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Introduction Single state optimal design problems
Multiple state optimal design problems

Stationary diffusion equation

Let Q C R? be open and bounded, A = AT € L>(Q; M, ),
1
Mapi= {A € MAR): (¥ € RY) A€ 2 alef A6 > e}

and f € H™1(Q). Stationary diffusion equation with homogenous Dirichlet
boundary condition:
—div (AVu) = f
{ u € Hy(Q)
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Introduction Single state optimal design problems
Multiple state optimal design problems

Stationary diffusion equation

Let Q C R? be open and bounded, A = AT € L>(Q; M, ),
1
Mapi= {A € MAR): (¥ € RY) A€ 2 alef A6 > e}

and f € H™1(Q). Stationary diffusion equation with homogenous Dirichlet
boundary condition:

{ —div (AVu) = f
u € Hy(Q)

) - mixture of two isotropic materials with conductivities 0 < o < f3:

where x € L>*(Q; {0,1}).
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Introduction Single state optimal design problems
Multiple state optimal design problems

Optimal design problem (single state)

J(x) = /Q () ga (¥, u(x)) + (1 = x(x))gs(x, u(x))] dx — min

CEL¥@0.1)), [ xdx=aa.
Q
where  C R open and bounded, f € H™1(Q),0 < a < 3,

0 < go < |92, and ga, g Caratheodory functions which satisfies growth
condition

gj(:v,u) < a‘u|s + b(CL‘), ] = 057/81

forsomea > 0,b € L'(Q) and1 < s < d%dQ,
and w is the solution of the state equation

{ —div(AVu) = f
u € HY(Q).
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Introduction
Multiple state optimal design problems Composite materials- relaxation

Definition (Composite material) Definition (H-convergence)
If a sequence of characteristic functions A sequence of matrix functions A is said to
Xe € L=(£2;{0,1}) and conductivities H-converge to A if for every f the sequence
A (z) = xe(z)al + (1 — x ()81 of solutions of
satisfy —div(A*Vu.) = f

Xe N 2] Ue € H(l) (Q)

As B A, satisfies ue — u in HE(Q),

o ) ) A*Vu. — AVuin L*(Q; R?), where u is
then it is said that A is homogenised tensor the solution of the homogenised equation
of two-phase composite material with
proportions 6 of first material and —div(AVu) = f
microstructure defined by the sequence (). u € HH(Q).
~ v

Example — simple laminates: if y. depend only on z1, then
A = diag(),, )\;,XF, .. .,)\;) ,

where

N =0+ (1-0)8, {:ZH;@.

U
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Introduction
Multiple state optimal design problems Composite materials- relaxation

Set of all composites:
A:={(0,A) e L(Q[0,1] x Mqap): A€ K(0)ae.}

2D:
G—closure problem: for given 6 find all
possible homogenised (effective) A
tensors A
KC(0) is given in terms of eigenvalues L
(Murat & Tartar; Lurie & Cherkaev): N

A

IN

>\j S)\g_ j=1,...,d3D:

1 d—1
)\9_—(1 )\;—a

<

[]=

>

| [ =
L

<
Il
_

1 +d—l
B=Xy  B=X

)=
=
[ =
>~
|

<
Il
—_
<.

Ivana Crnjac Variant of Optimality Criteria Method for Multiple State Optimal Design Problems 517



Introduction
Multiple state optimal design problems Composite materials- relaxation

Original problem:

J(x) = /Qx(x)ga(x,u) + (1 — x(x))gs(x, u) dx — min,
L= {0,1)), [ xdx=aa.
Q

Generalized objective function is

J(0,A) = / [0(x)ga(x, u(x)) + (1 = 0)(x))gs(x, u(x))] dx
Q
where u is the solution of the state equation

{ —div (AVu) = f
u € Hy(Q),

and relaxed problem is
J(0,A) — min,
0,A) € A, / 0dx = qo .
Q
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Introduction Multiple states
Multiple state optimal design problems

Multiple state optimal design problem
State equations

State function u = (u1, ..., Um)

J(X) = Jo X(%)ga(x,u) + (1 = x(x))gs(x, u) dx — min,
u=(uy,...,un) state function for A = xal + (1 — x)5I

x € L>*(Q;{0,1}), /de:qa.
Q
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Introduction Multiple states
Multiple state optimal design problems

Multiple state optimal design problem
State equations

State function u = (u1, ..., Um)

J(X) = Jo X(%)ga(x,u) + (1 = x(x))gs(x, u) dx — min,
u=(uy,...,un) state function for A = xal + (1 — x)5I

x € L>*(Q;{0,1}), / X dx = qq .
Q
Relaxed problem:
J(0,A) = / (0(x)ga(x,u) + (1 — 0(x))gs(x,u)) dx —> min
Q

(0,A) € {(6,A) € L®(9:0,1] x Mag) : A € K(0)ae.)}, / 0dx = qo.
Q
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Introduction
Multiple state optimal design problems Optimality criteria method

Optimality condition

e Let (0*, A*) be optimal point of the relaxed problem and
e+ (6%, A%) be a smooth path with (6°, A%) = (6%, A*).
e lfe — J(0°, A%) is smooth, then necessary condition of optimality is

dJ (0", A") = diJ(GE,Aa)|€: >0
€

0

Let us introduce adjoint states p1, . . ., pm as solutions of

—div (AVp;) = Hai(-, u)+ (1 - 0)%(', u)

8UZ' 8u1 izl,...,m.
pi € Hy(Q)
Then
:/69(x)[ga(x,u*(x))—gg(x,u (x))+1] dx— /Z(SAVUz -Vp; dx,
Q Qi
doc dA®
for any admissible variation (60, JA) := | —, —— .
de " de J|._,
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Introduction
Multiple state optimal design problems Optimality criteria method

Optimality conditions

How to choose a smooth path?
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Multiple state optimal design problems Optimality criteria method

Optimality conditions

How to choose a smooth path?

1. Let us fix 6*.

a) Then set K(6*) is convex and we can choose segment

AS=A*+:(A—A"), AcK®)

[L.Tartar, G. Allaire, M. Vrdoljak]
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Optimality conditions

How to choose a smooth path?

1. Let us fix 6*.

a) Then set K(6*) is convex and we can choose segment

AS=A*+:(A—A"), AcK®)

[L.Tartar, G. Allaire, M. Vrdoljak]

b) We choose segment in terms of inverse matrices

(AP =(A) (AT (A7), ATTEK(9Y)
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Introduction
Multiple state optimal design problems Optimality criteria method

Sets KC(#) and K(6)

One can show equvalence of the following sets

KC(6) - Set of all symmetric matrices KC(0) - Set of all symmetric matrices A !
A with eigenvalues A1, . .., Ay which with eigenvalues vy, . . ., V4 which
satisfies inequalities satisfies inequalities
A< N <AL j=1....d vy < vy <wvy, j=1,...,d
d d
1 1 d—1 1 1 d—1
S f ratas ey € et
o Ap —a Ay —a e at—y, oty
d d
1 1 d—1 1 1 d—1
< -+ — < — +
jz:;ﬂ—)\j B—X,  B-=X ;I/j— -1 vy — By =Bt
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Introduction
Multiple state optimal design problems Optimality criteria method

Optimality conditions

From necessary condition of optimality
—/ > 6AVu; - Vp;dx >0
Q=1

then follows (for a.e. in Q)

(A" ) ':N= min A™':N,
AcK(0%)

m

where N = Sym Z o; @71, 0f = A*Vu! and 7 = A*Vp,
i=1

t=1,...,m.
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Introduction
Multiple state optimal design problems Optimality criteria method @

Theorem (von Neumann)

For symmetric matrices A and M following inequality is valid
A: M < AA) - A(M),

where A\(A) and A\(M) are vectors of eigenvalues of A and M in
nondecreasing order. Equality holds if and only if A and M are
diagonalizable in same basis.

d

E v;n; — min,
L=t
vy <vi<vy, , j=1,...,d

d
1 1 d—1
Yo St
j:la —Vj « —l/(9 (6% —7/9
¢ 1 1 d—1
+

vi =B T vy — B!

where v; are increasing, while 7; decreasing fori = 1..d

Jj=1
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Multiple state optimal design problems Optimality criteria method

Optimality conditions

2. Let us now consider variation of §. We take smooth path (6%, A%) such
thata.e. x € 2

(49760 s Nx) = | min_ (A7 (x) : N(x)

Again, from neccesary condition of optimality follows (a.e. x € €2)

30() (3n(05.07(0) = g0 () 41+ 506" (0. N(x) ) 0.
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Introduction
Multiple state optimal design problems Optimality criteria method

Theorem

Let (6*, A*) be minimizer of objective functional J(6, A). We introduce
m

symmetric matrix N = Sym Z o; @1, for 0f = AVul, 77 = AVp} and
i=1

define function g(0,N) = Am’icr(le)(A*1 : N). Then
€

(A") (%) : N(x) = g(0"(x),N(x)), aexeQ.
Moreover, if we define function
R(x) = ga(x,u) — g5(x, u) + 1 + 28 (6" (x), N* (x))
the optimal 6* satisfies (a. e. on )
0*(x) =0 if R(x)

>0
0*(x) =1 if R(x) <0
0<0*(x)<1 if R(x)=0.
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Introduction
Multiple state optimal design problems Optimality criteria method

Algorithm

Take some initial #° and A°. For k from 1 to N:
© Calculate u¥, i = 1,...,m, the solution of

{ u € H{(Q).

® Calculate pf, i =1,...,m, the solution of

99a 093

_ k Iy _ k998 .

div (A"Vp;) =6 o, ——(,u)+(1-0 )am( ,u)
pi € H (Q),

= AFVuE, 7F = AFVpl and N* = Symz af o h)
i=1
@ Forx € , let %1 (x) be the zero of function

0 ga06, 08 () — a0 (0) + 1+ D005 NH )

if a zero doesn't exist, take 0 (or 1) in case the function is positive (or < 0).
© (A*T1)~1(x) be the minimizer in the definition of g(#*+1(x), N*(x)).
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Introduction
Multiple state optimal design problems Optimality criteria method

Theorem (d=3)
For given 0 € [0, 1] and matrix N with eigenvalues 1y > 1z > 13 we have

_ @ _ B—a
A. Ifn3 =0, then ag(aN) = Gat (=007 9)@2(7;1 +12).

B. Ifns > 0, then

. ! VI VIR VB
8 l(gf())(a+25)<m> , 0<07,

dg _ ) ; , /M2 + /13 2 (B—a)
J9,N) = -1(82 _ o2 . #B B
ap "N =) A8 ”)(e(aﬂewaw) NGatra—gpe: o =0<0

(et =B Yms+

m(ﬂﬂrm), 0> 07,
a2y = Vi = /113) ,93:1_‘1’(\%*\/773)
(B-a) (ViR + i — ) (B~ )y

C. Letns < 0. Ifnz and 13 are negative as well then

where 07 =1 —

vV—m +\/*?72+\/*?73)2 0> 0
£ 1

o (B - @)+ f) ( %0(a—B) 135

99 . o (V=4 V=15’ f—a . .
~Z(6,N) = _-1(p2 2 2 13 ‘ rel C
26N a (8 u><€(a—ﬁ)+2ﬂ> *3”1(9(1“179)/@)2‘ 0y <=0y,
—1_ -1 pF-a C
(a7 =B )z + (0a+(179)ﬂ)2("‘+”2)" 6<65.

o BW/Tm+ Vs - 2v=m) o _ B0/ = Vi)
where 0} RN e TN and 05 = RN

Ifny < 0andny > 0, then (7'10 is not defined so we can express %((7‘., N) by the formulae given above, but omitting its

first case and the assumption 6 < 9{7 in the second case.

. 0
Ifn2 > 0 then both (7'1(/ and (‘)ZC are not defined, and d—z (0, N) is given by the formula given in the third case above, for
anyf € [0,1].

Ivana Crnjac Variant of Optimality Criteria Method for Multiple State Optimal Design Problems 16/17



Introduction
Multiple state optimal design problems Optimality criteria method

Ivana Crnjac Variant of Optimality Criteria Method for Multiple State Optimal Design Problems



	Introduction
	Single state optimal design problems
	Composite materials- relaxation

	Multiple state optimal design problems
	Multiple states
	Optimality criteria method


