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Mathematical objects introduced by:
o Luc Tartar, motivated by intended applications in homogenisation (H), and

o Patrick Gérard, whose motivation were certain problems in kinetic theory
(and who called these objects microlocal defect measures).

Start from u, — 0 in L%(R%), ¢ € C.(R%), and take the Fourier transform:

Fne) = [ e ) ()

As @u,, is supported on a fixed compact set K, so |gu,(€)] < C.
Furthermore, u, — 0, and from the definition gu,,(£) — 0 pointwise.

By the Lebesgue dominated convergence theorem on bounded sets, we get
@u, — 0 strong, i.e. strongly in L2 _(R).

On the other hand, by the Plancherel theorem: ||¢tn |2 g4y = [|9unllp2gra)-

If pun /£ 0in L2(R?), then @u,, 2 0; some information must go to infinity.

How does it go to infinity in various directions? Take 1 € C(S¢~!), and
consider:

im [ w(e/leDIFm g = [ v(@v(©).

The limit is a linear functional in v, thus an integral over the sphere of some
nonegativne Radon measure (a bounded sequence of Radon measures has an
accumulation point), which depends on . How does it depent on ¢?
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Take a sequence u,, — 0 in L*>(R?), and integrate |pu,|* along
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In R? we have a compact curve (a surface in higher dimensions):

Io

St (rg) =4+ =1 Pl (8= (¢/2° + V(€2 + 2 =1

and projection R2Z = R? \ {0} onto the curve (surface):

7 ¢ (T §
p(T,g) T (m’ m) 71'(7',{) o <m7 m>
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H-measures: Analytic picture

Multiplication by b € L>°(R?), a bounded operator M; on L?*(R?):

(Myu)(x) := b(x)u(x) |, norm equal to [[b]},o (ga2)-
Fourier multiplier A, for a € L™= (R?): Auu = aii.

The norm is again equal to |||y« g2)-

Delicate part: a is given only on S* or P*.
We extend it by the projections, p or 7: if ais a function defined on a
compact surface, we take a := cwopora:=a«aom, i.e.

o T § = . :
9=y ) w8 =g o)

The precise scaling is contained in the projections, not the surface.

Now we can state the main theorem, where we use the notation

Veui= Zviﬁi , (v®u)a:=(a-u)v,while (fXNg)(x,£&):=f(x)g(&).



Existence of H-measures
Theorem. If u, — 0in L2(R%; C"), then there exists a subsequence and a
complex matrix Radon measure p on
R’ x 8%}
such that for any ¢1, p2 € Co(R?) and
P eC(s™h)

one has

lim [ @1 @ Gaun(Yop )d€ = (b, (p1002) Ke))
n R

- / o1 () B2 (x)(€) da(x, &)

Rdxgd—1
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Existence of H-measures

Theorem. If u, — 0 in L2(R%; C"), then there exists a subsequence and a
complex matrix Radon measure g on

Rd % Sd*l Rd % Pd71
such that for any o1, @2 € Co(R?) and
¢ ecs™h ¥ e C(PTT)

one has
ti [ it @ G (60 1) d€ = (u, (192) B0)
n R

— / o1 (P2 B(E) di(x,8) = / o1 ()2 () (&) dia(x, &)

R xsd—1 Rdxpd—1

Taking sequences in L (€2; C"), one gets unbounded Radon measures
(i.e. distributions of order zero) as H-measures.
It holds: u, — 0 in LZ_(R% C") if and only if u = 0.



Existence of H-measures
Theorem. If u, — 0in L2(R%; C"), then there exists a subsequence and a
complex matrix Radon measure p on
R’ x 8%} R’ x P!
such that for any ¢1, p2 € Co(R?) and
P eC(s™h) ¥ e C(Ph)

one has
lim 5 D1y @ Paty (Yo m)dé = (p, (p1P2) K)
~ [ a0am@i@daxe = [ pxem0u©daxe) .

Rd xgd—1 Rd xpd—1

There are some other variants (E. Ju. Panov, D. Mitrovi¢ & I. lvec, M. Erceg &
. lvec, ...).



Important lemma

Lemma. (first commutation — Luc Tartar) Ifb e Co(RY) and
a € L°°(RY) satisfy the condition

(Vp,e eRT)AM € RT) a(§) —a(n)| <e (ae. (&m) € Y(M,p)),
then C := [Aq, My is a compact operator on L*(R*).
For given M, p € R denote the set

Y =Y(M,p)={(&n) e R*: |&],In| > M & |€ —n| < p} .
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Important lemma

Lemma. (first commutation — Luc Tartar) Ifb e Co(RY) and
a € L°°(RY) satisfy the condition

(Vpe € RNEM € RY) Jal€) - a(m)| <& (ae. (&,m) € Y(M,p))
then C := [Aq, My is a compact operator on L*(R*). .
For given M, p € R denote the set

Y =Y (M,p) = {(&,m) € R : €], | > M & |€ | < p} .

In both cases discussed above, this lemma can also be proven directly, based on
elementary inequalities.

Similar results were obtained and used earlier in the theory of pseudodifferential
operators.
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Localisation principle for classical H-measures

d
D oo(Afun) in=fa, A" € G(R M)
k=1

Assume:

L? .
u,— 0, and defines p
-1l
f,—2% 0.

Theorem. (localisation principle) If u,, satisfies:
d

Zak (Akun) —0 in H!(R";C"),
k=1

then for p(x, &) := °¢_, &xA¥(x) on Q x S9! one has:

p(x,&u’ =0.



Localisation principle for classical H-measures

Assume:

d
> Ok(Arun) B =f
k=1

L? .
u,— 0, and defines p
—1

Hloc
fr—=0.

Theorem. (localisation principle) If u,, satisfies:

d
> 0k (Afun) —0 in H.'(R%:C"),
k=1

then for p(x, &) := °¢_, &xA¥(x) on Q x S9! one has:

Thus, if I = 7, the support of H-measure p is contaned in the set
{(x,6) € @ x S ! : det p(x,£) = 0} of points where p is a singular matrix.

The localisation principle is behind most of the known applications (e.g. to the
small-amplitude homogenisation). It contains a generalisation of compactness

p(x,&p' =0.

by compensation to variable coefficients.

A" e C(RY M)



Localisation principle for parabolic H-measures
In the parabolic case the details become more involved.

Anisotropic Sobolev spaces (s € R;; kp(7,€) := /1 + (277)2 + (27[€])%)

HE (R = {u €8 ke L2(R1+d)} .



Localisation principle for parabolic H-measures
In the parabolic case the details become more involved.

Anisotropic Sobolev spaces (s € R;; kp(7,€) := /1 + (277)2 + (27[€])%)

HE (R = {u €8 ke L2(R1+d)} .

Theorem. (localisation principle) Let u, — 0 in L*(R'*%; C"), uniformly
compactly supported in ¢, satisfy (s € N)

Vo, (A u,) + Z O (A%u,) — 0 strongly in  H,_ 2 (R

loc
la|=s

where A% A® € C,p (R4, M, 4.(C)), for some [ € N, while v/, is a
pseudodifferential operator with symbol v/2miT, i.e.

Vou=F (\/%am) .

Then for a parabolic H-measure p associated to (a sub)sequence (of) (u,) one
has

((W)SAO + > (2m‘§)°‘A°‘>uT =0.

|a|=s



Good bounds in the L? case: the Hormander-Mihlin theorem
¥ : RY — C is a Fourier multiplier on LP(R?) if
FWF(@H)) € LP(RY) for 0 € S(R),

and
S(RY) 30— F(WF(H)) € LP(R?)

can be extended to a continuous mapping Ay : LP?(R?) — LP(R%).
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can be extended to a continuous mapping Ay : LP?(R?) — LP(R%).
Theorem. [Hormander-Mihlin] Let ¢ € L°°(R®) have partial derivatives of
order less than or equal to k = [£] + 1. If for some k > 0
(vr>0)(Va eNG) ol <rx = |0%p(€) P de < K*r?21el
s<lel<r
then for any p € (1,00) and the associated multiplier operator Ay, there exists

a Cq (depending only on the dimension d) such that

1
[Aelisin < Camax{p, Lo bk + ol

For ¢ € C*(S*™ '), extended by homogeneity to R, we can take k = ||| n-

10



The main theorem

Theorem. [N.A. & D. Mitrovi¢ (2011)] /f u,, — 0 in L?(R?) and

vy, —— v in LY(R?) for some q > max{p’, 2}, then there exist subsequences
(tns), (vnr) and a complex valued distribution i € D'(R® x S¢=1) of order not
more than k = [d/2] + 1 in &, such that for every @1, 2 € C(R?) and

€ CH(S*TY) we have:

lirp/ Ay (0115 ) (%) (0205 ) dx—hm/ P1Uns) ¢( 2V ) (Xx)dx
n' Jrd

= (1, 1P,1)) .

11
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The assumptions imply un, v, — 0 in LY _(R?), resulting in a distribution s
of order zero (an unbounded Radon measure, not a general distribution).

The novelty in Theorem is for p < 2.
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take ¢ > 2; this covers the L? case (including u, = vy,).

The assumptions imply un, v, — 0 in LY _(R?), resulting in a distribution s
of order zero (an unbounded Radon measure, not a general distribution).

The novelty in Theorem is for p < 2.

For vector-valued u,, € LP(Rd; CF) and v,, € LI(R%; C"), the result is a matrix
valued distribution p = [p*], i € 1..k and j € 1..1.

The H-distribution would correspond to a non-diagonal block for an H-measure.
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The proof is based on First commutation lemma

¥ € C*(S%7!) satisfies the conditions of the Hérmander-Mihlin theorem.
Therefore, Ay and M, are bounded operators on LP(R?), for any p € (1, 00).
We are interested in the properties of their commutator, C' = Ay, M, — M, Ay.
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If ¢ < r, we can apply the classical interpolation inequality:
ICvnlly < ICvA I3 IConllr™

for a € (0,1) such that 1/¢ = a/2 + (1 — @) /r. As C' is compact on L?(R?)
by Tartar’s First commutation lemma, while it is bounded on L™(R%), we get
the claim.

For the most interesting case, where ¢ = r, we need a better result: the
Krasnosel'skij theorem (a variant of Riesz-Thorin theorem).
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The proof is based on First commutation lemma

¥ € C*(S%7!) satisfies the conditions of the Hérmander-Mihlin theorem.
Therefore, Ay and M, are bounded operators on LP(R?), for any p € (1, 00).
We are interested in the properties of their commutator, C' = Ay, M, — M, Ay.

Lemma. Let (v,) be bounded in both L?(R?) and L"(R?), for some
r € (2,00, and let v, — 0 in D'. Then the sequence (Cvy,) strongly converges

to zero in LY(R?), for any q € [2,7] \ {co}. .

If ¢ < r, we can apply the classical interpolation inequality:
ICvnlly < ICvA I3 IConllr™

for a € (0,1) such that 1/¢ = a/2 + (1 — @) /r. As C' is compact on L?(R?)
by Tartar’s First commutation lemma, while it is bounded on L™(R%), we get
the claim.

For the most interesting case, where ¢ = r, we need a better result: the
Krasnosel'skij theorem (a variant of Riesz-Thorin theorem).

We still need a lemma on compactness of uniformly bounded bilinear forms,
and an application of the Schwartz kernel theorem.
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Localisation principle

Theorem. Take u, — 0 in LP(R%), f, — 0 in W[
€ (1,d), such that

loc

div (a(x)un(x)) = fa(x) -

La(R9), for some

13



Localisation principle
Theorem. Take u,, — 0 in LP(R?), f,, — 0 in W4 (R?), for some
€ (1,d), such that
div (a(x)un(x)) = fu(x) .

Take an arbitrary (v,) bounded in L°°(R%), and by i denote the
H -distribution corresponding to a subsequence of (un) and (v,). Then
(a(x) - €)u(x,€) =0

in the sense of distributions on R® x S*71, (x,&) > a(x) - € being the symbol
of the linear PDO with C§ coefficients. .

13



Localisation principle

Theorem. Take u,, — 0 in LP(R?), f,, — 0 in W_ 29 (R?), for some
q € (1,d), such that

div (a(x)un (%)) = fo (%)
Take an arbitrary (v,,) bounded in L°(R%), and by p. denote the
H-distribution corresponding to a subsequence of (u,) and (v,). Then

(a(x) - &u(x,£) =0
in the sense of distributions on R? x S~ (x,£) — a(x) - & being the symbol
of the linear PDO with C§ coefficients. .

In order to prove the theorem, we need a particular multiplier, the so called

(Marcel) Riesz potential I1 := Ajs.¢ -1, and the Riesz transforms R; := A ¢; .
i[€]

Note that

[ 1@09= [(Bo. ges®R?.

Using the density argument and that R; is bounded from LP(R?) to itself, we
conclude 9;11(¢) = —R;(¢), for ¢ € LP(R?).
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Localisation principle

Theorem. Take u, — 0 in LP(R%), f, — 0 in W;.L%(R%), for some
q € (1,d), such that

div (a(x)un(x)) = fn(x) .
Take an arbitrary (vy,) bounded in L°(R%), and by p denote the
H-distribution corresponding to a subsequence of (u,) and (v,). Then

(3(x) - ©)p(x,€) = 0
in the sense of distributions on R% x S%71, (x,&) — a(x) - £ being the symbol
of the linear PDO with C§ coefficients. .
(an application suggested by Darko Mitrovi¢) For scalar conservation law
with discontinuous flux, the most up to date existence result for the equation

ue +divf(t,x,u) =0
is obtained under the assumptions

f L2+E d )
I)Tleal%(‘ (tv X, )‘)| € (R+)
Using the H-distributions, it is poossible to prove an existence result for the
given equation under the assumption
f(t,x,\)| € L'"*(RY) .
r/\neal:}é‘(vx7 )|€ ( +)

13



Further variants

N.A. & I. lvec: extension to Lebesgue spaces with mixed norm
M. Lazar & D. Mitrovié: applications to velocity averaging

M. Migur & D. Mitrovié: a form of compactness by compensation
J. Aleksi¢, S. Pilipovi¢, I. Vojnovié (preprint): in & — S’ setting
F. Rindler (ARMA, 2015): microlocal compactness forms
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Semiclassical measures

Theorem. [If u, — 0 in LQ(Q; C"), wn — 07T, then there exist a subsequence
(upr) and plm) € My,(Q x R% M, (C)) such that for any o1, s € C2(R)
and ¢ € S(RY)

tin [ (507 (6) @ @0 (©)) () d = (e orp2 ).

Measure y,g‘;’“ we call the semiclassical measure with characteristic length
(wr) corresponding to the (sub)sequence (uy,).
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Semiclassical measures

Theorem. If u, — 0in L% _(Q;C"), wn — 0T, then there exist a
subsequence (u,/) and p(“") € M(Q x R¥; M,(C)) such that for any
@1, 02 € C°(Q) and ¢ € S(RY)

tin [ (&07(6) @ @0 (©)) () d = (e o122 ).

The distribution of the zero order p“™) we call the semiclassical measure with

characteristic length (wy) corresponding to the (sub)sequence (uy). .
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Semiclassical measures

Theorem. If u, — 0in L (Q;C"), wn — 0T, then there exist a
subsequence (u,/) and p(“") € M(Q x R%; M,(C)) such that for any
@1, 02 € C°(Q) and ¢ € S(RY)

tin [ (&07(6) @ @0 (©)) () d = (e o122 ).

The distribution of the zero order (™) we call the semiclassical measure with

characteristic length (wy) corresponding to the (sub)sequence (uy). .

Theorem.

2
u”L& 0 ugczn) =0 & (un) is (wn) — oscillatory .
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Semiclassical measures

Theorem. If u, — 0in L (Q;C"), wn — 0T, then there exist a
subsequence (u,/) and p(“") € M(Q x R%; M,(C)) such that for any
@1, 02 € C°(Q) and ¢ € S(RY)

tin [ (&07(6) @ @0 (©)) () d = (e o122 ).

The distribution of the zero order (™) we call the semiclassical measure with

characteristic length (wy) corresponding to the (sub)sequence (uy). .

Definition (u,,) is (w,)-oscillatory if
(Vo € C2(Q)  limpooo limsup, [io » |[@Un(£)]>d€ = 0.

Theorem.

2
u”L& 0 ugczn) =0 & (un) is (wn) — oscillatory .
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Localisation principle for semiclassical measures

Let @ C R? open, m € N, u, — 0 in L (Q;C") and

Pnun = Z ELLalaa(AaUn) = fn in Q,

la|<m

where
e c, > 0"
o A% € C(0; M,(C))
o f, — 0in LY (4 C").
Then we have
-
pH,. =0,
where p(x, &) = 3° <, §¥A(x), and p,, is semiclassical measure with
characteristic length (£,,), corresponding to (uy).
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Localisation principle for semiclassical measures

Let @ C R? open, m € N, u, — 0 in L (9;C") and

Poup = Y &0a(A%,) =f, inQ,

al<m

where

o e, —0F

e A% € C(;M.(Q))

o f, — 0in LY (Q;C").
Then we have

supp . C {(x,€) € @ x R : detp(x, &) = 0},

where p(x, &) = 3|, < §¥A%(x), and p, is semiclassical measure with
characteristic length (&,,), corresponding to (uy).
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Localisation principle for semiclassical measures

Let @ C R? open, m € N, u, — 0 in L (9;C") and

Poup = Y &0a(A%,) =f, inQ,

la|<m

where

o e, —0F

e A% € C(;M.(Q))

o f, — 0in LY (Q;C").
Then we have

supp f1,, € {(x,€) € @ x R’ : detp(x,&) = 0},

where p(x, &) = 3|, < §¥A%(x), and p, is semiclassical measure with
characteristic length (&,,), corresponding to (uy).

Problem: p_. = 0 is not enough for the strong convergence!
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Compatification of R? \ {0}

! Yo :={0° : ec S}

Yoo := {00 : e8!}
) Koeo(RY) =R\ {0} USoUSw

Corollary. a) Co(R%) C C(Ko,(R?)).

b) ¢ € C(S?Y), Yom € C(Ko,o(R?)), where 7(€) = £/|€]|.

17



One-scale H-measures

Theorem. If u, — 0in L2(Q;C"), w, — 0T, then there exists a
subsequence (u,/) and p“™) € My(2 x R%; M, (C)) such that for any
p1,02 € CZ(Q) and ¢ € S(RY)

lim [ ((1un)(©) @ (p2u0)(€) ) (nr8) dE = (o 0122 8 0)

n’

Measure p(“™) is called the semiclassical measure with characteristic length
(wn) corresponding to the (sub)sequence (uy).
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One-scale H-measures

Theorem. [If u, — 0 in LQ(Q; C"), wn — 0%, then there exists a
subsequence (u,) and u(“’” € Mp(Q x Koo (R?); M, (C)) such that for
any g1, 2 € Co(Q) and ¢ € C(Ko,(R?))

i [ (€)@ (220 () ) d€ = (s 122 B

Measure p,(w") is called the one-scale H-measure with characteristic length
(wn) corresponding to the (sub)sequence (uy).
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One-scale H-measures

Theorem. [If u, — 0 in LQ(Q; C"), wn — 0%, then there exists a
subsequence (u,) and u(“’” € Mp(Q x Ko,00(R?); M, (C)) such that for
any 1,02 € Co(Q) and ¥ € C(Ko,oo (R?))

i [ (€)@ (220 () ) d€ = (s 122 B

Measure p,(w") is called the one-scale H-measure with characteristic length
(wn) corresponding to the (sub)sequence (uy).
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One-scale H-measures

Theorem. If u, — 0 in L2 _(Q; C"), wn, — 0T, then there exists a
subsequence (u,) and u%‘;”; € M(Q2 x Ko,0o(R?); M, (C)) such that for any
@1, 92 € Ce(Q) and 1 € C(Ko,o0o(RY))

iim [ (rn)(€) @ o) €)) 0l ) d = (1 . 192 B

The distribution of the zero order pé(“;' ”20 is called the one-scale H-measure with

characteristic length (wy) corresponding to the (sub)sequence (u,). .
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One-scale H-measures

Theorem. If u, — 0 in LY (% C"), wn, — 0T, then there exists a
subsequence (u,) and u%‘;”; € M(Q x Ko.0o(R?); M, (C)) such that for any
@1, 02 € Ce(Q) and ¥ € C(Ko,o(R?))

iim [ (rn)(€) @ o) €)) 0l ) d = (1 . 192 B

The distribution of the zero order u% ”20 is called the one-scale H-measure with
characteristic length (wy,) corresponding to the (sub)sequence (uy). .
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One-scale H-measures

Theorem. If u, — 0 in LY (% C"), wn, — 0T, then there exists a
subsequence (u,) and u%‘;”; € M(Q x Ko.0o(R?); M, (C)) such that for any
1,92 € Ce() and ¢ € C(Ko,oo(R7))

lim

1 fu (P100)©) & (eave

P10 )(€) ® (2un)(€) ) wnr€) d€ = (g, . 172 BV .

The distribution of the zero order u%’ ”20 is called the one-scale H-measure with

characteristic length (wy) corresponding to the (sub)sequence (u,). .
Luc TARTAR: The general theory of homogenization: A personalized
introduction, Springer, 2009.

Luc TARTAR: Multi-scale H-measures, Discrete and Continuous Dynamical
Systems, S 8 (2015) 77-90.
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One-scale H-measures

Theorem. If u, — 0 in LY (% C"), wn, — 0T, then there exists a
subsequence (u,) and u%‘;”; € M(Q x Ko.0o(R?); M, (C)) such that for any
1,92 € Ce() and ¢ € C(Ko,oo(R7))

lim

1 fu (P100)©) & (eave

P10 )(€) ® (2un)(€) ) wnr€) d€ = (g, . 172 BV .

The distribution of the zero order u%’ ”20 is called the one-scale H-measure with

characteristic length (wy) corresponding to the (sub)sequence (u,). .
Luc TARTAR: The general theory of homogenization: A personalized
introduction, Springer, 2009.

Luc TARTAR: Multi-scale H-measures, Discrete and Continuous Dynamical
Systems, S 8 (2015) 77-90.

N. A., MARKO ERCEG, MARTIN LAZAR: Localisation principle for one-scale
H-measures, submitted (arXiv).
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Idea of the proof

Tartar's approach:
wigdtl
o v, (x,z0t!) = un(x)e2 wn = 0inLE (2 x R;C")
o vy € M(Q xR x S% M, (C))

. ,uﬁé’o"ze is obtained from vy (suitable projection in 4™ and £;.1)
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Idea of the proof

Tartar's approach:

mizdtl
o v, (x,z0t!) = un(x)e2 wn = 0inLE (2 x R;C")
o vy € M(Q xR x S% M, (C))

,uié’o"ie is obtained from vy (suitable projection in 4™ and £;.1)

Our approach:
First commutation lemma:

Lemma. Let ¢ € C(Ko,oo(R?)), ¢ € Co(R?), wy, — 0%, and denote
V(&) := Y(wn&). Then the commutator can be expressed as a sum

Cn =By, Ay, ] = Cn + K,

where K is a compact operator on L2(R%), while C,, —> 0 in the operator
norm on L(L2(R%)).

standard procedure: (a variant of) the kernel theorem, separability, ...
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Some properties of py,

Theorem.
a) Plo oo = HPKo oo+ Hkgo.o =0
L2
b) up—2% 0 = Mg, =0

c) trpg, (2% Yoo) =0 = (un) is (wn) — oscillatory

20



Some properties of py,

Theorem.
a) Plo oo = HPKo oo+ Hkgo.o =0
LZ
b) Un—28 0 = Py, .. =0
c) trpg, (2% Yoo) =0 = (un) is (wn) — oscillatory

Theorem. 1,2 € C(Q), ¢ € Co(RY), P € C(STY), w, — 0T,

a) (N%&Ml@ Ry) = (), o1 By),
b) (M%’iysol@@d)oﬂ = (g, 12 KY),

where 7 (§) = £/[€].

20



Localisation principle

Let 2 C R? open, m € N, u, — 0 in L (Q; C") and

S e 00 (A%u,) =f, in Q,

I<|a|<m

where

le0.m

en — 0T

A% € C(;M:(C))

fn € H.""(€2; C") such that

loc

Vo e C(Q e TPHT
Veece@ Ty ame

0 in LQ(Rd;CT) (C(en))
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Localisation principle

Let 2 C R? open, m € N, u, — 0 in L (Q; C") and
S e 00 (A%u,) =f, in Q,

I<]af<m
where
e [c0.m
e ¢, —»0F
e A% € C(; M, (C))
o f, € H_ 7" (2; C") such that
%) ;f\ . 2 d r
VpeC@(@) ——2" 40 in L2(R4CT)  (Clen))
14+ 30 et gl

Lemma. a) (C(e,)) is equivalent to

0o S/DE . 2 d T
Ve Cl( —0 in L°(R%C").
Ve eCT@) e R C)

b) 3k €l.m)f, — 0inH *(Q;C") = (eh~'f,) satisfies (C(cn)).



Localisation principle

> M 0a(A ) =f, in Q,
I<lal<m
o

Vo e Cl(Q L
(Ve () TS e e

—0 in L*R%4CT).  (Clen))

Theorem. [Tartar (2009)] Under previous assumptions and | = 1, one-scale
H-measure py _ with characteristic length (er) corresponding to (u,) satisfies

supp (puﬁo,m) CQxXo,

where
[e3

x,€&) = o)l S A%(x).
peg) = Y (o) A

1<]al<m
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Localisation principle

> T 0a(A ) =f, in Q,
I<|a|<m
o

Vo e Cl(Q L
( ® ( )) 1+Z;n=l{'::;l‘£|s

—0 in L*R%CT). (Cen))

Theorem. [N.A., Erceg, Lazar (2015)] Under previous assumptions,
one-scale H-measure py _ with characteristic length (&) corresponding to
(un) satisfies
-
p,’LKO,oc = 07
where

€)= Y (2m)® S AT,

l
Ijalem €]" + 1€
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Localisation principle - final generalisation
Theorem. Take e, > 0 bounded, u, — 0 in L (Q; C") and

> et 0a (AT un) =1,
1<]al<m
where A5, € C(2;M;(C)), Ay — A™ uniformly on compact sets, and
fn € H 7 (Q; C") satisfies (C(en)).

Then for w, — 0 such that ¢ := lim,, i" € [0, 0], the corresponding
one-scale H-measure py  _ with characteristic length (wy,) satisfies

Py, . =0,
where
£ @ _
2 al=t WAQ (x) ;=0
p(x,§) = Zz<|a\<m(27ﬁc)la‘|g‘iWAa(x) ; ¢€(0,00)

A% (x) , c¢c=o00

Moreover, if there exists eqg > 0 such that €, > €0, n € N, we can take

px.g) = 3 é;n A%(x).

2= T HTE

lee|=
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Localisation principle - final generalisation
Theorem. Take e, > 0 bounded, u, — 0 in L (Q; C") and

> e a(ATun) = fu,
I<|al<m
where A5, € C(2;M;(C)), Ay — A™ uniformly on compact sets, and
f, € H ' (Q; C") satisfies (C(en)).

Then for w, — 0 such that ¢ := lim,, i" € [0, 0], the corresponding
one-scale H-measure py  _ with characteristic length (wy,) satisfies

Py, . =0,
where
£ @ _
2 al=t WAQ (x) ;=0
p(x,§) = Zz<|a\<m(27ﬁc)la‘|g‘§_wAa(x) ; ¢€(0,00)

Z‘a| m ‘§|l+|£‘mAa( ) 5 cC=00

Moreover, if there exists eqg > 0 such that €, > €0, n € N, we can take
£% o
p(x, &)= |§‘mA (x).

lee|=

As a corollary from the previous theorem we can derive localisation principles
for H-measures and semiclassical measures.
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Thank you for your attention.
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