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Homogenization theory

The physical idea of homogenization is to average a heterogeneous media in order to derive effective properties.

{Au:f in Q

initial /boundary condition

The mathematical theory of homogenization:

we consider a sequence of problems
initial /boundary condition .

{Anun:f in Q

If w, = u, A, — A the limit (effective) problem is

{Au:f in

initial /boundary condition ...

The mathematical problem is to determine an adequate topologies for these convergences.

Elastic plate equation

Homogeneous Dirichlet boundary value problem:

divdiv(MVVu) =f in Q
u € HZ(Q)

e ) C R? bounded domain

f € H%(Q) external load

M e My (a, B;Q) := {M € L*(Q; L(Sym, Sym)) : (VS € Sym) M(x)S : S > aS : Sand
M-1(x)S:S > %S : Sa.e.x} describes elastic properties of the given plate

e 1 transversal displacement of the plate
Antonié¢, Balenovi¢, 1999:

Definition 1 A sequence of tensor functions (M™) in My (v, 5; Q) H-converges to M € My (o, 55 Q) if for
any f € H2(Q) the sequence of solutions (u,) of problems

divdiv(M"VVu,) =f in Q
u, € H3(Q)

coverges weakly to a limit u in H3(Q), while the sequence (M"VVu,) converges to MV Nu weakly in the
space L?(£; Sym).

Theorem 1 Let (M™) be a sequence in Ma(av, 5;82). Then there is a subsequence (M™) and a tensor function
M € My (a, B; Q) such that (M™) H-converges to M.

Properties of H-convergence and corrector result

Theorem 2 (Irrelevance of boundary conditions) Let (M™) be a sequence of tensors in Msy(a, 5;€2)
that H-converges to M. For any sequence (z,) such that

z, — 2z inH (Q)
divdiv (M'VV2,) = f — £ in H_2(Q),

loc

the weak convergence M"VVz, — MVVz in L2 (£; Sym) holds.

loc

Theorem 3 Let (M™) be a sequence of tensors in Ms(a, B; Q) that either converges strongly to a limit tensor
M in L1(Q; £L(Sym, Sym)), or converges to M almost everywhere in Q. Then M™ H-converges to M.

Theorem 4 Let F = {f, : n € N} be a dense countable family in H=2(2), M and O tensors in My (a, 3; ),
and (uy), (v,) sequences of solutions to

divdiv(MVVu,) = f,
u, € HZ(Q)

and
divdiv(OVVvy,) = f,
v, € H3(Q) '

respectively. Then,

- n — UnllL2 MV Vu, — OV Vo -1 (c:sym
a(M,0) = 3 gt = el + MYV V112 @5y
[Fullir=e)

is a metric function on Ma(a, §;2) and H-convergence is equivalent to the convergence with respect to d.

Definition 2 Let (M™) be a sequence of tensors in My(a, 5;Q2) that H-converges to a limit M. Let
(wy! )1<ij<n be a family of test functions satisfying

wi{ — §LUZ'I]‘ n H2(Q)

divdiv(M"VVw) — . inH, 2(Q)
M"VVw? — . in L _(€;Sym).
The tensor W™ defined as [aijim)i; = [VVWE™],; is called a corrector tensor.

Theorem 5 (Corrector result) Let (M") be a sequence of tensors in My(cv, B; Q) which H-converges to
M. For f € H*(Q), let (u,) be the solution of

divdiv(M*VVu,) =f in 0
u, € H2(Q).

Let u be the weak limit of (u,) in HZ(Y), i. e., the solution of the homogenized equation

divdiv(MVVu) =f in Q
u € HZ(Q).

Then, 7, := VVu, — W*"VVu — 0 strongly in L} _(Q; Sym).

loc

Small-amplitude homogenization

Theorem 6 Let (M") be a sequence of tensors defined by M"(x) = M(nx),z € Q, Y = [0,1]¢,
HL(Y) == {f € H} (R%)such that f is Y — periodic} with the norm || - ||g2yy and E;;,1 < i,j
M yywq matrices defined as

1, ifi=j=k=1
[Eij]kl = %7 if i 7é Js (k7l) € {<Z’j)’ (]’Z)}
0, otherwise.

Then (M™) H-converges to a constant tensor M* € My (v, 5;2) defined as

My = /Y M(y)(Ei; + VVwi(y)) : (Bu + VVur(y)) dy,

where (w;j)1<i j<a s the family of unique solutions in Hi(Y)/R of boundary value problems

{ divdiv(M(y)(E;; + VVw;;(y))) =0in Y,i,j=1,...,d
y = wi(y).

Theorem 7 Let Ay € L(Sym;Sym) be a constant coercive tensor, Y = [0,1]¢, B"(y) := B(ny), y € Q,
where Q C R? is a bounded, open set. Additionally, let B be a Y-periodic, L™ tensor function, for which we

assume that / B(y)dy =0, p € P where P C R is an open set, and
Y

Al (y) = Ao+ pB"(y).
Then
Al (y) == Ao+ pB"(y)

H-converges to a tensor
Ap = A() +pBo +p2C0 + 0(p2)

with coefficients By = 0 and

CoEpn : By = (2mi)* Y a"iBr(k ® k) : Byt

keJ
+ (2 " aptAg(k @ K) ¢’k @kt (1)
keJ
+(270)* ) " ByB,  aik @k,
keJ
where m,n,r,s € {1,2,--- ,d},
BLE,..k -k
ag" = — k keldJ, mmne{l,2 -, ,d}

2mi)2Agk® k) : (k© k)’

and By, k € J, are Fourier coefficients of functions wi™ and B, respectively.




