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Introduction

If we have u, — 0 in LE.(92), 2 C R® open, what we can say about |u,|*?
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Introduction

If we have u, — 0 in LE.(92), 2 C R® open, what we can say about |u,|*?

It is bounded in Li,. () < M(), so
[tn]’ = .
v is called the defect measure.

Of course, we have
L2
Un—=50 < v=0.

If the defect measure is not trivial we need another objects to determine all the
properties of the sequence:

e H-measures

e semiclassical measures
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H-measures

Q C R? open.

If u, = 0 in LY (Q; C"), then there exist a subsequence (u,) and
gy € M(Q x S M,(C)) such that for any 1, p2 € C.() and
€ C(87Y)

i [ (#9570 © 7207 (©) 0 () 46 = Gt 122 B0

n' Jrd

(Unbounded) Radon measure py we call the H-measure corresponding to the
(sub)sequence (uy).

[T1] Luc TARTAR: H-measures, a new approach for studying homogenisation,
oscillations and concentration effects in partial differential equations,
Proceedings of the Royal Society of Edinburgh, 115A (1990) 193-230.

[G1] PaTrIick GERARD: Microlocal defect measures, Comm. Partial Diff. Eq., 16
(1991) 1761-1794.

3117



H-measures

Q C R? open.

If u, = 0 in LY (Q; C"), then there exist a subsequence (u,) and
gy € M(Q x S M,(C)) such that for any 1, p2 € C.() and
€ C(87Y)

i [ (#9570 © 7207 (©) 0 () 46 = Gt 122 B0

n' Jrd

(Unbounded) Radon measure py we call the H-measure corresponding to the
(sub)sequence (uy).

W
Theorem

L2
Un—-30 <= pu;=0.

[T1] Luc TARTAR: H-measures, a new approach for studying homogenisation,
oscillations and concentration effects in partial differential equations,
Proceedings of the Royal Society of Edinburgh, 115A (1990) 193-230.

[G1] PaTrIck GERARD: Microlocal defect measures, Comm. Partial Diff. Eq., 16

(1991) 1761-1794.
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Semiclassical measures

Theorem

If u, — 0in LY. (Q;C"), wy, — 0T, then there exist a subsequence (u,) and
plen) € M(Q x R M, (C)) such that for any @1, p2 € C2(Q) and
¥ € S(RY)

lim [ (P10 (6) ® P2t (€)) Y(wn€) dE = (™, 10 W) .

n' Jrd

(Unbounded) measure p{“™) we call the semiclassical measure with
characteristic length (wy) corresponding to the (sub)sequence (uy).
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Semiclassical measures

Theorem

If u, — 0in LY. (Q;C"), wy, — 0T, then there exist a subsequence (u,) and
plen) € M(Q x R M, (C)) such that for any @1, p2 € C2(Q) and
¥ € S(RY)

lim [ (P10 (6) ® P2t (€)) Y(wn€) dE = (™, 10 W) .

n' Jrd

(Unbounded) measure p{“™) we call the semiclassical measure with
characteristic length (wy) corresponding to the (sub)sequence (uy).

2
unﬂ 0 ”‘gz’n) =0 & (un) is (wn) — oscillatory .
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Semiclassical measures

Theorem

If u, — 0in LY. (Q;C"), wy, — 0T, then there exist a subsequence (u,) and
plen) € M(Q x R M, (C)) such that for any @1, p2 € C2(Q) and
¥ € S(RY)

tim [ (507 (6) @ B0 (©)) (wn ) de = (2", pra B ).

(Unbounded) measure p{“™) we call the semiclassical measure with
characteristic length (wy) corresponding to the (sub)sequence (uy).

Definition

| A\

(un) is (wy )-oscillatory if
(Vo € CZ(Q)  limpoo limsup,, [ie, n |PUn(€)|"d€ =0.

Theorem

| A\

2
unLi°> 0 “‘Ez’n) =0 & (un) is (wn) — oscillatory .
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The Wigner transform

(u,) from L2(R%; C"), w,, — 07,

eT2TE, (x + w;y) ® up (x — w;y) dy

Wax,&) = [

R4

If up, — u in L2(; C"), then there exists (u,) such that

SI w1
W, —\[,Lgc" ) .

[G2] Parrick GERARD: Mesures semi-classiques et ondes de Bloch, Sem. EDP
1990-91 (exp. 16), (1991)

[LP] PiERRE Louts LioNs, THIERRY PAUL: Sur les measures de Wigner, Revista
Mat. Iberoamericana 9, (1993) 553-618
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Example 1: Oscillations - one characteristic length

a>0, ke z4\ {0},

2
2rin“k-x L1
Up(x) =" X250, n—o oo
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Example 1: Oscillations - one characteristic length

a>0, ke z4\ {0},

2
2rin“k-x L1
Up(x) =" X250, n—o oo

v=A
/LHZA&J

B
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Example 1: Oscillations - one characteristic length

a>0, ke z4\ {0},

2min“k-x
e

do

Un (x) =
v=A
HH =>\|Z(5ﬁ
pee) = AR

(Sck

)

b

loc

L
—0, n—= o

lim, n“w, =0
lim,, n*w, = ¢ € (0, co)
lim, n“w, = oo
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Example 1: Oscillations - one characteristic length

a>0, ke z4\ {0},

. .2
_ e27rzn°‘k-x loc 07 n = 00

Uup (x) 1=
v=2JX\
pr = AKX Jﬁ
do lim, nw, =0
/J'.gt:)n) =K 5ck 5 limn nown =cE <07 OO)
0o lim,, n®w, = oo

(pr, oK) = <u£“é")7s0w(ﬁ)>
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Example 1: Oscillations - one characteristic length

a>0, ke z*\ {0},

2
2min®k-x L1
Up (X) 1= =200, n— o0

v=2X\
HH = AKX Jﬁ
do lim, n%w, =0
H_(s:)n) = A X 66k 3 lim'rl nawn =cE <0, OO)
0o lim, n“w, = oo

Ifu, — u in L% .(Q; C") is (wy)-oscillatory and trpu'“™)(Q x {0}) = 0, then

(g, p R ) = <u§i"),¢®¢(ﬁ)>.
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(wp)-concentrating property

Definition

(un) is (wy )-oscillatory if
Ve € CZ(Q2)) limp_eo limsup, f\&\?% |pun (&) dé = 0.
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(wp)-concentrating property

Definition

(un) is (wy )-oscillatory if

(Ve € CZ®(Q) limpolimsup, [ n |pun (&) dé = 0.
(un) is (wy )-concentrating if

(Ve € CX(2)) limp_ oo limsup, f\£\< |<pun( &)|*dé =0.

(un) wn-concentrating < tru(“’")(Q x {0}) =0.

If up, — u in LY (2 C") is (wn)-oscillatory and (wy)-concentrating, then

(g, pRy) = <u§‘§“) so&zp(ﬁ».
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For an arbitrary bounded sequence (u,) in L2 .(€; C") is there a characteristic
length w,, — 07 such that (u,) is

1) (wn)-oscillatory?

2) (wn)-concentrating?

3) both (wy,)-oscillatory and (wy, )-concentrating?
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(1) is valid and (2) is valid under the additional assumption that u,, — 0 in
Lie (2 CT).
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For an arbitrary bounded sequence (u,) in L2 .(€; C") is there a characteristic
length w,, — 07 such that (u,) is

1) (wn)-oscillatory?

2) (wn)-concentrating?

3) both (wy,)-oscillatory and (wy, )-concentrating?

(1) is valid and (2) is valid under the additional assumption that u,, — 0 in
Lie (2 CT).

For u, — u in L (9 C") we have

Un = U in Lo (,C7) <= (Ywn — 07)  (un) is (wn) — oscillatory .
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Example 2: Oscillations - two characteristic length

0<a<f kseZl\ {0},

2

2rin®k-x L
Up(x) :=e """ 280, n— oo
2
2ninPsx 1
p(x):=e "I 250, n— oo
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Example 2: Oscillations - two characteristic length

0<a<f kseZl\ {0},

2

2rin®k-x L
Up(x) :=e """ 280, n— oo
2
2ninPsx 1
p(x):=e "I 250, n— oo

1 (,ug‘;’")) is H-measure (semiclassical measure with characteristic length

(wn), wn — 0T) corresponding to (un + vy ).

quAﬁ(éﬁ +5ﬁ)

200 , lim,, ngwn =0
(Ocs + 00) lim, n’w, =c € {0, 00)
pg‘;’") =K 8o , lim, nw, = co & lim, n®w, =0
Ock , lim,, n*w, = ¢ € (0, co)
0 , lim, n“w, = oo
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One-scale H-measures

Theorem

If u, — 0 in LY (Q;C"), w, — 07, then there exist a subsequence (u,) and
) € M(Q x R% M, (C)) such that for any g1, ps € Co(Q) and ¢ € S(R?)

lim [ ((Grun)(©) @ (p200)()) b (n€) dE = (i, 0102 2 0)

(Unbounded) Radon measure p{“™) we call the semiclassical measure with
characteristic length (wy) corresponding to the (sub)sequence (uy).
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One-scale H-measures

// \\ OOe
/
/ \
/ \
/ \
d—1
S .‘I 0c e ! To:={0° : e€ S}
: L—» —_
'. ZO ! Yoo i= {00° : ecs? 1}
\ 1
\ ) Koeo(RY) : =R\ {0} U U Su,
\\ //
\ /
\ //
\\\\\_ _’////’ Rd

a) Co(Rd) g C(Ko,m(Rd)).
b) ¥ € O(S™ ), Yo m € C(Ko,co(RY)), where m(€) = &/|€|-
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One-scale H-measures

Theorem

If u, = 0inLL.(Q;C"), wy, — 0T, then there exist a subsequence (u,) and
uK") € M(Q x Ko.0o(R%); M (C)) such that for any @1, 2 € Co(Q) and
NS C(Ko,oo(Rd))

tim [ ((0r6m)(©) @ (o) (©) b ©)dE = (i 2T 0)

(Unbounded) Radon measure u% “n) e call the one-scale H-measure with

characteristic length (wn,) correspondmg to the (sub)sequence (uy,).
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One-scale H-measures

If u, = 0inLL.(Q;C"), wy, — 0T, then there exist a subsequence (u,) and
u,K") € M(Q x Ko.0o(R%); M (C)) such that for any @1, 2 € Co(Q) and

¥ € O(ooo (RY)
tim [ ((0r6m)(©) @ (o) (©) b ©)dE = (i 2T 0)

(Unbounded) Radon measure u% “n) e call the one-scale H-measure with

characteristic length (wn,) correspond/ng to the (sub)sequence (uy,).

[T2] Luc TARTAR: The general theory of homogenization: A personalized
introduction, Springer (2009)
[T3] Luc TARTAR: Multi-scale H-measures, Discrete and Continuous Dynamical
Systems, S 8 (2015) 77-90.
[AEL] NENAD ANTONIC, M.E., MARTIN LAZAR: Localisation principle for one-scale
H-measures, submitted (arXiv:1504.03956).
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Some properties of py,

a) Pio oo = BKo oo 0 MKy 20
L2
c) up—2% 0 — Pk, . =0
d) trpg, (2% o) =0 = (un) is (wn) — oscillatory

@1,02 € Co(Q), ¥ € Co(R?), ¥ € C(S*™), wy — 07,

a) (ﬂ&i,’f; y o1 W) = () o1 Ky,
b)  (per) @ Rigon)  =(uy, 15 RY),

where 7 (§) = £/[€]-

11117



Example 1 revisited

60 , lim, n“w, =0
p) = AR due , lim, n®wn = c € (0, 00)

0o , lim, n“w, = oo
§ ., lim, n“w, =0
(@n) ol ;
Py =ARQ dac, limn n®wy = c € (0,00)
0 B lim,, n®w, = 0o

12117



Localisation principle - assumptions

Let @ C R? open, m € N, u,, = 0in L (Q;C") and

Z slno“*laa(Agun) =f, inQ,

NPT

where

l€0..m

€n > 0 bounded

A% — A% in C(; M, (C))
fn € H 7' (©; C") such that

loc

(Vo € C2(Q)) ﬁ 50 in LX®RLC)
s=l

13117



Localisation principle - assumptions

Let @ C R? open, m € N, u,, = 0in L (Q;C") and

Z slno“*laa(Agun) =f, inQ,

I<lel<m
where
el €0..m
e £, > 0 bounded
e A% —» A% in C(; M, (C))
o f, € H,7'(©2; C") such that
(Vo € CZ(Q) Ll 0 in L*R%CN)
T+ en €0

For I = 0 the condition on (f,) is equivalent to
VeeCl()  lefallyzm =0,

where ||u||?{i = [na(1+27|h€|?)°|0(&)|* d€ is the semiclassical norm of
u € H*(Q; RY).

13117



Localisation principle - theorem

Theorem

For wy, — 0T such that ¢ := lim,, 2 ¢ [0, 0], corresponding one-scale
H-measure py, _ with characteristic length (w,) satisfies

pugo,w =0,
where
£ « _
2 al=t e A% (%) o @=sU
pC(xzé) = Zl<\a|<m(27mc)‘ lmAa(x) ) ceE (07OO>

L= mWAa( x)

Moreover, if there exists eg > 0 such that €, > €9, n € N, we can take

Poo(,8) = 3 |§;A"<x>.

lee|=

14117



Example: equations with characteristic length (1/2)
Let Q C R? be open, and let u, := (ul,u2) — 0 in L} .(Q; C?) satisfies
U + €n0sy (a1u) = fr
{ui + £n,0gs (agui) = f2 ’
where e, = 0%, f, := (£}, f2) € H;,L(Q; C?) satisfies
Ve Co(Q)  llefally-r =0,

while a1,a2 € C(Q; R), ai,a2 # 0 everywhere.
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Example: equations with characteristic length (1/2)

Let Q C R? be open, and let u, := (ul,u2) — 0 in L} .(Q; C?) satisfies
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where e, = 0%, f, := (£}, f2) € H;,L(Q; C?) satisfies
Ve Co(Q)  llefally-r =0,
while a1,a2 € C(Q; R), ai,a2 # 0 everywhere.

By the localisation principle for one-scale H-measure py _ with characteristic
length (g5,) (i.e. ¢ = 1) associated to (u,) we get the relation
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Let Q C R? be open, and let u, := (ul,u2) — 0 in L} .(Q; C?) satisfies
tn + €n0ay (a117) = fr
{ui + £n,0z, (agui) =f2 ’
where e, = 0%, f, := (f}, f2) € H;;L(Q; C?) satisfies
Ve eCo(Q)  llefally-r =0,
while a1,a2 € C(Q; R), a1,a2 # 0 everywhere.

By the localisation principle for one-scale H-measure py _ with characteristic
length (g5,) (i.e. ¢ = 1) associated to (u,) we get the relation

1 10 2mié1 [ai(x) 0 2mi&s [0 0 __—_
(1+I£| [0 1]+1+|£|[ 0 0]+1+|5| [0 az(x)])“KO,oo_O’

whose (1,1) component reads

1 . 276 11
+1 ar(x =0
(g T o) e =0,
hence
1 11 &1 11

= 0, =
1+ [g]/ o 1+ [g]/o=
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hence

SUPP Ky, C 2 X Tow 1 f_l|£|u%<10,m =0
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Example: equations with characteristic length (1/2)

Let Q C R? be open, and let u, := (ul,u2) — 0 in L} .(Q; C?) satisfies
tn + €n0sy (a1u7) = fr
{ui + £n0zy (agufl) =f2 ’
where e, — 0%, f, := (f}, f2) € H;;.(Q; C?) satisfies
Ve CZ(Q)  ligfally-r =0,
while a1,a2 € C(2; R), ai1,a2 # 0 everywhere.
By the localisation principle for one-scale H-measure Py, o with characteristic
length (en) (i.e. ¢ = 1) associated to (u,) we get the relation

1 10 2mi€1 | ai(x) O 2mila |0 0 T
(g Lo 3]+ 75 16 ) T [0 i) ) o =0

whose (1,1) component reads

1 . 27?51 11
- =0,
(1 e T |£|‘“(x)> Hio.co

hence

Supp pity .. € X oo, supp i, . €O x (To U{& =0})
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tn + €n0sy (a117) = fr
{ui + £n,0gs (agui) = f2 ’
where e, = 0%, f, := (£}, f2) € H;,L(Q; C?) satisfies
Ve Co(Q)  llefally-r =0,
while a1,a2 € C(Q; R), ai,a2 # 0 everywhere.

By the localisation principle for one-scale H-measure py _ with characteristic
length (g5,) (i.e. ¢ = 1) associated to (u,) we get the relation

1 10 2mié1 [ai(x) 0 2mi&s [0 0 __—
(1+|£| [0 1]+1+|£|[ 0 0]+1+|5| [0 az(x)])“KO,oo_O’
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1 . 27w& 11
+1 ai(x =0
<1+I£I T ))”KO’“’ ’

supp pii, .. € Q2 x {o0!® ™, 00V}
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Example: equations with characteristic length (2/2)

Analogously, from the (2,2) component we get
supp pig .. C Q2 x {0 ™H? 00M 0}

hence supp pic, . Nsupp pi, .. = O which implies pi, = pi,  =0.

16117



Example: equations with characteristic length (2/2)

Analogously, from the (2,2) component we get
SuPpﬂfgo,w CQx {00(7150)7 00(1,0)}7
hence supp pic, . Nsupp pi;, .. = O which implies u%ﬁo)m = /‘%(10,00 =0.

_— . - o«
The very definition of one-scale H-measures gives ulu2——0.

This approach can be systematically generalised by introducing a variant of
compensated compactness suitable for problems with characteristic length.

16 117



Compactness by compensation with a characteristic length

Let u, — uin L% (Q; C") satisfy

S el oAU =,

I<]al<m

where AS — A in C(Q; Mgx:(C)), let &, — 0T, and f, € Hy,

< (C) b
such that for any p € C*(Q)

loc
ofn
1+ kn
is precompact in L2(R?; C?). Furthermore, let Q(x; A) := Q(x)\ - A, where
Q € C(2; M,(C)), Q" = Q, is such that Q(; un)— v in M(Q).
Then we have
a) (3c€[0,00)(¥(x,€) € 2 x Koo (RY)) (VA € Acixe) Q(x5A) 20 =
v = Q)
b) (36 € [0,00])(¥ (x,€) € @ x Ko,oo(R) (YA € Acixe) Q3 0) =0 =
Q)

where

Ac;x,& = {A € Cr : pC(X, E)A = 0},

and p. is given as before.
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