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Degenerate parabolic equation

o effects of nonlinear convection and degenerate diffusion

dvu + divxf(t,x,u) = D - A(u)

o matrix A is such that the mapping
R 3 A — (A(N)E, &) is non-decreasing

i.e. that the diffusion matrix A’(\) is merely non-negative definite.

o How to approach this type of problems?
> write the kinetic formulation (put f = f) and a = A’):

Ah(t,x, A) + div(f(t,x, \)h(t,x,\))
= div(div (a(A)h(t,x, N))) + OrxG(t,x, A) + divP(t,x, \),



The problem statement

Ovun (t, %, X) + div(f (¢, x, Nun (t,x,N))

= div(div (a(Nun(t,x, X)) + OzGn(t,x, A) + divPa (¢, %, A), @)

The goal show that for every p € C(R), the sequence
(fr P(Nun(t,x, X)dN) is strongly precompact in Li,.(R" x R).

For the coefficients, we assume:

a) (un) weakly converges to zero in LY(RT x R x R), ¢ > 2;
b) a € C%(R;R**?) is such that there exists a representation
a(\) = a(N)Ta(N);
c) feLPRT xR*x R;R%), p>1suchthat 1/p+1/g<1;
d) G, — 0 strongly in W™/270(R* x R? x R) for some 7 € (1,00);
e) P, — 0 strongly in LP*(RT x R* x R; R%) for some po € (1,00).



Velocity averaging

> hyperbolic situations: ¢ =0
> flux independent of space or time'?

> ultra-parabolic equations®
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Tao-Tadmor result?

o degenerate parabolic equation: a changes rank with respect to A

o flux is homogeneous (does not depend on (¢,x))

Recall that we want to consider:

Orun (t,x, X) + div(f (¢, x, Nun(t,x, A))

= div(div (a(A)un(t, %, A))) + OAGn(t, %, A) + divPa(t,x, A),
with
d) G, — 0 strongly in W—1/270(R* x R? x R) for some 7o € (1, 00);
e) P, — 0 strongly in LP°(RT x R% x R; R%) for some po € (1, 00).

InTT: P, =0and G, € LYR" x R x R), for 1 < ¢ < 2 and
G e MRT xR xR), for g=1.

4Tadmor, Tao: Velocity averaging, kinetic formulations, and regularizing effects in quasi-linear
PDEs, Communications on Pure and Applied Mathematics 60 (2007) 1488-1521.



H-measures®®

Theorem 1. If (u,)nen is a sequence in LY, (% R7), Q C RY, such that

Un — 0 in L3, (Q), then there exists subsequence (tn:)n' C (un)n and positive
complex bounded measure ji = {17} 1=1...» on R% x S% such that for all
01,02 € Co(Q) and ¢ € C(S9),

lim (801%/)(5)&,( ¢ )(WUZ/)(E)dX = (1", o120

n’ —oo Q Ter
- / 1 () e () (E)dp* (x, )
Rd xsd

where ‘Aw(i) is the multiplier operator with the symbol ¥(£/|€|).

T€] "
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H-measure sees only derivatives of the same highest order

Instead of £/|&

, put

£
(€15 s 8+ [(Ehtrs -5 €a) P

H-measure will be able to see the first order derivatives with respect to
(z1,...,2k), and second order derivatives with respect to (zi41,...,Zaq).

= No changing of the highest order of the equation is permitted!

We need to consider symbols of the form

(7—75) d
w(l(ﬂ&)lﬂa(k)&&))’ v € CRY,

where the matrix a represents the diffusion matrix in the degenerate parabolic
equation.
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Matrix analysis

Let matrix a(X) have k(\) eigenvalues strictly greater than 0.

Write a = 0¥ o, where

o— [[0011} [0012]} 7

and [o11] is regular k X k matrix.

Later we will use a change of variables

_ o] [o12]
n = Mg where M—{O Ik
We will assume the following uniform bounds:
O<e< M M2<C<o0, [M|2<C, |o'2<C.

We have C = max{1, ||al|2} + ||la]2 and ¢ = 1/C. For C we do not have a
uniform bound, so this together with assumption on C are the only new
assumptions here.



Matrix example

can=[2 2] ew=[3 )
For € = (z,1), we have (a(\é, €) = (z — \)?.
e P E e P

> [M7 N[z = 3 max{\* £ VA2 + 1) + 2}
> la(N)]l2 = 1+ A



Fourier multipliers |

Let a: R — M%*? be a non-negative definite matrix. Define:

B (1,8)
wp(1,&,A) = |(1,€)| + (a(N)E, &)

Iy = Clmp(1,€,)) : (1,€) € R}

where Cl denotes the closure of a set.

For ¢ € C“T!(I1,) the composition ¢ (7p) is a symbol of an LP(R*!)
multiplier (here, we consider X to be fixed).

Lema 1. Under the conditions stated above, for any 1) € C**1(R11), the
function v (mp) is an LP multiplier.



Fourier multipliers Il

We will show that a Fourier multiplier with the symbol

1
9% 60 ( )
7 NI O+ (a8
satisfies conditions of Marcinkiewicz's multiplier theorem.

The symbol of 0y (A 1 ) is
(&) [F(a(VEE)

aA( 1 ): —(@(N&.8)
(T, )+ (a(NE€) ) (I(,8)] + (a(N)E, €))?

Using a representation a()\) = o(\)To(\) and the change of variables
n = ME, the symbol becomes:

—2(2min;)"/? (o' (WM~ 'n, %)
(I(r, M=1m)| + |7]?)?




Fourier multipliers [l

Corollary 1.

Let p € (1,00). Then Ox (.A
to W/2P(R x RY).

Let > 2(d+1). Then 0x (A
L"(R x R%) to C°(R x R%).

1 ) continuously maps LP(R x R%)
[Cr 8T (a(ME &)

1 ) continuously maps
[T+ (a(N)E,8)
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The function space W}j()

k
WHP(Q) = { Z‘Pj (tvx)wj()‘vﬂp(7-7€7)‘)) : (t7X) €Q, ()‘77-7 6) € Rd+2

j=1

pj € LP(Q), ¥ € CY(R x [—171}‘1“)}'

1/2 P l/p
T / sup /|\p(t,x,AmP(T,g,A))|2 d dtdx | .
" o | (reerd+tt \/R

WE(Q) is the closure of Wﬁ(Q) in LP(€; Co([—1,1]4"%; L2(R))), with respect
to the norm || - ||ngl:

Wi(S) = Cli (Wﬁ(ﬁ) C LP(9; Co([-1, 1]d+1;L2(R)))) :



Existence

Theorem 2. Let

o (un(t,x,))) be an uniformly compactly supported on S,, CC R+ x R4?
sequence weakly converging to zero in LP(R* x R*1), p > 2.

o (vn(t,x)) be an uniformly compactly supported on S, CC RT x R® sequence
bounded in L° (R x R%).

Then for € > 0 such that p’ +¢ > 172%2 there exists a subsequence and a

continuous functional . on Wg}’*f(g) such that for every ¢ € L” 7(Q) and
¥ € CHY (R x [=1,1]4Th) it holds

w(py) = lim O(t, X)Un (£, %, A) Ay (a7 p (r,6,0)) (Un) (B, X) dtdxdX.  (2)

n—oo OxXR



Corollary 2. Under the conditions of the previous theorem, representation (2)

holds for ¢ € L” T5(Q x R) and 1 € C¥1([=1,1]%H1). .
, ’

Lema 2. Letpuc€ (Wﬁ +E(Q)) be the functional defined in the previous

theorem. Let Ky C R be a fixed arbitrary compact set.
If the function F € Wk *°(Q) is such that for some a > 0

ess sup sup meas{\ € Kx: |F (t,x,\,7p(1,&,)))| <o} < o°
(t,x)eRT xR? (1,£)RA+1
(3)

and
Fu=0,

then

=
Il
o

Idea of the proof: B
o multiply F'u =0 by d)IFI%

) s dFP N :
0= eraies ) = = (o)
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Assumptions

Orun (t, %, A) + div(f(t, x, Nun(t,x, X))
= div(div (a(Nun(t,x, X)) + OxGn(t,x, A) + divP (¢, x, A),

a) (un) weakly converges to zero in LY(RT x R* x R), ¢ > 2;
b) a € C™'(R;R¥*?) is such that there exists a representation
a(\) = a(N)Ta(N);
c) feLP(RY x R x R;RY), p > 1such that 1/p+1/¢ < 1;
d) G, — 0 strongly in W~1/270(R¥ x R? x R) for some 7o € (1,00);
e) P, — 0 strongly in LP*(RT x R* x R; R%) for some po € (1,00).



Theorem 3. Assume that the function

T ES(LxN) | (Vg
@O+ (aME.& T [(m &+ (a(VE&)

satisfies non-degeneracy condition (3).

Then, for any p € Ci(R), the sequence ([ p(A)un(t,x, \)dA) is strongly
precompact in Li,, (Rt x R%).

F(t,x,\,mp(T,&, X)) =i

Idea of the proof:
o special test functions:

en(t,X7 )‘) = (p(t,X)p(A)A (U’ﬂ(" '))(tvx)

1
[(m,&)[+(a(N)E,€)

o take:
o) = p(t.) (s [ plwpuattoman) = Vi)

o conclude:

lim ©°(t,x) / p(Nun(t, %, )\)d)\l dtdx = (, pp®1) =0
R

n—oo d
RY



Cauchy problem for an advection-diffusion equation

dvu + divxf(t, x,u) = D* - A(u) (4)
uo(x) € L'(RY) N L= (RY).

U|t:0
The equation describes a flow governed by

o the convection effects (bulk motion of particles) which are represented by the
first order terms;

o diffusion effects which are represented by the second order term and the matrix
A(X) describes direction and intensity of the diffusion;

Degeneracy in the sense that the derivative of the diffusion matrix A’ can be
equal to zero in some direction.

Roughly speaking, if this is the case (i.e. for some vector & € R%:

(A’ (M€, &) = 0), then diffusion effects do not exist at the point x for the state
A in the direction €.



Assumptions on coefficients of (4)

o The initial data are bounded between G and b and the flux function annuls at
A=aand A\ =b:

a<uo(x)<b and f(t,x,a)=f(tx,b)=0 ae (t,x)ecR" xR%

o The convective term f(t,x, ) is continuously differentiable with respect to
XA € R, and it belongs to L"(R* x R% x [a,b]), r > 1
We also assume:

divif(t, x, A) € M(RT x R x [a,b]).
o The matrix A(X\) = (Aij(\))ij=1,....a € CV*(R;R**?), is non-decreasing with
respect to A € R, i.e. the (diffusion) matrix a(\) = A’(\) satisfies

(a(M§,€) >0

and there exists a representation a(\) = o(A\)Ta(N).



Quasi-solution

Definition

A measurable function u defined on Rt x R is called a quasi-solution to (4) if
fe(t, x,u), A (u) € L, (RT x RY), k,j=1,...,d, and for a.e. A € R the
Kruzhkov type entropy equality holds

8t|u — A + div [sgn(u — ) (f(t, x, u) — §(¢, x, A)]]
% [sgn(u — A)(A(w) — AN)] = —¢(t,x, ),

where ¢ € C(Ry; w* —M(RT x R%)) we call the quasi-entropy defect
measure.

Remark.  For a regular flux f, the measure {(¢,x,\) can be rewritten in the
form C(t,x, \) = ((t,x, A) + sgn(u — N)divif(t,x, ), for a measure (.

If ¢ is non-negative, then the quasi-solution u is an entropy solution to (4). For
the uniqueness of such entropy solution, we additionally need the chain rule’ &

"Chen, Perthame: Well-posedness for non-isotropic degenerate parabolic-hyperbolic equations,
Ann. Inst. H. Poincare Anal. Non Lineaire 4 (2002) 645-668.

8Chen, Karlsen: Quasilinear Anisotropic Degenerate Parabolic Equations with Time-Space
Dependent Diffusion Coefficients, Comm. Pure and Applied Analysis 4 (2005) 241-266.



Kinetic formulation

Theorem 4. If function u is a quasi-solution to (4), then the function
h(t,x,A) = sgn(u(t,x) — A) = —ox|u(t,x) — A|
is a weak solution to the following linear equation:
deh + div (F(t,x, \)h) — D - [a(A\)h] = r((t,x, A)

where § =\ and a = A.

Theorem 5. Assume that § = f\ and a = A, are such that the function

THEFERA) L (aNEE)
(7,8 + (AVE. & 1, + (ANE &

F(t,X, WP(T,E,)\)) =1

satisfies (3).

Then, there exists a solution to (4) augmented with the initial conditions
ult=0 = uo(x), @ <uo < b.
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