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Scalar conservation laws — initial and boundary

conditions

Let Q ¢ RY be a bounded smooth domain and Rt = [0, o). We

consider
Oru + divgf(u) =0, (f,x) € RT x Q, m
Ult=0 = Up(X), @
Ulr+xaa = Up(T,X). (©)

where f € C?(R;R9). If not stated otherwise, we assume that

Up € L'(RY), ug € L, (RT x 0Q). We also assume that

a < U, Ug < b for some constants a < b. (&)



Kruzhkov admissibility conditions — Cauchy

problem

For every X € R it holds
Ot|u — A + divg[sgn(u — N)(f(u) — f(N))] <0 ®)

in the sense of distributions on D’'(RY), and it holds
esslim;_,q [o |u(f,X) — Up(x)|dx = 0.



The kinetic formulation

Roughly speaking, if we find derivative of the Kruzhkov
admissibility conditions with respect to A, we get the following
statement.

The function u € C([0, oo); L'(R9)) N L32.((0, oo); L>(RY)) is the

loc
entropy admissible solution to (1), (2) if and only if there exists a

non-negative Radon measure m(t, x, A) such that
m((0, T) x R9*1) < oo for all T > 0 and such that the function

1, 0<A<u
x(A,u) =< -1, u< <0, represents the distributional solution

0, else
to

Arx + divg(F'(\)x) = oxm(t, x,\), (t,X) € RT x RY, ©®)
X(A, u(t =0,x)) = x(X, Uo(x)). @



Initial-boundary value problem - standard

definition

A function u € L*°(Q) is said to be the weak entropy solution to
(M. @), Q) if there exists a constant L € R such that for every

k € R and every non-negative ¢ € Co(RY; RT), RY = R* x RY, it
holds

/Rd (Ju— K410 + sgn, (U — K)(F(U) — F(K)) Vxy) dxalt ®)

4 [ o= Klup@)ax+L [ plus—klrch(x)df >0,
R R+x0Q
and

/Rd (Ju— K| + sgn_ (U — K)(F(u) — F(K)) Vxp) dxat ©

+

4 [ o= p@ e+ L[ plus—K-ch(x)dlt =0
R R+ x0Q
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Initial-boundary value problem — heuristics

Assume that we are dealing with the flux depending on x i.e.
f = f(x,\). Denote by

ST ={xed: (fi(x,\),7) <0 a.e. Xel}

where | contains all essential values of the functions ug and ug
(i.e. of appropriate entropy solution u), and 7 is the outer unit
normal on 09. The set S~ actually consists of all points such that
all possible characteristics from that point enter into the (interior
of the) set Q. Therefore, for every x € S—, the trace of the
corresponding entropy solution is actually ug(x).

Similarly, for

St={xedQ: ((x,\),7) >0 ae. Xell}

all possible characteristics issuing from x € ST leave the set Q,
and ug(x) does not influence on the weak entropy solution u to
the initial boundary problem.



Initial-boundary value problem — Definition 2

We say that the function u € L*(RT x Q;[a, b)) is a weak
entropy admissible solution to (1), (2), (3) if for every k € R and
every non-negative ¢ € CL(Q x R*) it holds

/ (lu = Kl drp + sgu. (U= K)(f(u) — f(K)) V) cixat (10)

/ / (t,x) (f'(X), B(x)) sgn, (A—K) sgn, (Ug(t, X) — ) dy(x)dtdA

R x8Q
(f'(N),7(x)) <0

+ / U — ki (0, -)dx > 0,
]Rd

and

/ (JU— K|—Brp + sgn_ (U — K)(F(U) — F(K)) Vi) axalt an
QxR+t
/ / X) (F/(0), 500)) sgn_ (A — k) sgn_(Us(F, X) — \)cy(x)cfdr

RT x8Q
(' (N),7(x)) <0

r



Transport-collapse operator

The idea of the transport collapse scheme for the initial value
problem is to solve the kinetic equation when we omit its
right-hand side:

Orh + divx A[F(F, X, \)h] =0, Alr_o = x(\, tp(x)).  (12)

The solution of this equation is obtained via the method of
characteristics and, since the equation is linear, it is given by

h(t,%, A) = (A, Up(X — F'(\)1)). (13)



Convergence toward admissible solutfion

The transport collapse operator T(f) is defined for every
u e L'(RY by

T(F)u(x) = / O, U(x — F(\)H)dA. (14

For any initial value uy € L'(RY), the unique entropy solution to
the Cauchy problem is given by

nN—o0

u(t,x) = S(Hup(x) = L' — Iim (T(;)”)n Up(X).



Boundary value problem

Assume that Q is an open set such that for some o € (0, 1), no
two outer normals from 92 do not infersect in the set

Q, = {xeRY: dist(x,Q) < ¢} i.e.inthe set
Q" = Q,\Q

Denote by 7(x), x € Q, \ 2 the unit outer normal on 9 passing
frough the point x. We then extend the boundary data ug(f, x)
for every fixed f > 0 along the normals #(x) in the set Q..

More precisely, we set for x € Q7 = Q,\Q (slightly abusing the
notation)

ug(t,X) = ug(t,Xg), forxg € 092 such that 7(xg) = 7(x).  (15)



Finally, infroduce the function

0, X ¢ Q,
Wy, (X) = S u(t,x), xeQ (16
ug(f,x), x€Q,\Q=07,

Remark that we can rewrite the function wy,.(x) in the form
Wu(f7.)(X) = u(T, X)HQ(X) + UB(T, X)KQU (X),

where kqo is the characteristic function of the set Q°.



Fix t > 0 and n € N. We neglect the right-hand side in the
kinetic equation and, on the first step, we take x(A, wy, (X)) as
the initial data.

dth+ f'(\)divkh =0, a7
hli=o = x(A, Wi, (X))- (18
The solution to (17) is given by h(f, X, A) = x(A, wy, (X = F/(A)1))

(see (13)). We construct the approximate solution u, to (1), (2),
(3) by the following procedure (x € Q):

b
Un(t',x) = T('/n)(wy, (X)) ::/ XA, wy (X=F'(N)F))dN, 1€ (0,1/n].
° a9
@ Fork=1,....n-1,we take

b
un(kf/n+f’,x):/0 O @unit /oy (X—F (N F))AA, F € (0, /).
©0)



There exists a unique function u satisfying the initial boundary
value problem in the sense of Definition 2.



The End

Thank you for listening.
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