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around 1990.) - L2 space
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Introduction

e H-measures, micro-local defect measures (Tartar, Gérard,
around 1990.) - L2 space
e H-distributions (Antoni¢, Mitrovi¢, 2011.) - LP — L9 spaces,
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o Up — 0in L3(RY), n - oo

Existence of H-measure (Tartar, [7])

There exists a subsequence (u,),; and a complex Radon
measure ;. on R x S9 1 s. t. for all ¢1(x), p2(x) € Co(RY),
¥(€) € C(S°1) we have that
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o If up — 0in L2(RY), then = 0.
o If 4 =0, then u, — 0in L2 (RY).
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If up — 0 in L2(RY), then p = 0.
If w = 0, then u, — 0in L2 (RY).

o Uy — 0in L3(RY)

loc

Zax, X)) = fo(x) = 0in W,_3(RY), A € Co(RY)
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If up — 0in L2(RY), then 1 = 0.
If 4 = 0, then up — 0in L2 (RY).

o Uy — 0in L3(RY)

loc

Zax, X)) = fo(x) = 0in W,_3(RY), A € Co(RY)

Localisation principle for H-measures

P(x, &) u(x,€) = ZA u(x,€) =0,i.e. supp u C chP
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H-distributions, W—*P — W*9 1 < p < o0

Theorem

If a sequence up, — 0 weakly in W—%P(RY) and v, — 0 weakly
in Wk4(RY), then there exist subsequences (uy), (vyy) and a
distribution i € SE'(RY x S9=1) such that for every

01,00 € S(RY), ¢ € CH(S9), k= [d/2] +1,

Nim (orun s Ay(p2vir)) = (1, p152¢)-
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Theorem

Let up — 0 in W=KP(RY). If for every sequence v, — 0 in
W*9(RY) the corresponding H-distribution is zero, then for
every 6 € S(RY), Qu, — 0 strongly in W—P(RY), n — .
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Unbounded multipliers
« For weakly convergent sequences in W—*P — W9 spaces
multiplier (symbol) ¢ is a bounded function
e h € C(S ") ory e CH(SI)
e LetmeR, qe[l1,], N e Ny. Then we consider the
space of all v € CN(RY) for which the norm

[Ylsmy = mg;@Hagw(é)@)_m*‘“'l!m < 0.

¢ T0)00 = At = [ eeue)i)ae

With (s y)o C sZ n we denote the class of multipliers such
that ¢ € (s y)o means that

i 0g 9 (€)]
im sup

=0, forall |a] <N.
n—oo |€‘2n <£>m_|a‘
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Separability of symbol classes is important in the construction
of H-distributions. The following results hold.

Theorem
The space ((s3, y11)o,| - lsm ) is separable.
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Separability of symbol classes is important in the construction
of H-distributions. The following results hold.

Theorem
The space ((s3, y11)o,| - lsm ) is separable.

The Bessel potential space HZ(R9), 1 < p < o0, s € R, is
defined as a space of all u € S'(R?) such that

Ageystii= F (1 + |€7)¥2Fu) € LP(RY).

[ull e = [ Agsulle
(HE(RY)) = HI(RY), 1 < p < o0
HP(RY) = WSP(RY) for s e Ny and 1 < p < oo
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H-distributions with multiplier ¢» € sT7 \, N > 3d + 5

Theorem

Let u, — 0 in LP(RY) and v, — 0 u HL(RY) , m € R. Then, up
to subsequences, there exists a distribution

1€ (SRY)&(ST 1)) such that for all o1, o2 € S(RY) and all

¥ € (S Nt+1)0s

(p1Un, Az(p2vn)) = (1, o192 @ 1)).

lim
n—oo
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H-distributions with multiplier ¢» € sT7 \, N > 3d + 5

Theorem

Let u, — 0in HP (RY) and v, — 0 u H},. ((R?), m € R. Then,
up to subsequences, there exists a distribution

1€ (SRY)&(ST 1)) such that for all o1, o2 € S(RY) and all

¥ € (S Nt+1)0s

(p1Un, Az(p2vn)) = (1, 192 @ 1)).

lim
n—oo
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Theorem
Let u, — 0 in LP(RY), m € R. If for every sequence v, — 0 in
HZ(RY) it holds that

nIi_}moo<Un, .A<£>m(g0Vn)> = 0,

then for every 6 € S(RY), dup, — 0 strongly in LP(RY), n — .
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up —~0inlP 1 <p<oo
Z A a Un gn(X)v (1)
la|<k

where A, € S(RY) and (gn)n is a sequence of temperate
distributions such that

wgn — 0in HP,, for every ¢ € S(RY). 2)
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Theorem

Letu, — 0 in LP(R?), satisfies (1), (2) and ¢ € ST . Then, for
any v, — 0 in H}(RY) , the corresponding distribution

1y € S'(RY) satisfies

> Aa(x)M%w =0 inS'(RY). (3)

la <k

Moreover, ify» = (£)™ and (3) implies ji¢ym = 0 we have the
strong convergence fu, — 0, in LP(RY), for every 6 € S(RY).
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H-distributions - different weights

Definition
Positive function A € C>(RRY) is a weight function if the
following assumptions are satisfied:

1. There exist positive constants 1 < g < pq and ¢y < ¢
such that

(&) < AE) < e, £eRY

2. There exists w > puq such that for any « € Ng’ and
vyeK={0,1}7

€10 TINE)| < CarME)51 £ e R,

Constant w is called the order of A.
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Examples

d
14+ &M cer?,
i=1

where m = (my,...,my) € N9 and minj<j<g m; > 1.
d 1
2. In particular, (¢) = (1 + 25,2) ? is a weight function.
e
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More general weights are defined by

MmO -( 2 @) cere,

aeV(P)

where P is a given complete polyhedron with the set of vertices
V(P). A complete polyhedron is a convex polyhedron

P C (R4 U {0})? with the following properties: V(P) c N¢,

0 € V(P), V(P) # {0}, No(P) = {e1,...,eq} and Ny(P) C RY.
Here

P={zcRY:v-z>0, YweNy(P)}{zeRY:v-z<1, veN(P)}

and No(P) and N;(P) C RY are finite sets such that for all
ve Ny(P), |v] =1.
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Definition
LetmeR,pe(0,1/w], N € Ny. Then s;’?;\N(Rd) is the space of
all v € CN(RY) for which the norm

|| gmn = max_max sup [£705 T p(£)|AE) MY < oo,
Son 1y [of<N gego

If p = 1/w, then we denote sy = sfw,\

We denote by (sp,\ o C sp,\ the space of multipliers
(LRSS (sp’,\ )o such that for all |a| < N, v € K

- £70° (8] _
A28 S -
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Theorem

Letu, — 0 in LP(RY) and v, — 0 in HY"I(RY), me R, p = 1 /w.
Then, up to subsequences, there exists a distribution

€ (SRE(sPNTT)o) such that for all p € S(RY) and all

w c (Sm N+1)

Tim {un, Az(ova)) = (1.8 ).
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Let P be complete polyhedron in RY with set of vertices V(P)
and A = Ap. Let u, — 0in LP(RY), 1 < p < oo, such that the
following sequence of equations is satisfied

p(x, D)u(x) = Z aa(X)D?%up(x) = fo(x), (4)

aeV(P)

where a,(x) € C°(RY), and (f,), is a sequence of temperate
distributions such that

of, — 0in Hy2P(RY), for every ¢ € S(RY). (5)
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Theorem

Let u, — 0 in LP(RY), satisfies (4), (5) and v € s,T’N . Then, for
any v, — 0 in Hy"9(R%) and the corresponding distribution ju,
there holds

> @a(X)pyea =0 inS'(RY). (6)
acV(P) A&

Moreover, let ) = N(§)™ and the equality in (6) implies that
wy = 0. Then we have the strong convergence fup — 0 in
LP(RY), for every 6 € S(RY).
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Further work

z=(x,¢) cR%

Definition (Morando, Garello)
We denote by My, m € R, p € (0,1/w] the class of all the
functions a(z) € R?? such that

279°Ma(z) < co Nz)™ Pl
for all o € N29 and v € {0, 1}2.

Theorem
Any operator A € ML% A extends to a bounded operator from

LP(RY) to itself, 1 < p < oo.
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Let A(x, &) be a weight function, s € R, 1 < p < co. We denote
by Hy* the space of all u € S'(RY) such that
AS(x, D)u € LP(RY), where

AS(x, D)u = / &XEN(x, S Fu(€)de, e S(RY).

Norm on H" is given by

[ulls.p.n = IA°(x, D)ullr + || RsullLe-

Theorem
IfT e MLZZA, then

. ystmp s.p
T:HST™P  HSP,

is a bounded operator, where s e R, 1 < p < cc.
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Example
We consider linear differential operator

P(x,D) = —-A+ V(x),

where V(x) = )" cr @aX“, @, € C and R is a complete
polyhedron in RY.

The symbol p(x,¢) = [¢* + V(x) is in the class MT] ,, where
A = A\p, for complete polyhedron P defined as the convex hull
of {(a,0): € V(R)} U{(0,2¢;) : j=1,2,...d}. Precisely,

d
Ax.€) = | D, x+ gt
j=1

aceV(R)
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P(x,D)u, = f,
1. Existence of defect distributions with symbols in MI'7\?
2. Localisation principle?
3. Compactness of commutator?
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