself for all p € (1,00), with norm

Al < ¢ max(p, (p — 1) ") (c1 + cq),

where c is a constant depending only on N and d.

If some of the consecutive p;-s are equal, we can get a bit better estimate.

26



The boundedness

Teorem. Pseudodifferential operators of class S?ﬁ, 0 €[0,1) are bounded on
LP(RY), p € (1,00)¢, with an estimate as in the previous theorem.

We have considered several venues for the proof:

o Using the techniques from N.A.& I. lvec (2016) ...work only for compactly
supported operators.

o Modifying the apporach in M. W. Wong's book (1999), as it was done in J.
Aleksi¢, S. Pilipovi¢ & 1. Vojnovi¢ (2017) ... in the mixed norm case some
calculations did not work out.

o We followed Stein (1993): the representation of pseudodifferential operator

(a(x, D)p)(x) = k(x,-) x ¢,

where the kernel k(x,-) is a tempered distrubution such that m =a(x,).

Outside the origin kernel k(x,-) is in fact a smooth function decreasing at
infinity; more precisely, the following theorem holds:

Teorem. Ifa € S, then k € C*(R% x R*\{0})
1000°k(x,2)| < Capnlz @™ PI=N 220,

for multiindices av and 3, and N € Ny such that d + m+ |3|+ N > 0.
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The key lemma
The theorem is true also for 0 < 4 < 1, if a = 0!

Lemma. For each N > d there is a ¢ > 0 such that for p € (1,00)" and any
fe U1<p< infty LP(RY) satisfying:

supp f CR" x {x: |¥' — x{|eo < t}, X0 €ER¥T", £ >0,

[ f(x,x")dx' =0a.e x,
it holds

Lol DI < el
xfxo(x,>Nt

X/

P :”””””X ,,,,,,,,,,,,,,,
ZtI IQNt 0 supp f

Figure 1. The support of function and the area of integration are disjoint

Corollary. a € S7’s, k > m, then a(-, D) : WFP(RY) — WF~™P(R?) is
bounded.



Boundedness of integral operators

Another application of the general theorem on

Af(x) = K(x,y)f(y)dy,

Rd

and it is a known fact that they are bounded on L?(R?) for p € [1,00] (the
Schur test) if the following sufficient conditions are satisfied:

(3C1,C2 > 0) /

|K(x,y)|dx < Cy (ae.y), / |K(x,y)|dy < C2 (ae. x).
R4 R4

Theorem. [f kernel K of the integral operator satisfies
Cu ::/ ”K('a‘*}’)HLM(Rd) dy < oo, C2 5:/ ”K('*y")”LOO(Rd)dy < 00
R4 Rd

then it is bounded on LP(R?), p € (1,00)%.

29



Compactness
We consider

HP(RY) = {u €S F (1 +4r€P)3a) € Lp(Rd)} .

For two Banach spaces Ag, A1 < X, we can define a space (Ao, A1) for
6 € [0,1] by complex interpolation.

First define a vector space F (Ao, A1) consisting of all functions of complex
variable with values in Ag + A1, which are bounded and continuous on the

closed strip
S={z€C:0<Rez <1},

and analytic on the open strip.

Moreover, the functions t — f(j + it) are continuous from R into A;, and
tend to zero as [t| —> oo. The norm is

1411 = masc { sup | £(Gt)] 1, sup | £+ i), }-
teR teR
Then we define
(Ao, Ar)jg) = {a € Ao+ A1 : a= f(8) for some f € f(Ao,Al)} ,

with the norm
lallg = inf{[[fllz = f(6) =a, f € F(Ao,A1)}.
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Main theorem

Theorem. Let sg,s1 €R,0<60 <1, ands=(1—6)so+0s1. Then

(HSO»PO (Rd)7H51,p1 (Rd)> _ Hs,p(Rd) ,
[0]

for any 1 < po,p1 < oo, where 1/p = (1 —0)/po + 6/p1. .

This, in turn, leads to a form of the Rellich-KondraSov theorem for mixed-norm
spaces

Theorem. Letp € (1,00)%, t < s, p € O (R?). Assume that (u,) is a
bounded sequence in H*P(R?). Then there exists a subsequence of the given

sequence (not relabelled) such that (pu,) converges in HP(R?). .
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Good bounds: the Hormander-Mihlin theorem
¥ : RY — C is a Fourier multiplier on LP(R?) if
FWF(@H)) € LP(RY) for 0 € S(R),

and
S(RY) 30— F(WF(H)) € LP(R?)

can be extended to a continuous mapping Ay : LP?(R?) — LP(R%).
Theorem. [Hormander-Mihlin] Let ¢ € L°°(R®) have partial derivatives of
order less than or equal to k = [£] + 1. If for some k > 0
(vr>0)(Va eNG) ol <rx = |0%p(€) P de < K*r?21el
s<lel<r
then for any p € (1,00) and the associated multiplier operator Ay, there exists

a Cq (depending only on the dimension d) such that

1
[Aelisin < Camax{p, Lo bk + ol

For ¢ € C*(S*" '), extended by homogeneity to R?, we can take k = ||| n-
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Hormander-Mihlin's theorem for mixed-norm spaces

Theorem. Let m € L™(R"\ {0}) for some A > 0 and any |o| < [4] + 1
(a) either Mihlin's condition |ogm(€)| < Alg|71* or
(b) Hérmander’s condition

sup R ~4F2lel |0gm(€)|° dé < A® < 00 .
3
R>0 R<[|¢|<2R

Then m lies in My, for any p € (1,00)%, and we have the estimate

d k—1
mll e, <3¢ T max{pa—s, (pa—y — 1)7/74=5 }(A + [fm]l, )
k=1 7=0

d—1

H max{pa—y, (pa—j — 1)~ P YA+ Im] ) ,

where ¢ and ¢’ are constants that depend only on d.

[N.A. & I. Ivec (2016)]
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First commutation lemma on mixed-norm Lebesgue spaces

Lemma. Let (v,) be bounded both in L?(R%) and in L™ (R%), for some

r € [2,00]%, and such that v, — 0 in D'. Then (C'v,), where the

commutator is defined by C := Ay M, — M, Ay, strongly converges to zero in

LA(RY), for any q € [2,00)? such that there exists A € (0,1) for which it holds
1 A 1—A

— =24 . iel.d.
qi 2 T 1
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H-distributions on mixed-norm Lebesgue spaces

Theorem. Let s =[d/2]+ 1 and p € (1,00)%. If up, — 0 weakly in
LP (R%), v, ——v in L _(R?), for some q € [2,00]* such that q > p’, then
there exist subsequences (u,) and (v,/) and a complex distribution

€ D' (R x S*71), such that for g1, p2 € C°(R?) and ¢ € C*(S?™') one
has

li o ey A (O110m), G0 ) =l o Bt Ag(d2vm) )

= </’Lv$1¢2 ‘ZE> )
where Ay, : LP(R%) — LP(R?) is the Fourier multiplier operator.

L (R) L (R)

 is the H-distribution corresponding to (a subsequence of) (un) and (vy).

If (un), (vn) are defined on  C R?, extension by zero to R® preserves the
convergence, and we can apply the Theorem. 1 is supported on CIQ x S¢71.
We distinguish u,, € L?(R%) and v, € LY(R%). For p > 2, p’ < 2 and we can
take ¢ > 2; this covers the L? case (including un = vy).

The assumptions imply wn, v, — 0 in LY _(R?), resulting in a distribution s
of order zero (an unbounded Radon measure, not a general distribution).

The novelty in Theorem is for p < 2.

For vector-valued u,, € L?(R%; C¥) and v,, € LI(R%; C), the result is a matrix
valued distribution u = [u*], i € 1.k and j € 1..1.

The H-distribution would correspond to a non-diagonal block for an H-measure.
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The proof is based on First commutation lemma

If ¢ < r, we can apply the classical interpolation inequality:
ICvally < ICvA I3 Conllr™

for a € (0,1) such that 1/¢ = a/2+ (1 — a)/r. As C' is compact on L*(R%)
by Tartar's First commutation lemma, while it is bounded on L™(R%), we get
the claim.

For the most interesting case, where ¢ = r, we need a better result: the
Krasnosel'skij theorem (a variant of Riesz-Thorin theorem).

In fact, the commutator C' is compact on all L?(R%), p € (1, c0).
For that we need an extension of the Krasnosel'skij's result to unbounded
domains [N.A., M. Mi8ur, D. Mitrovi¢ (2018)]

Lemma. Assume that linear operator A is compact on L?(R%) and bounded
on L"(R%), for some r € (1,00) \ {2}. Then A is also compact on any L?(f),
where 1/p =0/2+ (1 —0)/r, fora 0 € (0,1).
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Improvement on the order of H-distributions

We still need a lemma on compactness of uniformly bounded bilinear forms,
and an application of the Schwartz kernel theorem.

By carefully revisiting the proof, we know that H-distributions are actually of
order 0 in x, and of order not more than d(k + 2) in &.
[M. Mi8ur’s talk at ISAAC17 congress in Vaxjo last summer]

However, the specific examples of H-distributions that we have are all of order
0 in both variables.
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Localisation principle

Theorem. Take u, — 0 in LP(R%), f, — 0 in W;.L%(R%), for some
q € (1,d), such that

div (a(x)un (x)) = fu(x) .
Take an arbitrary (v,,) bounded in L=°(R%), and by p. denote the
H-distribution corresponding to a subsequence of (u,) and (v,). Then

(a(x) - E)u(x,€) =0

in the sense of distributions on R% x S*~1, (x,&) — a(x) - € being the symbol
of the linear PDO with C§ coefficients. .

In order to prove the theorem, we need a particular multiplier, the so called

(Marcel) Riesz potential I1 := Ajy.¢)-1, and the Riesz transforms R; := A ¢, .
7€l

Note that

/Il(¢)aj9 = /(R;‘¢)g7 geSMRY).

Using the density argument and that R; is bounded from LP(R?) to itself, we
conclude 8;11(¢) = —R;(¢), for ¢ € LP(R?).
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Compactness by compensation: L? case

It is well known that weak convergences are ill behaved under nonlinear
transformations. Only in some particular cases of compensation it is even
possible to pass to the limit in a product of two weakly converging sequences.

The prototype of this compensation effect is Murat-Tartar’s div-rot lemma.

For simplicity consider 2D case, (up,u2) and (v}, v2) converging to zero
weakly in L?(R?), such that (8,u; + 0yu2) and (9yvs — O,v2) are both
contained in a compact set of H; ! (R?) (which then implies that they converge
to zero strongly in H,,L(R?)).

loc

We can define U, := \Lj" , which (on a subsequence) defines a 4 x 4
n

H-measure p. By the localisation principle, as the above relations can be
written in the form (A', A? are 4 x 4 constant matrices with all entries zero
except A}, = A}, = A%; =1 and A}, = —1)

A'9,U, + A%d,U,, — 0 strongly in H,,}(R*)* ,

the corresponding H-measure satisfies (1A' + &A% = 0. After

straightforward calculations this shows that ulvl + uZv2 — 0 weak * in the

sense of Radon measures (and therefore in the sense of distributions as well).
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What for sequences in LP?

For the above we have used only the non-diagonal blocks p,, = p3; of

K11 Hi2
n = s
[Nm M22:|

corresponding to products of u!, and v; in fact, the calculation shows that
uis 4 p3% = 0, which gives the above result.

Assume now (uh,u2) and (vs,v2) converging to zero weakly in L (R?) and
Lp,(RQ), and (O1u;y + B2u2) bounded in LP(R?), While (92 — B1v2) in
L* (R?) (thus precompact in W;_1?(R?), and W;, Ly’ (R?)).

loc loc

Then (upv), +u2v2) is bounded in L'(R?), so also in M; (Radon measures),
and by weak * compactness it has a weakly converging subsequence. However,

we can say more—the whole sequence converges to zero.

Denote by u* the H-distribution corresponding to (some sub)sequences (of)

(un, uz) and (vn, v7).

Since (O1u;, + O2u2) is bounded in LP(R?), and (d2v} — 81v2) is bounded in

LPI(R2), they are weakly precompact, while the only possible limit is zero, so
Oul +8u =0 in L7, and

1 2 . !
821)” — alvn — 0 in Lp .
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From the compactness of the Riesz potential I; mentioned above, we conclude
that for ¢ € C.(R?) and 9 € C*(S*™!) the following limit holds in L?(R?):

1 2y 1 2
A¢(§/‘§|>%(Sﬁun) + Aw(s/‘ﬂ)%(@un) = A"l’(ﬁlé!ﬁ\) (81 (SDUn) + aQ(SDUn)) —0.

Multiplying it first by vl and then by @v2, integrating over R? and passing to
the limit, we conclude from the existence theorem that:
Gu't + &p*t =0, and  &pP 4+ &u* =0,

Next, take . . ,

wy, = @Awa‘é\en (pus) e WP (RY), j=1,2.
From the last limits on the preceeding slide we get

((gov,ll, —govfl),wal) = —(rot (gov,ll,govi),wfl) —0 as n — oo,
for j = 1,2. Rewriting it in the integral formulation, we obtain again from the
existence theorem:
Lop't —&p'? =0, Lpt —&p* =0.
From the algebraic relations above, we can easily conclude
51 (Mll + /1122) — O and 52 (//Lll +,U/22) _ 07

implying that the distribution p*' + 122 is supported on the set
{& =0} N {& = 0} N P = (), which implies pu'' + u*> = 0.
After inserting ¥ = 1 in the definition of H-distribution, we immediately reach
the conclusion.
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This proof is similar to the L? case, but it should be noted that we had used
only a non-diagonal block of 4 x 4 H-measure, which corresponds to the only
available 2 x 2 H-distribution.

There is no reason to limit oneself to two dimensions; take (uy) and (vy)
converging weakly to zero in L?(R%)¢ and Lp,(Rd)d, and by p denote d x d
matrix H-distribution corresponding to some chosen subsequences of (u,) and

(Vn).

Theorem. Let (u,) and (v,,) be vector valued sequences converging to zero
weakly in LP (R4 and Lp,(Rd)d, respectively. Assume the sequence (div uy,)
is bounded in LP(R%), and the sequence (rotv,,) is bounded in Lp/(Rd)dXd.
Then the sequence (u, - vy,) converges to zero in the sense of distributions (or
vaguely in the sense of Radon measures).

The results carry on to loc spaces as well.
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Thank you for your attention!
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