Microlocal detect functionals and applications

“University of Zagreb, Croatia, mmisur @math.hr

Introduction and some tools

Div-rot lemma and Quadratic theorem

Lemma. Assume that € is open and bounded subset of R>, and that it holds:
u, — uinL*(Q;R%), v,, = vinL*(; R?),

rot u,, bounded in L*(Q; R?), divv,, bounded in L*(£2).

Then
u, vV, ~Uu-V

in the sense of distributions.

Theorem. Assume that Q C R? is open and that A C R" is defined by

A= {AGRT . (3¢ e R4\ {0)) ngAk)\:O},

and that () is a real quadratic form on R", which is nonnegative on A, i.e.

(YAEA) Q) >0.

Furthermore, assume that the sequence of functions (u,,) satisfies

u, —u weaklyin Li _(;R"),

loc

(Z A""@kun) relatively compactin  H; *(Q; RY).

loc

Then every subsequence of (() o u,) which converges in distributions to it’s limit L,

satisfies
L>Qou

in the sense of distributions.

H-distributions

H-distributions were introduced by N. Antoni¢ and D. Mitrovi¢ (2011) as an extension of
H-measures to the LP — L9 context.

Existing applications are related to the velocity averaging and L — L9 compactness by
compensation.

Theorem. If u,, — 0 in LY (R%) and v,, — v in LL _(R%) for some p € (1,00)

and q > p’, then there exist subsequences (), (v,/) and a complex valued distribution
p € D'(RY x S?1), such that, for every @1, po € CP(RY) and ¢p € C*(S%1), for
k = |d/2] 4+ 1, one has:

lim Ay (@1un ) (X) (2, ) (X)dx =

n’ — oo Rd

lim (Prun ) (%) Ag(p2on ) (x)dx = (11, 19, K ),

n’' — 0o Rd

Wh?red /}Sb : LP(RY) — LP(RY) is the Fourier multiplier operator with symbol ¢ €
CR(S* ).
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H-measures

H-measures are mathematical objects introduced by L. Tartar, who was motivated by po-
ssible applications in homogenisation, and independently by P. Gerard, who was motivated
by problems in kinetic theory.

Theorem. Ifu, — 0 and v,, — 0 in L2(R%), then there exist their subsequences and a

complex valued Radon measure ;1 on R? x S%~1, such that for any 1, po € Co(R?) and
1 € C(S%1) one has

lim | Griw pavn (1 0 m)dE = (4, 0177 K ),
n R

where m : R% \ {0} — S9! is the projection along rays.
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Distributions of anisotropic order

Let X and Y be open sets in R? and R” (or C*> manifolds of dimenions d and r) and
(0 C X x Y an open set.
By C“(Q) we denote the space of functions f on (2, such that for any o € N¢ and

B e N, if |a| <land |3] < m, 0P f =020 f € C(Q).
CH™(Q) becomes a Fréchet space if we define a sequence of seminorms

Py (f) = 1P fllLee (k..

where K,, C 2 are compacts, such that 2 = U,,cn K, and K,, C IntK,, 1,
Consider the space

max
[ <1,[B][<m

ci™(@):= | cih @),

neN

and equip it by the topology of strict inductive limit.

Definition. A distribution of order [ in x and order m in y 1is any linear functional on

CL™(Q), continuous in the strict inductive limit topology. We denote the space of such
functionals by D; . (€2).

Some properties and L? — L? variant of compactness by compensation

Strong convergence, concentrations and defect measures A variant of H-distributions

Lemma. For a sequence (u,) in L (R%), p € (1, 00), the following are equivalent

loc
o u, — 0inL? (Rd),

loc

e forevery sequence (v,,) satisfing conditions of the existence theorem, (u.,) and (vy,)
form a pure pair and the corresponding H-distribution is zero.

Concentration example: Take p € (1, 00). For u € L2(R?), define a sequence u,,(x) =
n%u(n(x —z)) for some z € R%. A simple change of variables shows that ||uy, ||, (re) =

|u||L»(ray and that it weakly converges to 0 in L” (R%).

The H-distribution corresponding to the whole sequences (u,,) and (|u, [P~2u,,) is given
by 6, X v, where v is a distribution on C*(S¢~1) defined for ¢» € C*(S?~1) by

) = | a0 AT dx

Connection with defect measures: Let (u,,) be a sequence weakly converging to 0 in

LP (R9). Then the sequence (|u,|P) is bounded in LL (R%), so |u,|P — v in D'(RY)
(after passing to a subsequence).
Since all terms of (|u,|P) are non-negative (in terms of distributions), the limit v is a

non-negative distributions, hence (unbounded) Radon measure.

Let p be any H-distribution corresponding to the above chosen subsequence of (u,,) and
(®,(uy,)). Taking v to be equal to one and test functions 1, @2 such that ¢s is equal to
one on the support of ¢, we get the following connection between p and v:

p1|un[Pdx = (v, p1).

(1, o1 K1) = lim
n R

Compactness by compensation result

Introduce the set

Ao = {m e LR () (Y(mic) AN u=0,,).

k=1

where the given equality is understood in the sense of L*(R%; (C4(P))")™.
Let us assume that coefficients of the bilinear form ¢(x, A, 1) = Q(x)A - 1 on C" belong
to space L! (RY),where 1/t +1/p+1/q < 1.

loc

Definition. We say that set Ap, bilinear form ¢ and matrix g = [py,..., .|, K, €
L*(R%; (C%(P))")" satisfy the strong consistency condition if (Vj € {1,...,r}) p; €
Ap, and it holds

(#Q®1,p) >0, ¢ € L*(R%RY),

Theorem. Assume that sequences (u,) and (v,) are bounded in LP(R%;R") and
L4(R%; R"), respectively, and converge toward u and v in the sense of distributions.
Assume that (1) holds and that

q(x;u,,,vy,) = w in D'(RY).

If the set Ap, the bilinear form q, and matrix H -distribution ., corresponding to subsequ-
ences of (u,, — u) and (v,, — v), satisfy the strong consistency condition, then

¢(x;u,v) <w in D'(RY).

We need multiplier operators with symbols defined on a manifold P determined by an
d-tuple a« = (a1, ..., 0q) € Ri where o, € N or o, > d:

P = {€ cR%: zd: €5 |2 = 1},
k=1

In order to associate an L. Fourier multiplier to a function defined on P, we extend it to
R\ {0} by means of the projection 7p.
We need the following variant of H-distributions.

Theorem. Let (u,) be a bounded sequence in LP(R?), p > 1, and let (v,,) be a bo-
unded sequence of uniformly compactly supported functions in LY(R%), 1/q +1/p < 1,
weakly converging to 0 in the sense of distributions. Then, after passing to a subsequence

(not relabelled), for any s € (1, %) there exists a continuous bilinear functional B on

L5 (R%) @ C4(P) such that for every ¢ € L (R%) and ¢y € C%(P), it holds

B(p,¢) = lim

(%)t (x) (Ayp vn ) (x)dx

where A, is the Fourier multiplier operator on R associated to 1) o p.

The bilinear functional B can be continuously extended as a linear functional on

L% (RY; C4(P)). .

Application

Now, let us consider the following non-linear parabolic type equation
L(u) = 0yu — divdiv (g(t, x,u)A(t, x)),
on (0,00) x €, where € is an open subset of R¢. We assume that

u € LP((0,00) x ), g(t,x,u(t,x)) € LI((0,00) x 2), 1< p,q,
A €L ((0,00) x Q)% where 1/p+1/¢+1/s < 1,

loc

and that the matrix A is strictly positive definite, i.e.
A€ -£>0, £ e R\ {0}, (a.e.(t,x) € (0,00) x Q).

Furthermore, assume that g 1s a Caratheodory function and non-decreasing with respect to
the third variable.
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One-scale H-measures

Compactify R¢ \ {0} by adding two spheres (around the origin, ¥, and in the infinity,
Do)

Mo = {0% : &, €841, Yoo 1= {o0%0 : £, € S}
Ko.0o(R%) := R*\ {0} U o U Yo

2

Theorem. If uni u, and €, — 0, then there exist (u,/) and px, = € M(Q x
Ko.00 (R%)) such that (V 1, p2 € C.(2)) (V) € C(Kp,o0(RY)))

Ly P1Un () ® Paun (§)P(en &) d€ = (px, P12 K Y) .

A distribution of order zero py __ we call the 1-scale H-measure with characteristic length

(e,,) corresponding to the (sub)sequence (uy,). .

Conjecture

Conjecture. Let X, Y be C° manifolds and let u be a linear functional on C,™ (X x Y.
Ifu € D'(X xY) and satisfies
(VK € K(X))(VL € K(Y)(3C > 0)(Vp € CR(X))(Vy € C(Y))

[{u, o K )| < Cpl(@)pT (%),

then u can be uniquely extended to a continuous functional on Ct™ (X x Y') (i.e. it can be
considered as an element of D; (X xY)). W

If the conjecture were true, then the H-distribution p from the preceeding theorem belongs
to the space Dy . (RY x S971), i.e. it is a distribution of order 0 in x and of order not more
than k in &.

Indeed, we already have u € D'(R? x S9~1) and the following bound with ¢ := ¢ py:

{1, o W Y)| < Clltbllomsa-1)llellcr, ®me)
where C' does not depend on ¢ and .

Localisation principle

For o € R™, we define J, to be a pseudodifferential operator with a polyhomogeneous
symbol (27i& )<, i.e.
0z, u = ((2mige)“u(§))".

In the sequel, we shall assume that sequences (u,) and (v,.) are uniformly compactly
supported. This assumption can be removed if the orders of derivatives (aq, ..., aq) are
natural numbers.

Lemma. Assume that sequences (u,) and (v,) are bounded in LP(R% R") and
L4(R%; R"), respectively, and converge toward O and v in the sense of distributions.
Furthermore, assume that sequence (u,,) satisfies:

d
G =) Opr(Aru,) — 0in W™ P (QR™), (1)
k=1
where either o, € N,k =1,..., dorax > d, k = 1,...,d, and elements of matrices
AF belong toL® (R%), 5 € (1, ok

Finally, by p denote a matrix H -distribution corresponding to subsequences of (u,,) and
(v,, — v). Then the following relation holds

( zd:(Qwiﬁk)akAk>u = 0.

k=1

Theorem. Assume that sequences

e (u,) and g(-,u,) are such that u,, g(u,) € L?(RT x R%) for every r € N;

e that they are bounded in LP(R* x R%), p € (1,2], and L4(R™ x RY), ¢ > 2,
respectively, where 1/p+ 1/q < 1;

e u, — wu and, for some, f € W=1=2P(R* x R?), the sequence

L(u,) = f. — f strongly in W=1H"%P(R*T x RY).

Under the assumptions given above, it holds

L(u) = f in D'(RT x R%).
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