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H-measures!?2

Theorem 1. If (un)nen is a sequence in L, . (Q;R7), Q € R, such that

Un — 0 in L3, (Q), then there exists subsequence (tn:)n' C (un)n and positive
complex bounded measure ju = {1?*}; 11, on R4 x S% such that for all

01,02 € Co(Q) and ¢ € C(S9),

lim (901Uir)(€)v4w(i)(<PZUZ/)(£)dX = (", 01029)

n’/— oo Q [€]
- / 1 ()22 ()Y (E)dp* (x, £)
RA+1xsd

where ‘Aw(i) is the multiplier operator with the symbol ¥(£/|€|).
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H-distributions®

Theorem 2. Ifu, — 0 in LY (R%) and v, — v in L] (R?) for some
p € (1,00) and q > p’, then there exist subsequences (u,:), (v,/) and a
complex valued distribution ;i € D'(R® x S?~1), such that, for every

01,02 € C.(RY) and 4p € C*(S*7Y), for k = [d/2] + 1, one has:

im | Ay(prun) () (20 (0dx = lim [ (pru)(x) Ay (p2v. ) (X)dx

n’—oo JRd n’—oo JRd
= (1, o1, W),

where Ay : LP(R?) — LP(R?) is the Fourier multiplier operator with symbol
e Cr (S,

Existing applications are related to the velocity averaging® and L? — L¢
compactness by compensation®.
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Anisotropic distributions

Let X and Y be open sets in R and R" (or C*° manifolds of dimenions d and
r) and Q C X x Y an open set. By C"™(Q) we denote the space of functions
f on Q, such that for any a € N& and 8 € Np, if |a| <1 and |B| < m,
O*Pf = 0208 f € C(Q).

Ch™ () becomes a Fréchet space if we define a sequence of seminorms

max |0 fllueo (k) s

l,m o
P, (f): lol <1,|BI<m

where K,, C €2 are compacts, such that Q = Upen K, and K,, C Int K41,
Consider the space

cem@) = |J Crl@,

neN

and equip it by the topology of strict inductive limit.



Anisotropic distributions |l

Definition. A distribution of order | in x and order m in 'y is any linear
functional on CL™(£2), continuous in the strict inductive limit topology. We
denote the space of such functionals by Dj ,,, ().

Conjecture. Let X,Y be C° manifolds and let u be a linear functional on
CL™(X xY). Ifu € D'(X xY) and satisfies
(VK € K(X))(VL € K(Y)(3C > 0)(Vp € CER(X))(Vy € CT(Y))

[(u, o R )| < Cpl (9)pT (1),

then u can be uniquely extended to a continuous functional on Ct™(X x Y)
(i.e. it can be considered as an element of Dj ,,(X xY)).



The Schwartz kernel theorem®

Let X and Y be two C* manifolds. Then the following statements hold:

Theorem 3. a) Let K € D'(X xY). Then for every ¢ € D(X), the linear
form K, defined as ¢ — (K, W) is a distribution on'Y . Furthermore, the
mapping ¢ — K, taking D(X) to D'(Y) is linear and continuous.

b) Let A: D(X) — D'(Y) be a continous linear operator. Then there exists
unique distribution K € D'(X x Y') such that for any ¢ € D(X) and ¢ € D(Y)

(K, o B9) = (Ky, 1) = (Ap, ).

%). Dieudonné, Eléments d’Analyse, Tome VII, Editions Jacques Gabay, 2007.



The Schwartz kernel theorem for anisotropic distributions

Let X and Y be two C® manifolds of dimensions d and r, respectively. Then
the following statements hold:

Theorem 4. a) Let K € Dj],,(X xY). Then for every ¢ € CL(X), the linear
form K, defined as 1 — (K, p X)) is a distribution of order not more than m
on'Y. Furthermore, the mapping ¢ — K, taking CL(X) to D}, (Y) is linear
and continuous.

b) Let A: CL(X) — D.,(Y) be a continous linear operator. Then there exists
unique distribution K € D'(X X Y') such that for any p € D(X) and ¢ € D(Y)

<K>90X|d}> = <K<P7w> = <A90>¢>'

Furthermore, K € D} ,.(,,10)(X X Y).



How to prove it?

Standard attempts:

o regularisation? (Schwartz)
o constructive proof? (Simanca, Gask, Ehrenpreis)
o nuclear spaces? (Treves)

Use the structure theorem of distributions (Dieudonne). There are two steps:

Step I: assume the range of A is C(Y)
Step Il: use structure theorem and go back to Step |

Consequence: H-distributions are of order 0 in x and of finite order not
greater than d(x + 2) with respect to &.



A variant by Bogdanovicz's result’

We can reformulate the main result of Bogdanowicz's article to our setting:

Theorem 5. For every bilinear functional B on the space C°(X;) x CL(X2)
which is continuous with respect to each variable separately, there exists a
unique anisotropic distribution T € D{,, (X1 x X2) such that

B(p,4) = (T,p®0),  ¢€CT(X1),¢€ C(Xz).

It is worth noting that Bogdanowicz's result also holds when X5 is a smooth
manifold and that only elementary properties of Frechet and (LF)-spaces were
used to prove it.

The same result can be obtained using the adjoint of operator A.

"W. M. Bogdanowicz: A proof of Schwartz's theorem on kernels, Studia Math. 20 (1961)
77-85.



Additional results®

Lema 1. Ifu € D;,, (X1 x X2) is of compact support such that
suppu C {0} x Xs, then for any ® € C° (X1 x X2) it holds:

u = Z <ua, q)oz> )
aeNg, |a|<1
where uq € D;,(X2) and &4 (y) = DZP(0,y).

Corollary 1. Ifu € D;,, (X1 x X2) has compact support such that
suppu C {xo} X Xo, for some xo € X1, then

u = Z Df:(sxo ® U
aGNg,\oqgl
where ueq € D;,(X2).

Theorem 6. Let A: CX(X) — D;,(X) be a continuous map. lts kernel is
supported by the diagonal {(x,x) : x € X} if and only if for any ¢ € CZ°(X):

Ap= Y aa® D%,
aeNg

where aq € D;,,(X) and the above sum is locally finite. Moreover, this
representation is unique.

8. Hérmander: The Analysis of Linear Partial Differential Operators I, Springer, 1990.



Peetre’s results®

Theorem 7. Let A: C°(Q) — C°(Q2) be a linear mapping such that the
following holds:

supp(Au) C supp(u) , u € C(Q).

Then A is a differential operator on Q) with C* coefficients.

Theorem 8. Let A: C®(Q2) — D'(2) be linear operator such that
supp (Af) C supp f for f € C°(Q). Then there exists locally finite family of
distributions (a) € D'(§2), unique on 2\ A, such that it holds:

supp (Af— ZaaD“f> CA, feCrQ).

9). Peetre: Une caracterisation abstraite des operateurs differentiels, Math. Scand. 7 (1959)
211-218; Rectification, ibid 8 (1960) 116-120.



Peetre’s result with distributions of finite order

Theorem 9. Let A: C(Q) — D;,,(Q) be linear operator such that

supp (Af) C supp f, feCE(Q). (1)

Then there exists locally finite family of distributions (ac) € D;, (), unique on
Q\ A, such that it holds:

supp(Af—ZaaDo‘f)CA, fecr().



Idea of the proof

Proof. Let U C () be an open and relatively compact set. Then there exists
j =37(U) € N such that for any xo € U \ A, there is a neighbourhood V' of xg
such that

KAf, o) < Clflillgllm s — f € CE(V), g€ CH(V).

Schwartz kernel theorem gives existence of K € Dy, ,,,(V x V) such that
(Af,9) = (K, f®g).

The locality assumption implies that the distribution K is supported on a
diagonal of a set V:
supp K C {(x,x): x € V}.

The theorem on the diagonal support gives:

Ap= Y aa®@D%, @ecCX(V),

d
aENg

where family (aa) C D;, (V) is locally finite.



Idea of the proof - continued

Taking ¢ € C(Q2) equal to one on V, we obtain Ap = ag in V.
By using monomials x*, we can obtain the same conclusion for other aq.

Now, we conclude:
supp (Af — ZaaDaf) CA,  feCIU).

Since U C ) was arbitrary, the claim of the theorem follows.



Counterexample

As already noticed by Peetre in the standard case, the result in the statement
of the preceeding theorem is the best possible.

Namely, it can happen A — > _ aa D™ # 0, as we can easily see from the
following example:

for xg € (2, take a linear form F defined for sequence (ca) such that it can not
be written in the form F' = Za b%cq, for any finite collection of b*. Then

(Af)(x) = F(D® f(x0))do(x — x0)

has desired properties without being continuous: we have supp (Af) C {xo}
and A is continuous everywhere except at the point xg.
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