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Mean field dynamics, a typical example

e n-body quantum Schrédinger equation: W(xy, ..., x,; t) € L2(R")

i@t\U:zn:—AX,.\ll—i—l Y Vi —x)v

_ n

i=1 1<i<j<n
@ Bosons : W(xy, ..., xn) = V(X5(1), .-, Xo(n)) for all permutation o.
@ Bosonic mean-field 1-body dynamics: ¢(x;t) € L2(RY)

i0ep = —Dp + (V * [
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Mean field dynamics, a typical example

o n-body quantum Schrédinger equation: W(xy, ..., x,; t) € L2(R9")

1 1o 1
,Eat\u:EZ—AX,.\UJrﬁ > Vi —x)V,

i=1 1<i<j<n
n
L 2
€= - Hszeg —Ay +¢ E V(xi — xj)
n
i=1 1<i<j<n

@ Bosons : W(xy, ..., Xs) = V(Xg(1); s Xo(m)) for all permutation o.
@ Bosonic mean-field 1-body dynamics: ¢(x; t) € L2(RY)

i0pp = —Dp + (V * o)
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Bosonic Fock space

@ Phase space: Z separable Hilbert space

@ Projection on Z®":
Q > 1 - . -
Sn(e1®...0&,) = o Z §o(1) @ - B E(n)-
T oex,
V' Z = 8,(2%")

@ Bosonic Fock space:

r(2) =@, V"2
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Annihilation and creation operators

Vz,® € Z, e >0, we define the annihilation and creation operators:

a(2)®®" = Ven(z, ®)O=T
¢®n \VE n + 1 Sn+]_ ¢®n) .

Canonical commutation relations (CCR):

[a(z1), 3" ()] = {21, z2)1d ,
[a(21), a(z)] = [a"(z1), a"(22)] = 0 .
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Notations:
C—2Z2
|z) A= Az
linear map
Z—-C

(z| i1z = {2z, zn)

The corresponding quantum Liouville equation for the state
0e(t) = [Wn (1) (Wn (1)l is

ie0r0:(t) = [He, 0:(1)]
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Field and Weyl operators, second quantization

e Vf € Z, field operator:

alg n
o(f) = \%(3*(1‘) + a(f)) ess s.a. on [gp(2) = @\/Z
neN

o Weyl operator: ‘
W(f) = &)

@ Second quantization of A operator on Z:

AT (A)ynaiep(ay = Zm il o AR I1d®"

Number operator:

N VnZ = (W(ld) = nl(l\/nz .
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Field and Weyl operators, second quantization

e Vf € Z, field operator:

alg n
o(f) = \%(3*(1‘) + a(f)) ess s.a. on [gp(2) = @\/Z
neN

o Weyl operator: ‘
W(f) = e™®")

@ Second quantization of A operator on Z:
AT (A)jynaspiay =2 Y _1d¥ T @ A 1d®" .
i=1
Number operator:

Njynz == dl(Id) = enldynz .
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Normal states and Wigner measures

Definition

Let (0:)sce be a family of normal states on I's(Z) with £ C (0, +0),
0ef.

w is a Wigner measure for this family, . € M(o., e € £), if there exists

E C&,0¢€ & such that

VfeZ, lim Tr [QEW(\/ZTIC)} :/ e2imRe (£.2) gy,()
ee&’ e—0 z

Theorem ?

Ammari-Nier Ann. Henri-Poincaré 2008

If (0:)cce satisfies the uniform estimate Tr [p-N°] < C5 < +o0 for some
0 > 0 fixed, M(oc,e € &) is not empty and made of Borel probability
measures (Z separable) such that fz |z|?du(z) < Cs .
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Wick symbols and operators

o Symbol class: Z 3 z — b(z) = (z®9, bz®P)
(be Poa) & (b= L 0t02b(a) € £(v°2,v°2))

@ Wick quantization

bWiCk vz = 1[p_AX)(n)

n‘(n+qu)| P9 o T o 1®(n—
Vit a bl e, | (berseon)
H: _ dr(A) + QWka _ h\/\/ick
with A self-adjoint and the symbol
h(z,z) =(z, Az) + Q(z,2)
@ Mean field equation

ié)tzt — (‘,)}Q(Zt , Et) — AZ[» + (‘,)}Q(Zt. Et)
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Wick symbols and operators

o Symbol class: Z 3 z — b(z) = (z®9, bz®P)
(be Poa) & (b= L 0t02b(a) € £(v°2,v°2))

@ Wick quantization

nl(n+q—p)! s

pWick o Sepa (be150-9) .

vz = Lp4oo) ()

HE — dF(A) + QWick _ hWick
with A self-adjoint and the symbol
h(z,z) = (z, Az) + Q(z,2)
@ Mean field equation

10e2 = 0:Q(2¢ ,Zt) = Az + 0; Q(2¢, Z¢)
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Reduced density matrices

Reduced density matrix:
o eV 2), peN,
unique non-negative trace class operator Q‘(gp) satisfying

Tr [o- (A® 150P))] = Tr [¢) A,

VA € £(\/P 2).
For instance for Hermite states g. = |¢®")(¢®"|

Tr [0e (A® 1207P))] = (¢®" | Ap®P @ ¢ P) = (¢®P | Ap®P)
= Tr [|¢®P)(¢%P|A] .

So o) = [¢®P)(¢®P| .
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Convergence of reduced density matrices

Theorem?
Ammari-Nier JMPA 2011

If the family (oc)ece satisfies M(oe, € € £) = {u} with the
(PI)-condition:

VpeN, Ilim Tr [p-N”] :/ |z|*P du(z);
e€€,e—0 z
then Tr [0-b"ik] converges to [, b(z) du(z) for all polynomial b(z)

and @

i (p) _ P —
cchim Mo — 057 ler =0
o 1257 (257 du(z)

for all p € N, QO = T TePrdn(a)
zZ
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Propagation of the Wigner measures

Theorem?
Ammari-Nier

Assume M(o-, € € (0,£)) = {uo} and the (PI) condition.
Then M(e=eHep.e’eH= e € (0,2)) = {p:}.
The measure pi; = ®(t,0).puo is the push-forward measure of the initial

measure o where ®(t,0) is the hamiltonian flow associated with the
Hartree equation:

{ iattpt = 7A§0t + (V * |90t|2)90ta (1_1)
Pt=0 = P -

Boris Pawilowski



Hamiltonian with compact kernel interaction

Hamiltonian:

r

He = dr(A)+ Y (220, Quz®)Wiek
=2

Q¢ compact bounded symmetric operators on \/KZ , A self-adjoint.

Qz) = ) (2%, Qez®)
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Propagation of the Wigner measure

Under these conditions, we get the following theorem:

Theorem

Let (0:)-(0,z) be a family of trace class operators on I's(Z) such that
36>0,3C; >0,Ve € (0,8), Tr[o-N°]<Cs< o0, (2.1)

and which admits a unique Wigner measure o . The family

(0-(t) = eiHe g e'2He) (o 7y admits for every t € R a unique Wigner
measure i, , which is the push-forward ®(t,0).uo of the initial measure
Lo by the flow associated with

(2.2)

Zi—0 — Z0-

{ i@tzt = AZt + aEQ(Zt)7
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Rate of convergence

Theorem

Let (a(n))nen+ be a sequence of positive numbers with lim a(n) = oo,
@ < C. 0. € LY(V" Z) and o) € LY(\/® Z). If there exists
Co > 0,and v > 1 such that for all n,p € N* with n > ~p

() _ (P @
| - )], < sy

Then for any T > 0 there exists Ct > 0 such that for all t € [T, T]
and all n,p € N* with n > ~p,

CcP
aln)

o(e) - o (1) < Cr
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@ <C. 0. € LY(V"Z) and ggp) € LY(\/P Z). If there exists
Co > 0,and v > 1 such that for all n,p € N* with n > ~p

A ek
Then for any T > 0 there exists Ct > 0 such that for all t € [~ T, T]
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CcP
afn)
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Rate of convergence

Theorem

Let (a(n))nen+ be a sequence of positive numbers with lim a(n) = oo,
@ <C. 0. € LY(V"Z) and ggp) € LY(\/P Z). If there exists

Co > 0,and v > 1 such that for all n,p € N* with n > ~p

T ey

Then for any T > 0 there exists Ct > 0 such that for all t € [~ T, T]
and all n,p € N* with n > vp,

CcP
afn)

can bedoneatt =0

(1) - ()|, < Cr

Typical case: a(n) = n..but e.g. a(n) = nt/?
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Mean field expansion

Idea of the proof:
el tHe pWick g—itHe _ D(t)WiCk + R(e),

with R(g) — 0 when & — 0 and D(t)" is an infinite sum of Wick
operators .

The strategy: an iterated integral formula the Dyson-Schwinger
expansion (elaborated in the works by Frolich,Graffi,Schwarz,Knowles and
Pizzo) is used with the Wick calculus to expand commutators of Wick
operators according to €.
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Numerical discrete model of the bosonic mean field -
Framework

Z = CK. Discrete Laplacian operator: Ax
Vz e (CK Vi e Z/KZ, (AKZ),' =Ziy1+2Z_1.
Hamiltonian: H. =dlN(—Ax)+ V.

Zx = T7/KZ

cv::(041,~~,OzK)GNK7 o] ==a1+ - +ak, al:=ag!ak!.
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Orthogonal basis of the N-fold sector

(e1,--- ,ex): orthonormal basis of CX.
Orthonormal basis of \/N Z labelled by the multi-indices « such that
la] = N:
a*(e)* Q) = 1
Velelal " 7 Velalal

|) =(1,0,0,0,...): vacuum of the Fock space.
Then the dimension of \/N Zis

a"(e))™ -+ a"(ex)™ Q)

t{a e N]ja| = N} = Cfx_,
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Discrete Hartree equation

Energy of the Hamiltonian:

_ 1
H(z,2) = (z, - Akz) + 5 Z Vij|zi|2|2j|2
1)

)

Hartree equation Vk € Z:
i0rz = OzH = —(Dk2)k + Y Vigzilzi?

J
= —(Bk2)i+ (V*|zP)ze if V= V(i—)).
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Wick operator finite dimensional

In finite dimensional framework

)" oy, ()’
la ) \/EW\B!Q|

bk = 2*(e)a(e)’, b(z) = 2°2°, and b= | 2L
Vela

Quantum reduced density matrices ") € £1(\/? Z) (trace class
operators) defined by
the linear form on £>°(\/” Z) (compact operators)

- Tr [erWiCk] B i
7 T [Py 2]

by using (£=(V* 2)) = LY(V" 2)
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Propagation of Wigner measures

* N
Wigner measure associated with a Hermite state %\Q}
53 = L [ 50,d .

0
Wigner measures of states 0. € L1(\/" Z)
gauge invariant probability measures g =" >, tkéf:” ,
" Zz'l:l tk” — 1
After mean field propagation

Tr(p. (£)bWick) _>€H0/ b(z)du+(z)
m 1 27r

z,(t): solution to the Hartree equation.
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Convergence of reduced density matrices

For any p € N, the following quantity is numerically evaluated:

‘ Iz \Z®”><Z®”Iduf(2)‘

(p)
0t
®) [z 121?Pdpuo(2)
the matrix element of

b

L1

[z 129P)(z%P|dpue(2)

(P)(+) —
0P (t) fz 22Pd o (z)

P (D0 (erale)) Tl b (0"
VPNV —1)...(N—p+1) > tlzpe )
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Composition method

Numerical computation of e~z W, on VM Z for N e N — {0}.
Computation of e /=MW, by a composition method based on the Strang
splitting method:

Ly _—jLtH, L V)P

it . it it
e e = lim (e7'7p e 'S e %
p—00

Order 4 composition method:

e*llHa
; 2t a3 apt Lagt apt
= |lim (e Zzpve - Ho _IZEPVe IZEPVe—/E—pHo —izzpV
p—00
jait cagt
—iz=V Ho —is=V\P
e 2ep e e 2ep ) ,
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Coefficients

The coefficients of the method are satisfying the both equations:
al + ar —+ az = 1
at+at+ai=0

and are given by?:

1 21/3

S R A e

1Hairer,E.,Lubich,C.,Wanner,G. Geometric numerical integration. Structure
preserving algorithms for ordinary differential equations, Springer-Verlag 2002
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Complexity

Dimension of \/*° Z when K = 10: 10015005 ~ 107.

Sparse matrix of dI'(—Ag) on the basis of the bosons space containing
only 2KC,(§Q372 elements.

A full matrix contains (Cfi;x_;)? elements.

Computation of e~/ dT(=2k) at each time step by an order 4 Taylor
expansion.

This expansion is replaced in the composition method.
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Error estimate in the approximation of the composition

method

Proposition

Let A and B be two anti-adjoint matrices and J an integer such that
3la 3|a;
2o = allAl + A21B]) <6 and J = & (lay — a2l A] + 231 B).
en

L(A+B )| J
|e* By — (D sy a:g)

e 3a, > 3 At?
< (2(5)5 (o - o)l - 2215 +4||A|5> 2 ),

with

\TJA,B = e# 7'L(ea1A)e¥ e# ?L(eazA)e#e# 7~_L(ealA)e¥ .
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Constant independent on ¢

e
[TL(eA)u]

to preserve the norm.
TL(e*): order 4 Taylor expansion of e”.

TL(eMu TL(e™)u if | TL(e®)u| # O
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Constant independent on ¢

7 uf Ay
TL(eMu= H7TL(e Yu if | TL(e*)ul| # 0
I TL(eA)u]|
to preserve the norm.
TL(e?): order 4 Taylor expansion of e”.

Application: A= —idl'(-Ak) B = —iV with

|dF(=Ak)|| + || = iV|| < C independent of £ = ;.

Constant in the error estimate independent of € or N

— Rule to adapt the time-step according to e: At = O(£%/*)
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Examples of states

Twin states:
Yy = T (Y)"a (%) N

Ve M= 2= g

W(q states:
Uy = MK}% n = N — g and n, = g fixed.

emtm2pyln,!

With 9, = %(el +ie3) and ¢ = e.
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Order of convergence of reduced density matrices

LrJ_q[fm_zL:l( ||" w(E) — ALY [f}” l} according to Log(N) . N € [2.20] . K =10, p=1
£lo
——  LOG ERROR IN TRACE NORM
SLOFE: -0.08556953001 18793560136
Ermor=0.135 -

0.082 —

a
[
L

0.020—

0018

0011

Erro=0.006
os

Log(N)

Figure: Order of convergence of reduced density matrices for mixed states.
Numerical slope : —0,9855. Log(max;e[o,1] [6D(2) — g[()l)(t)\h)
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Time-evolved densities of particles

Time evolved densities of particles on each sites &, given N and mean field
density of particles at =0 for p=1 and mean fizld
density of particles att=1 for p=1 on each sites and N=20
——  density of particles att=1 for p=1 and mean fizld

107

09—

0.8:
o7
06—
0.5

0.4

CER

0.2

0.1
00 —+——

LR

Figure: Time-evolved densities of particles for K = 10, p = 1,N = 20 and mean
field limit for mixed states. o (k, k) , o{" (k, k)
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Correlations for twin states

Figure: Correlations for K = 10, N = 20 and mean field limit for mixed states.
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Orders of convergence for Wq states

Log(manx H~"‘cu— :'“'m” ) according to Lag(N) . N € [2,20], K= 4,6, 7 and 10, p=1

ERROR=1822 J—

1401

1221

]

EECE

os70

EER

0440

EES

0301

024 -

ERROR-0.201

06 07 08 03 1 11 12 13 14 18 18 17 18 18 2 214 22 23 24 25 20 27 28 28 3
Log(N)

Figure: Orders for K = 4,6,7,10, N = 20, p = 1. Numerical slopes:
K =10: —0.98431, K =7: —0.98447, K = 6: —0.98442, K = 4: —0.98515
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Error estimate in trace norm |

Estimate the error trace norm at t = 0. We have:

at ()N At (v)? NI - i
Y= eN(N —2)!12! 2= m&v( ¥ ® P$?)

2
_\/Elzj:wl®...®\¢.’2/®...®\¢.,2/®¢1...¢1,

! J

Consider A € £L(Z) defined by Ay = 1)1, Ahy = —1) and
Afps s = 0, we have [ Al = 1.
Ar(A)Vy = e(1x (N —2) + 2 (~1))¥y = "Wy,
Hence

Tr (7§1) ) = Tr (Qsdr(A).) _ (W, dT(A)Wp) _ N—4 '
Tr (QE(|Z|2)W’Ck) N N
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Error estimate in trace norm Il

Tr (1§D A) = Tr (A /Z 12)(2]dd3,) = Tr (Alvs) (¥n]) = (1, Ar) =1
Therefore

7 APl > [T (0 — A =1 - =% = &

So at the initial time, for N = 20, the error is greater than 0.2.
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Correlations for Wq states

Figure: Mean field(white) and 20-body quantum(blue) correlations for Wq
statesat t =1
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