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Optimal design problem

e Let © C R? be open and bounded and f € H™1(Q2). We consider stationary diffusion equation with
homogenous Dirichlet boundary condition:

{ —div (AVu) = f
u e HY(Q).

e We assume that €2 is a mixture of two isotropic materials with conductivities 0 < o < 3, i.e.

and that the amount of the first material is given by ¢, = fQ x dx. Then, the multiple state optimal
design problem is

where x € L>(Q;{0,1})

J(x) = /Qx(x)ga(x, u) + (1 — x(x))gs(x,u) dx — min,

(1)
v EL=(2:{0,1}). /Qxdxzqa,

, U is the state function determined by

{ u; € Hy(©2)

where u = (uy, . ..
1=1,...,m

with A = yaIl + (1 — x)BI and f; € H *(Q), while g,, gz are Caratheodory functions which satisfies
growth condition
gj(z,u) < alul® + b(x),

for some @ >0, b€ L'(Q) and 1 <s < 2L d > 3.

j:Of,/B’

Relaxed problem

e Problem (1) does not have classical solution, therefore using relaxation by the homogenization method
we get relaxed problem

(

J(0,A) = /Q (0(x)ga(x,u) + (1 — 0(x))gp(x,u)) dx — min

(0,A) € {(8,A) € L=(:[0,1] x Ma(R)) : A € K(6) ae.}, / 0dx = o,
Q

u= (ui,ug,...,uUn), where u;, i = 1,...,m satisfies (2)

{ —div (AVu;) = f;

L u; € H(l)(Q) .

Set KC(6) is given in terms of eigenvalues of matrix A (Murat & Tartar; Lurie & Cherkaev):

N <N <N j=1,...,d 2D:
i 1 _ 1, d-1
j:l/\j_a T N —a N -a
i 1 1, d-1
=N T BN B—=Xy’
A = fa+(1-6)8, aD:
1 0 1-9
Ay o« I}

e Let us introduce adjoint states pq, ..., p, as solutions of

| _ 499a _ )99
—div(AVp:) =07 ~(,u) + (1 —0) 7 =, u)
pi € Hy()

Theorem 1. Let (6%, A*) be a local minimizer for relaxation problem (2) with corresponding states u; and
adjoint states p;. We introduce symmetric matrix

N* = Sym iaj ® 77,
i=1

for of = A*Vu}, 77 = A*Vp} and function g(¢,N) = ‘A‘m’icr(le)(A*1 : N). Then
€

(A" (x) : N*(x) = g(6*(x), N*(x)), a.e. x €.
Moreover, if we define function
R*(x) := ga(x,u"(x)) — gg(x,u"(x)) + 1 + %(WK), N*(x)),

the optimal 0* satisfies (a.e. on ()

*(x) =0 = R*(x)>0
*(x) =1 = R*(x)<0
0<(x)<1 = R*'(x)=0

—g, which enabled us

06

e For two and three dimensional case we explicitly calculated partial derivative

update of design variables (6%, A¥) in optimality criteria method.

Algorithm 1. Take some initial ° and A°. For %k from 0 to N:

1. Calculate u¥, i = 1,...,m, the solution of
—div (AkVul) = fl
2. Calculate p¥, i = 1,...,m, the solution of

. aga agﬂ
_ k ) — pkZIa kK _ RN ZZE (L R
div (A"Vp;) =0 8ui(’u>+(1 G)an(,u)
p; € H(l)(Q), uk = (u’f, uk)

and define oF := A*Vuf, 7F .= A*VuF and N* := Sym Z(Uf 7).
i

3. For x € Q let 0*!(x) € [0, 1] be a zero of function

0 RF(0,%) = go(x,u(x)) — gs(x, u¥(x)) + 1 + %(«9, N*(x)), (3)

and if a zero doesn’t exist, take 0 (or 1) if the function is positive (or negative) on [0, 1].

4. Let A*1(x) be the minimizer in the definition of g(0%(x), N*(x)).

Optimality criteria method

Example 1. Consider two-dimensional problem of weighted energy minimization

J(0,A) = 2/ fruq dx + / foug dx — min,
Q Q
where Q C R? is a ball B(0,2), a = 1, 3 = 2, while u; and uy are state functions for

{ —div(AVy,) = f;

us € HY(Q) =124

where we take f; = xp(o,1) and fo = 1 for right-hand sides.
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Figure 2: Dependence of L' error between
numerical and exact solution with respect
to mesh refinement for various choices of
volume fractions 7 of the first phase.

Figure 1: Optimal distribution of materials with
volume fraction n = 0.25 of the first phase.

Example 2. Consider three-dimensional energy minimization problem
J(0,A) = /(f1u1 + foug) dx — min,
Q

on a cube [—1,1]3, with a = 1, 8 = 2 and two state equations

—div (AVuy;) = f; .
{u,-GH(l)(Q) , =12
We take function f; to be zero on the upper half (z > 0) and 10 on the lower half of the cube, and function
f2 to be zero on the left half (y < 0) and 10 on the right half of the cube.
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(a) Outer look.

(b) Intersection of the cube with x = 0 plane.

Figure 3: Optimal distribution of materials with volume fraction 7 = 0.5 of the first phase.




