Kresimir Burazin

J. J. STROSSMAYER UNIVERSITY OF OSIJEK
DEPARTMENT OF MATHEMATICS

Trg Ljudevita Gaja 6

31000 Osijek, Hrvatska
http://www.mathos.unios.hr

kburazin@mathos.hr

Joint work with Jelena Jankov, Marko Vrdoljak

[INTERNATIONAL WORKSHOP ON PDEs:  WeconliAep
ANALYSIS AND MODELLING, ZAGREB] June, 2018




General theory of homogenization
Corrector  result
Small-amplitude homogenization
Composite plates

The physical idea of homogenization is to average a heterogeneous media
in order to derive effective properties. J
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The physical idea of homogenization is to average a heterogeneous media
in order to derive effective properties. J

Sequence of similar problems

{Anun:f in €

initial/boundary condition .

Identify topologies (and limits) s.t.
Uy — U, Apuy, — Au.
Then the limit (effective) problem is

{Au:f in

initial/boundary condition . ..
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Kirchhoff-Love plate equation

Homogeneous Dirichlet boundary value problem:

divdiv(MVVu) = f in
u € HZ ().
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Kirchhoff-Love plate equation

Homogeneous Dirichlet boundary value problem:

{ divdiv(MVVu) = f in
u € H3(Q).

Q C R? pounded domain (d = 2 ...plate)

f € H %(Q) external load

u € H3(Q) vertical displacement of the plate

M € Mo (a, B;Q) := {N € L>®(Q; L(Sym, Sym)) : (VS €
Sym)N(x)S:S > aS:SandN~}(x)S: S > %S :Sa.e. x}
describes properties of material of the given plate
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H-convergence

Definition

A sequence of tensor functions (M) in 92 (cv, 3; 1) H-converges to
M € My (o, 35 Q) if for any f € H2(Q) the sequence of solutions
(uy,) of problems

divdiv(M"VVu,) =f in Q
uy, € H2(Q)

coverges weakly to a limit u in HZ(£2), while the sequence (M"V Vu,,)

converges to MV Vu weakly in the space L?(£2; Sym).
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H-convergence

Definition
A sequence of tensor functions (M™) in 9t (cv, 3; 1) H-converges to

M € My (o, 35 Q) if for any f € H2(Q) the sequence of solutions
(uy,) of problems

divdiv(M"VVu,) =f in Q
uy, € H2(Q)

coverges weakly to a limit u in HZ(£2), while the sequence (M"V Vu,,)

converges to MV Vu weakly in the space L?(£2; Sym).

Theorem (Compactness of H-topology)

Let (M™) be a sequence in My (cv, B;§2). Then there is a subsequence
(M™) and a tensor function M € M (v, B; §2) such that (M™+)
H-converges to M.
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Compactness

Antoni¢, Balenovié, 1999.
Zikov, Kozlov, Oleinik, Ngoan, 1979.
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Compactness
Antoni¢, Balenovié, 1999.
Zikov, Kozlov, Oleinik, Ngoan, 1979.

Theorem (Compactness by compensation)

Let the following convergences be valid:

w" — w™® in HZ_(Q),

D" — D% in L2 (Q;Sym),

with an additional assumption that the sequence (div div D™) is contained
in a precompact (for the strong topology) set of the space H;ﬁ (Q). Then
we have

VVu" : D"—=VVuw™ : D*

in the space of Radon measures.

Kresimir Burazin Homogenization of Kirchhoff-Love plate equation and composite plates



General theory of homogenization
Corrector  result
Small-amplitude homogenization
Composite plates

Outline

e Properties of the H-convergence: locality, irrelevance of boundary
conditions, energy convergence, ordering property, metrizability
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Outline

e Properties of the H-convergence: locality, irrelevance of boundary
conditions, energy convergence, ordering property, metrizability

e Corrector results
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Outline

e Properties of the H-convergence: locality, irrelevance of boundary
conditions, energy convergence, ordering property, metrizability

e Corrector results

e Small-amplitude homogenization, smooth dependence of H-limit on a
parameter, H-limit of periodic sequence
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Outline

e Properties of the H-convergence: locality, irrelevance of boundary
conditions, energy convergence, ordering property, metrizability

e Corrector results

Small-amplitude homogenization, smooth dependence of H-limit on a
parameter, H-limit of periodic sequence

Composite plates: G-closure problem, density of periodic mixtures,
laminated materials, Hashin-Shtrikman bounds
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Locality and irrelevance of boundary conditions

Theorem (Locality of the H-convergence)

Let (M™) and (O™) be two sequences of tensors in 9Ma (v, B; 2), which
H-converge to M and O, respectively. Let w be an open subset compactly
embedded in §. IfM"(x) = 0"(x) inw, then M(x) = O(x) inw.
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Locality and irrelevance of boundary conditions

Theorem (Locality of the H-convergence)

Let (M™) and (O™) be two sequences of tensors in 9Ma (v, B; 2), which
H-converge to M and O, respectively. Let w be an open subset compactly
embedded in §. IfM"(x) = 0"(x) inw, then M(x) = O(x) inw.

Theorem (Irrelevance of boundary conditions)

Let (M™) be a sequence of tensors in My (cx, 5; 1) that H-converges to
M. For any sequence (z,) such that

zn, —z inHZ_(Q)

divdiv(M"VVz,) = f, — f in H_%(Q),

loc

the weak convergence M"VV z,, — MV Vz in L2 (£2; Sym) holds.

loc
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Energy convergence

Theorem (Energy convergence)

Let (M™) be a sequence of tensors in M (v, 5; 1) that H-converges to
M. Forany f € H~2((2), the sequence (u,,) of solutions of

divdiv(M"VVu,) = f in Q
u, € HZ(Q).

satisfies M"VVu,, : VVu, — MVVu : VVu weakly-x in the space of
Radon measures and
M”VVun VVu, dx — / MV Vu : VVudx, where u is the

so/ut/on of the homogenized equation

divdiv(MVVu) = f in
u € HZ(Q).
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Ordering property

Theorem (Ordering property)

Let (M™) and (O™) be two sequences of tensors in Ma (v, 3; ) that
H-converge to the homogenized tensors M and O, respectively. Assume
that, for any n,

M'E: <07 € V€ e Sym.

Then the homogenized limits are also ordered:

ME:E<0O£: € VE e Sym.
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Ordering property

Theorem (Ordering property)

Let (M™) and (O™) be two sequences of tensors in Ma (v, 3; ) that
H-converge to the homogenized tensors M and O, respectively. Assume
that, for any n,

M'E: <07 € V€ e Sym.

Then the homogenized limits are also ordered:

ME:E<O£: € VE e Sym.

Theorem

Let (M™) be a sequence of tensors in My (v, 3; §2) that either converges
strongly to a limit tensor M in L' (Q; £(Sym, Sym)), or converges to M
almost everywhere in Q). Then, M" also H-converges to M.
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Theorem (Metrizability of H-topology)
Let F = {f, :n € N} be a dense countable family in H2(2), M and O

tensors in Mo (v, B; V), and (uy,), (vy,) sequences of solutions to

divdiv(MVVu,) = fn
{ un € H3(Q)

and
divdiv (OVVu,) = f,
vp, € H3(Q) ’

respectively. Then,

_ i o—n [len — vn||L2(Q) + IMVVu,, — ovvvn”H*I(Q;Sym)
1 fnll-2(0)

is a metric function on Mz (v, 5; 1) and H-convergence is equivalent to the
convergence with respect to d.
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Definition of correctors

Definition
Let (M™) be a sequence of tensors in Ma (v, 5; Q) that H-converges to a
limit M. Let (w,7 )1<i j<d be a family of test functions satisfying

|
wy — 5 %ij in H%(Q)

M'VVw? — . in LE_(€;Sym)
divdiv (M"VVw?) — - in H; %(Q).

loc

The sequence of tensors W™ defined with W, | = [VVwk™],; is called
a sequence of correctors.
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Uniqueness of correctors

Theorem

Let (M™) be a sequence of tensors in Ma(«, 3;§2) that H-converges to a
tensor M. A sequence of correctors (W") is unique in the sense that, if
there exist two sequences of correctors (W™) and (W), their difference
(W™ — W) converges strongly to zero in L? _(; £(Sym, Sym)).

loc
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Corrector result

Theorem

Let (M™) be a sequence of tensors in Ma(«, 3; 1) which H-converges to
M. For f € H—2(), let (u,,) be the solution of

divdiv(M"VVu,) = f in
Up, € Hg(Q) )

and let u be the weak limit of (u,,) in H3 (), i.e., the solution of the
homogenized equation

divdiv(MVVu) = f in
u€ H3 Q).

Then, 1y, := VVu, — W*VVu — 0 strongly in Li- (Q; Sym).

loc
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Composite plates

Small-amplitude homogenization

M, (x) := Ag +pB"(x), p € R
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Corrector  result
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Composite plates

Small-amplitude homogenization

M, (x) := Ag +pB"(x), p € R

M, := Ag + pBy + p%Co + 0(p2), peR
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Composite plates

Small-amplitude homogenization

M, (x) := Ag +pB"(x), p € R

M, := Ag + pBy + p%Co + 0(p2), peR

If p — ML is a C* mapping (for any n € N) from some subset of R to
L*>(§2; L(Sym, Sym)), what can we say about p — M,,?
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Smoothness with respect to a parameter
Theorem

LetM™ : Q2 x P — L(Sym, Sym) be a sequence of tensors, such that
M (-, p) € Ma(av, B;R2), forp € P, where P C R is an open set.
Assume that (for some k € No) a mapping p — M"(-, p) is of class C*
from P to L>°(Q2; L(Sym, Sym)), with derivatives (up to order k) being
equicontinuous on every compact set K C P:

(VK € K(P)) (Ve > 0)(35 > 0)(Vp, ¢ € K)(Vn € N)(Vi < k)
Ip—ql < &= [[(M)D(p)— (Mn)(i)(’aq)HL‘X’(Q;E(Sym,Sym)) <e.
Then there is a subsequence (M™) such that for every p € P

M"’“(-,p)LM(‘up) in Ma(a, B;)

andp — M(-,p) is a C* mapping from P to L>°(Q; £(Sym, Sym)).
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Periodic case

o Y =[0,1]9, M€ LE(Y; L(Sym, Sym)) N Ma(a, B;Y)
M"(x) := M(nx),x € Q C R (open and bounded)

Hi(Y) = {f € H2_(RY)such that f is Y — periodic} with
the norm || - || r2(v

HZ(Y)/R equipped with the norm [|[ V'V - || 12y

E;;,1 <1,5 < dare M;yq matrices defined as

1, fi=73=k=1
[Eij]kl = %a if 2 7é j7 (k7l) € {(27])7 (]a Z)}
0, otherwise.

)
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H-limit of a periodic sequence

Theorem

Let (M™) be a sequence of tensors defined by M" (x) := M(nx), z € €.
Then (M™) H-converges to a constant tensor M* € Mo (v, B; Q) defined
as

mltlij = /;/ M(X) (Eij + VVw;; (%)) : (BEg + VVwi(x)) dx,

where (w;j)1<i j<d s the family of unique solutions in H i (Y)/R of
boundary value problems

divdiv (M(X)(Eij + vaw(x))) =0inY
x — wi;(x) is'Y -periodic.
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Small-amplitude assumptions

Theorem

Let Ay € L(Sym;Sym) be a constant coercive tensor, P C R an open
set, B"(x) := B(nx), x € Q, where O C R is a bounded, open set,

and B is a Y-periodic, L°° tensor function, satisfying / B(x) dx = 0.
Y

Then
M; (x) := Ag + pB"(x), x€Q

H-converges (for any p € P) to a tensor
M, := Ag + pBo + p°Co + o(p®)

with coefficients By = 0 and
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Small-amplitude limit

CoEmmn : Eps = (2m1)* )~ a™Bi(k ® k) : Ept
keJ
+@2ri) ) " ap"a Aok 9 k) k@ k +
keJ
+(2m1)* > a5 BiEmn k@ K.
keJ
where m,n,r,s € {1,2,--- ,d}, J := Z%/{0}, and

ByE, .k -k
2riA (koK) : (koK)

ay" = —

and By, k € J, are Fourier coefficients of function B.

Kresimir Burazin Homogenization of Kirchhoff-Love plate equation and composite plates

keJ, mmne{l,2---




General theory of homogenization
Corrector  result
Small-amplitude homogenization
Composite plates
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Let A and B be two constant tensors in 9ta (v, 3; ).
We are interested in a material that is their mixture on a fine scale, i.e. in
the H-limit of a sequence

M"(x) = xn(x)A + (1 — xn(x))B.

Here, every ., is a characteristic functions of a subset of €2 that is filled
with A material.
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Two-phase composite

Let A and B be two constant tensors in 9ta (v, 3; ).
We are interested in a material that is their mixture on a fine scale, i.e. in
the H-limit of a sequence

M"(x) = xn(x)A + (1 — xn(x))B.

Here, every ., is a characteristic functions of a subset of €2 that is filled
with A material.

Definition

If a sequence of characteristic functions x,, € L>°(€2;{0,1}) and above
tensors M™ satisfy x,, — 6 weakly  in L>°(£2; [0, 1])and M™
H-converges to M, then it is said that M is homogenised tensor of

two-phase composite material with proportions 6 of the first material and
microstructure defined by the sequence (xy,).
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More general composites

Fill @ € R with m constant materials My, My, ..., M,,, € 9 (av, 3; Q):

sz ()M; Ry, (x), (@.1)

where R,, € L=°(Q; SO(R?)), x™ € L>(2; T) is a sequence of
characteristic functions and 7' = {¢ € {0, 1} : >°7" | ¥; = 1}.
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More general composites

Fill @ C R with m constant materials My, M, . .., M,,, € Ms(a, B; Q):

sz ()M; Ry, (x), (@.1)

where R,, € L=°(Q; SO(R?)), x™ € L>(2; T) is a sequence of
characteristic functions and 7' = {9 € {0, 1} : Y"1 | 9; = 1}. If

X" ——0 in L=(Q,R™),
M LM in Ma(a, 5; )

then we say that M is a homogenized tensor of a m-phase composite. ..
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More general composites

Fill @ C R with m constant materials My, M, . .., M,,, € Ms(a, B; Q):

sz X)M; Ry (x), (4.1)
where R,, € L=°(Q; SO(R?)), x™ € L>(2; T) is a sequence of
characteristic functions and 7' = {9 € {0, 1} : Y"1 | 9; = 1}. If

X" ——0 in L=(Q,R™),
M LM in Ma(a, 5; )

then we say that M is a homogenized tensor of a m-phase composite. ..
By Gy we denote all M € 9t (cv, 3; €2) obtained in such way (for fixed
6 € L>°(:;T))
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G-closure problem

For@ € T := ClconvT = {9 € [0,1]™ : S0 =1}
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G-closure problem

For@ € T := Clconvl = {9 € [0,1]™ : Y7, ¥; = 1}, let
Go = (Me L(Sym): (3(x") & (Ra)) x"—0 in L™(%R™) &

sz X)M; R () ——M in My (v, 3; Q) }.
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G-closure problem

For@ € T := Clconvl = {9 € [0,1]™ : Y7, ¥; = 1}, let
Go = (Me L(Sym): (3(x") & (Ra)) x"—0 in L™(%R™) &

sz X)M; R () ——M in My (v, 3; Q) }.

Theorem
For® € L>(Q,T) it holds

Go = {M € L(Sym) : M(z) € Gg(x), ae x € Q}. (4.2)
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Density of periodic mixtures

Let M(z) := > xi(x) RT (x)M; R(x), for x € L=®(Y; T),
R € L>®(Y; SO(R?)), and let us extend these functions periodically to
R4
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Density of periodic mixtures

Let M(z) := > xi(x) RT (x)M; R(x), for x € L=®(Y; T),

R € L>®(Y; SO(R?)), and let us extend these functions periodically to
RY. Take X (%) := x(nx), Ry (x) := R(nx) and M,,(x) = M(nx),
so that

Xn—*\O::/ X dx
Y
Rné/ Rdx

Y
M, — L m*

For fixed @ € T, all H-limits M* obtained in this way we denote by Py.
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Density of periodic mixtures

Let M(z) := > xi(x) RT (x)M; R(x), for x € L=®(Y; T),

R € L>®(Y; SO(R?)), and let us extend these functions periodically to
RY. Take X (%) := x(nx), Ry (x) := R(nx) and M,,(x) = M(nx),
so that

Xn— 0 ::/ X dx
Y

R,—— / Rdx
Y
M, — L m*
For fixed @ € T, all H-limits M* obtained in this way we denote by Py.

Theorem
Forevery @ € T it holds Gg = ClPy.
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Two-phase simple laminates

Lemma

Let A and B be two constant tensors in Mz (v, 5;2) and xn(x1) be a
sequence of characteristic functions that converges to 6(x1) in

L>°(€; [0, 1]) weakly-+. Then, a sequence (M™) of tensors in

M (v, B;§2), defined as

M (1) = Xn(21)A+ (1 = Xn(21))B
H-converges to

M* =0A+ (1—0)B

B 9(1 —0)(A—B)(e1 ®e1)®(A—B)T(e1®e1)
(1 — 9)A(e1 ® e1) : (61 X e1) + 93(61 X e1) : (e1 ® el)’

which also depends only on x .
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Two-phase simple laminates cont.

Corollary

If we take some other unit vectore € R for lamination direction, and let
O(x - e) be the weak limit of the sequence ., (x - €), then the
corrsponding H-limit is

M* = 0A + (1 —0)B
9(1 - 0)(A—B)(e®e)® (A—B) (e®e)
(1-0)A(e®e): (e®e)+0Bexe): (e®e)
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Two-phase simple laminates cont.

Corollary

If we take some other unit vectore € R for lamination direction, and let
O(x - e) be the weak limit of the sequence ., (x - €), then the
corrsponding H-limit is

M* = 0A + (1 —0)B
9(1 - 0)(A—B)(e®e)® (A—B) (e®e)
(1-0)A(e®e): (e®e)+0Bexe): (e®e)

Corollary
If (A — B) is invertible, then the above formula is equivalent to

1-6

H(M* N B)—l — (A— B)_l + B(e®e) . (e®e)

(e®e)® (e®e).
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Sequential laminates

rank-1 (sim.) laminate A}: mix A, B; proportions 61, 1 — 61; direction e;.
rank-2 sequential lam. A;: mix A}, B; proportions 65, 1 — ; direction es.

rank-p seq. lam. A;;: mix A;A: B; proportions 6,,, 1 — 6,,; direction €p.
A - core phase, B - matrix phase
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Sequential laminates

rank-1 (sim.) laminate A}: mix A, B; proportions 61, 1 — 61; direction e;.
rank-2 sequential lam. A;: mix A}, B; proportions 65, 1 — ; direction es.

rank-p seq. lam. A* mix A _1, B; proportions 6,,, 1 — 0,,; direction e,,.
A - core phase, B - matrlx phase

Theorem
Let®; € [0,1] and lete; € R? be unit vectors, 1 < i < p. Then

([T, -8 =(A-B)"
j=1

i—

: ez®ez) @ (ei®ei)
+Z( Jl_[19> Ble, ®e;): (e, ®e;)
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Hashin-Shtrikman bounds

Theorem

For any & € Sym, the effective energy of a composite material A* € Gy
satisfies the following bounds:

AE:E>AL: €+ (1—0) max 26 :m— (B—A)"'n:n—0g(n)),
nESym
where g(n) is defined by

o) = sup AKEE) A
kezd7k¢0 A(k@k)(k@k)

and
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Hashin-Shtrikman bounds cont.

Theorem

A€ <BE:E+0 min 260+ (B—A) 'n:n—(1-0)h(n),
nESym

where h(n) is defined by

o lkek) P
M) =l BkeK): koK)

Moreover, these bounde are optimal, and optimality is achieved by a
finite-rank sequential laminate.
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Now what?

Small-amplitude homogenization - non-periodic case

Explicit Hashin-Shtrikman bounds (2D, isotropic case, first correction
in small-amplitude regime)

e G-closure problem

Optimal design of plates

Kresimir Burazin Homogenization of Kirchhoff-Love plate equation and composite plates



General theory of homogenization
Corrector  result
Small-amplitude homogenization
Composite plates

Now what?

Small-amplitude homogenization - non-periodic case

Explicit Hashin-Shtrikman bounds (2D, isotropic case, first correction
in small-amplitude regime)

e G-closure problem

Optimal design of plates

Kresimir Burazin Homogenization of Kirchhoff-Love plate equation and composite plates



	General theory of homogenization     
	Corrector result     
	Small-amplitude homogenization    
	Composite plates     

