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Hormander-Mihlin theorem
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For ¢ € C*(S*™ '), extended by homogeneity to R, we can take k = ||| n-



Existence of H-distributions

Theorem. [N.A. & D. Mitrovi¢ (2011)] /f u, — 0 in LP(R%) and

vp, —— v in LY(R?) for some q > max{p’, 2}, then there exist subsequences
(tn'), (vnr) and a complex valued distribution i € D' (R x S%™1), such that
for every v1, 2 € C°(RY) and ¥ € C(S*™!) we have:

1im/ Ay (911 (%) (02007) (x)dx = lim Rd(wlun/)(X)Aa(sozvn/)(X)dx

n!
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of order zero (an unbounded Radon measure, not a general distribution).
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u € L2(RY), and define u, (x) = n%u(n(x — z)) for some z € R%.
Simple change of variables: ||us||rpre) = |[ull e (re) and up — 0 in L?(RY).
Indeed, the sequence is bounded, while for ¢ € CC(Rd)
/ un (x)p(x)dx = / n*Pu(n(x — z))p(x)dx
Rd Rd

= [ 0 aty)ely e+ iy

1
= iy /Rd uw(y)Xsupp u(¥)2(y/n + 2)dy

vol(supp u)\ /7’
< () Il ey max o)
Passing to the limit, we get our claim.

Actually, the H-distribution corresponding to sequences (u,) and (®p(ur)) is
given by 8, X v, where v is a distribution on C*(S%™!) defined for

¢ € CH(S?7Y) by

) = [ w0 AT
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Let X and Y be open sets in R% and R" (or C*° manifolds), Q C X x Y.

By Cb™(£2) we denote the space of functions f on €, such that for any
a € N¢ and B € Nj, if |a| <1 and |B] < m,
OPf=0208f € C(Q).

CH™(Q) becomes a Fréchet space if we define a sequence of seminorms

l,m o,
:: 8 o0
pr, (f) ‘a‘gmlfg‘gml\ Flleee(x,)

where K,, C 2 are compacts, such that Q = U,en K, and K,, C Int K, 41.
For a compact set K C Q we define a subspace of C-™(Q)

O (@)= {f e "™ (@) suppf C K}

This subspace inherits the topology from C“™ (), which is, when considered
only on the subspace, a norm topology determined by

I f e = D3 (f)

and CY™ () is a Banach space (it can be identified with a proper subspace of
CH™(K)). However, if m = co (or | = 00), then we shall not get a Banach
space, but a Fréchet space. As in the isotropic case, an increasing sequence of
seminorms that makes CZKO:(Q) a Fréchet space is given by (p%i% k € No.



Functions of anisotropic smoothness (cont.)

We can also consider the space

cem (@)= | CKl(©),

neN

of all functions with compact support in C™(€), and equip it by a stronger
topology than the one induced from C"™(Q): by the topology of strict
inductive limit.
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Functions of anisotropic smoothness (cont.)

We can also consider the space

cem (@)= | CKl(©),

neN

of all functions with compact support in C™(€), and equip it by a stronger
topology than the one induced from C"™(Q): by the topology of strict
inductive limit.

More precisely, it can easily be checked that

CiI() = CF L (9),

n+1

the inclusion being continuous. Also, the topology induced on C%’:(Q) by that
of Cll’(";rl((l) coincides with the original one, and Ci,!:(Q) (as a Banach space
in that topology) is a closed subspace of C?{’:H (©2). Then we have that the
inductive limit topology on CL™(Q) induces on each C;{:(Q) the original
topology, while a subset of Cf;m(ﬂ) is bounded if and only if it is contained in
one C;(T:(Q) and bounded there. C5™(9) is a barelled space.

Of course, C°(Q) — CL™(Q) is a continuous and dense imbedding.
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Definition. A distribution of order l in x and order m in 'y is any linear
functional on Cf;m(Q), continuous in the strict inductive limit topology. We
denote the space of such functionals by Dj ().

Clearly, C°(Q) — CL™(Q) — D’(Q), with continuous and dense imbeddings,
thus C4™(92) is a normal space of distributions, hence its dual Dj,,, () forms a
subspace of D’(Q). If we equip it with a strong topology, it is even
continuously imbedded in D’ ().

Lemma. Let X andY be C* manifolds. For a linear functional v on
CL™(X x Y), the following statements are equivalent
a) ue Dy, (X xY),
b) (VK € K(X x Y))(3C > 0)(v¥ € C"(X xY)) [(u, ¥)| < Cp" (V).

Statement (b) of previous lemma implies:

(VK € K(X))(VL € K(Y)(3C > 0)(Vp € CZK(X))(Vi/) e CT(Y))
[(u, o B )| < Cplk (9)pT (%)

The reverse implication would have significantly greater practical use.



Tensor product of distributions

In order to better understand the properties of elements of Dj ,,,(£2), we shall

relate them to tensor products.

The first step is to consider the algebraic tensor product CL(X) X C™(Y), the
vector space of all (finite) linear combinations of functions of the form

(¢ K1) (x,y) := ¢(x)1(y). This is a vector subspace of CL™ (X x Y).
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In order to better understand the properties of elements of Dj ,,,(£2), we shall
relate them to tensor products.

The first step is to consider the algebraic tensor product CL(X) X C™(Y), the
vector space of all (finite) linear combinations of functions of the form

(¢ K1) (x,y) := ¢(x)1(y). This is a vector subspace of CL™ (X x Y).

Theorem. Let X and Y be C™ manifolds, u € D;(X) and v € D,,,(Y). Then
(3w € DI (X 1)) (Ve € CLX) ) (Vo € CIY))  (w, 90 = (u, ) (0, ).

Furthermore, for any ® € CL™(X x Y), function V : x > (v, ®(x,-)) is in
CL(X), while U : y + (u, ®(-,y)) is in C™(Y), and we have that

(w, @) = (u, V) = (v,U).

10



Simple operations

Lemma. Ifu € Dj,,(X xY) then, for any ¢ € C"™(X x Y), vu is a well
defined distribution of order at most (I, m).

Theorem. Let u € Dj,,,(X xY) and take F C X x Y relatively compact set
such that suppu C F. Then there exists unique linear functional 4 on
Q:={peC"™(X xY): FNsuppy € X x Y} such that

3) (Vg € CE™(X X Y)) (i) = (u, ),

b) (Vo e Ct™(X xY)) FNsuppp=0 = (i,¢)=0.
The domain of 4 is largest for F' = supp u.

11



First conjecture

Let X,Y be C* manifolds and u a linear functional on CL™(X x Y). If
u € D'(X xY) and satisfies

(VK € K(X))(VL € K(Y)(3C > 0) (Vo € CR (X)) (Ve € CF(Y)
|(u, o ®1p)| < Cp (0)pT (V)

then u can be uniquely extended to Dj ,,,(X x Y).
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€ D' (R x 8971 and the following bound with ¢ := ¢153:

[{1t, 0 W )| < CH"MlC“(Sd*l)”QOHCKZ(RGL) ,

where C does not depend on ¢ and .
Most likely it is not true!

We need a more complicated result.

12
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Schwartz kernel theorem

b)

Theorem. Let X and Y be two differentiable manifolds.

Let K € D},,(X xY). Then for each ¢ € CL(X) the linear form K, defined
by ¥ — (K, K1), is a distribution of order not more than m on'Y .
Furthermore, the mapping ¢ — K, taking CL(X) with its inductive limit
topology to D,,(Y) with weak x topology, is linear and continuous.

Let A: CL(X) — D,,(Y) be a continuous linear operator, in the pair of
topologies as above. Then there exists unique distribution K € D'(X xY)
such that for any p € CZ°(X) and ¢ € CZ(Y)

<K7 SDWM = <K<va> = <AS07’(/)>
Furthermore, K € D} g, 1.2)(X X Y).

14
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o regularisation? (Schwartz)
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Different strategies of proof

[e]

regularisation? (Schwartz)

o constructive proof? (Simanca, Gask, Ehrenpreis)

[e]

nuclear spaces? (Treves)

structure theorem, on manifolds (Dieudonne)

[e]

15



From kernel to operator (a)

¢ € CL(X); prove the continuity of K, on CT*(Y) (it is clearly linear since the
tensor product is bilinear, while K is linear).
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¢ € CL(X); prove the continuity of K, on CT*(Y) (it is clearly linear since the
tensor product is bilinear, while K is linear).

i.e. for H € K(Y'), mapping ¢ — (K,,) is a cont. lin. funct. on C%(Y).

We can assume X and Y to be open subsets of R? and R".

Indeed, first take an open covering of Y, consisting of chart domains, and a
partition of unity (fa) subordinate to that covering such that

> o fa(y) =1,y € H (note that the sum is finite).

Similarly for ¢, thus limiting ourselves to domains of a pair of charts.

By [Gosser, Kunzinger & al., Chapter 3.1.4], we can identify distributions
localised on chart domains with distributions on subsets of R% and R". Thus,
in what follows we shall assume that X and Y are open subsets of R% and R".
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localised on chart domains with distributions on subsets of R% and R". Thus,
in what follows we shall assume that X and Y are open subsets of R% and R".

We shall therefore show that there exists a constant C' > 0 such that for any
1 € CH(Y) it holds
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[Bl<m
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From kernel to operator (a)

¢ € CL(X); prove the continuity of K, on CT*(Y) (it is clearly linear since the
tensor product is bilinear, while K is linear).

i.e. for H € K(Y'), mapping ¢ — (K,,) is a cont. lin. funct. on C%(Y).

We can assume X and Y to be open subsets of R? and R".

Indeed, first take an open covering of Y, consisting of chart domains, and a
partition of unity (fa) subordinate to that covering such that

> o fa(y) =1,y € H (note that the sum is finite).

Similarly for ¢, thus limiting ourselves to domains of a pair of charts.

By [Gosser, Kunzinger & al., Chapter 3.1.4], we can identify distributions
localised on chart domains with distributions on subsets of R% and R". Thus,
in what follows we shall assume that X and Y are open subsets of R% and R".

We shall therefore show that there exists a constant C' > 0 such that for any
1 € CH(Y) it holds

(K, )| < C max [|0%4||Le ()

[Bl<m
for m finite, while for m = co we should modify the above to

@Bm' eN)3C>0)(Vy € CH(Y)) (K, ¥)| < C max [[0%¢]iee ) -

[Bl<m/
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From kernel to operator (a)(cont.)

K is a distribution of anisotropic order on X X Y:

(VM e K(X x Y))(3C > 0)(Y¥ € CL™(X x Y))

UVCM=— |(K,U)|<C
e M= WIS O B

with obvious modifications if either [ or m is infinite,

10% P[00 (ary
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From kernel to operator (a)(cont.)

K is a distribution of anisotropic order on X X Y:

(VM e K(X x Y))(3C > 0)(Y¥ € CL™(X x Y))

supp¥P C M = [(K,¥)| < C max HB‘O"’B\I/HLOO(M) ,

[a|<LBl<m

with obvious modifications if either [ or m is infinite,

by taking M to be of the form L x H, with L € K(X), and ¥ = ¢ K ¢ such
that supp ¢ C L, we have

(Ko, )| = (K, oR)| <C  max (0% B %P|lLee(rxm)

la|<L[Bl<m

<C 0% || P ||poo iy < C 0P|,
< ﬁi‘f’;}‘l” ol <L>|%}23i” Yllnee () < Ig}gﬁ;” Yllnee(m) »

and therefore K, € D, (Y).
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From kernel to operator (a)(cont.)

The linearity of mapping ¢ — K, readily follows from the bilinearity of tensor
product and the linearity of K.
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From kernel to operator (a)(cont.)

The linearity of mapping ¢ — K, readily follows from the bilinearity of tensor
product and the linearity of K.

For continuity, take an arbitrary L € KC(X) and an arbitrary ¢ € CI*(Y). We
need to show the existence of C' > 0 such that

(Ko, )| < @lrgfgcl 10%pllLoe (L) -
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From kernel to operator (a)(cont.)

The linearity of mapping ¢ — K, readily follows from the bilinearity of tensor
product and the linearity of K.

For continuity, take an arbitrary L € KC(X) and an arbitrary ¢ € CI*(Y). We
need to show the existence of C' > 0 such that

(Ko, )| < Clrgfgcl 10%pllLoe (L) -

However, we have already shown that above: just take

C = C max |0° oo .
\mgm” YllLoo (i)

Therefore, the mapping ¢ +— K., from CL(X) to D,,(Y) is linear and
continuous.

18



From operator to kernel (b): uniqueness and overview

Let us first prove the uniqueness. By formula
<K7 SOW/)) = <K4va> = (ASDJ/)) )

a continuous functional K on CZ(X) X C:°(Y) is defined. As it is defined on
a dense subset of CZ°(X x Y), such K is uniquely determined on the whole
CT(X xY).
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From operator to kernel (b): uniqueness and overview

Let us first prove the uniqueness. By formula

<K7 ¢®¢> = <K<va> = (A%W )

a continuous functional K on CZ(X) X C:°(Y) is defined. As it is defined on
a dense subset of CZ°(X x Y), such K is uniquely determined on the whole
CE(X xY).

The proof of existence will be divided into two steps. In the first step we
assume that X and Y are open subsets of R? and R”, and additionally, that
the range of A is C(Y) C D;,(Y) (understood as distributions which can be
identified with continuous functions). This will allow us to write explicitly the
action of Ay on a test function ¢» € C7*(Y'), which will finally enable us to
define the kernel K. In the second step, we shall use a partition of unity and
the structure theorem of distributions to reduce the problem to the first step.
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From operator to kernel (b): existence under additional assumptions

Additionally assume that X and Y are open and bounded subsets of euclidean
spaces, and that for each ¢ € CL(X), Ap € C(Y).
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From operator to kernel (b): existence under additional assumptions

Additionally assume that X and Y are open and bounded subsets of euclidean
spaces, and that for each ¢ € CL(X), Ap € C(Y).

Its action on a test function ¢ € CT*(Y') is given by

(Ap, ) = / (Ag) (¥ )(y)dy .

Y

Continuity of A implies that A : CL(X) — C(Y) is continuous when the
range is equipped with the weak * topology inherited from D, (Y).
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(Ap, ) = / (Ag) (¥ )(y)dy .

%
Continuity of A implies that A : CL(X) — C(Y) is continuous when the
range is equipped with the weak * topology inherited from D, (Y).

As the latter is a Hausdorff space, that operator has a closed graph, but this
remains true even when we replace the topology on C(Y') by its standard

Fréchet topology [Narici & Beckenstein, Exercise 14.101(a)], which is stronger.
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Its action on a test function ¢ € CT*(Y') is given by

(Ap, ) = / (Ag) (¥ )(y)dy .

%
Continuity of A implies that A : CL(X) — C(Y) is continuous when the
range is equipped with the weak * topology inherited from D, (Y).

As the latter is a Hausdorff space, that operator has a closed graph, but this
remains true even when we replace the topology on C(Y') by its standard

Fréchet topology [Narici & Beckenstein, Exercise 14.101(a)], which is stronger.

Now we can apply the Closed graph theorem [Narici & Beckenstein, Theorem
14.3.4(b)], as CL(X) is barreled, as a strict inductive limit of barreled spaces,
to conclude that A : CL(X) — C(Y) is continuous with usual strong
topologies on its domain and range.
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(b): existence under additional assumptions (cont.)

For y € Y consider a linear functional Fy : CL(X) — C defined by

Fy(p) = (Ap)(y) -
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(b): existence under additional assumptions (cont.)

For y € Y consider a linear functional Fy : CL(X) — C defined by
Fy () = (A9)(y) -

Since Ay is a continuous function, F}, is well-defined and continuous as a
composition of continuous mappings, thus a distribution in D;(X).
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(b): existence under additional assumptions (cont.)

For y € Y consider a linear functional Fy : CL(X) — C defined by

Fy(p) = (Ap)(y) -

Since Ay is a continuous function, Fy is well-defined and continuous as a
composition of continuous mappings, thus a distribution in D;(X).

Take a test function ¥ € CL%(X x Y), and fix its second variable (get a
function from CL(X)) and apply F; we are interested in the properties of this

mapping:
y = B (U() = (A2(,3)) ()
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(b): existence under additional assumptions (cont.)

For y € Y consider a linear functional Fy : CL(X) — C defined by

Fy(p) = (Ap)(y) -

Since Ay is a continuous function, Fy is well-defined and continuous as a
composition of continuous mappings, thus a distribution in D;(X).

Take a test function ¥ € CL%(X x Y), and fix its second variable (get a
function from CL(X)) and apply F; we are interested in the properties of this
mapping:

y = B (W(,y) = (A¥(,3)) () -

Clearly, it is well defined on Y, with a compact support contained in the
projection my (supp ¥). Furthermore, we have:

Fy(W(,3))| = [(A%C,3)) 0] < 1A 9) e gy o )
< CH“I[(HY)HCI (X) < C”\I]||Ci’“0ppq,(X><Y) :

Ty (supp ¥)
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(b): existence under additional assumptions (cont.)

We show sequential continuity: take a sequence y,, — y in Y. Denote
H = 7x(supp V) and let L CY be a compact such that y,,y € L; U is
uniformly continuous on compact H x L.
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(b): existence under additional assumptions (cont.)

We show sequential continuity: take a sequence y,, — y in Y. Denote
H = 7x(supp V) and let L CY be a compact such that y,,y € L; U is
uniformly continuous on compact H x L.

This is also valid for 9g ¥, where |a| < I, thus ¥(-,y,) — ¥(-,y) in CL(X).
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(b): existence under additional assumptions (cont.)

We show sequential continuity: take a sequence y,, — y in Y. Denote

H = 7x(supp V) and let L CY be a compact such that y,,y € L; U is
uniformly continuous on compact H x L.

This is also valid for 92W, where |a| < I, thus U(-,y,) — (-, y) in CL(X).
As A is continuous, the convergence is carried to C(Y), i.e. to uniform
convergence on compacts of a sequence of functions AVU(-,y,) to AU(-,y).

In particular,(AU (-, y»))(y) — (A¥(-,y))(¥) is arbitrary small independently of
y € L, for large enough n.
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(b): existence under additional assumptions (cont.)

We show sequential continuity: take a sequence y,, — y in Y. Denote

H = 7x(supp V) and let L CY be a compact such that y,,y € L; U is
uniformly continuous on compact H x L.

This is also valid for 92W, where |a| < I, thus U(-,y,) — (-, y) in CL(X).
As A is continuous, the convergence is carried to C(Y), i.e. to uniform
convergence on compacts of a sequence of functions AVU(-,y,) to AU(-,y).
In particular,(AU (-, y»))(y) — (A¥(-,y))(¥) is arbitrary small independently of
y € L, for large enough n.

On the other hand, AV(-,y) is uniformly continuous, thus

(A (-, ¥y)(¥) — (A¥(-,y))(y) is small for large n, independetly of y € L. In
other terms, we have the required convergence

Fy, (W(,yn)) — Fy () -
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(b): existence under additional assumptions (cont.)

We show sequential continuity: take a sequence y,, — y in Y. Denote

H = 7x(supp V) and let L CY be a compact such that y,,y € L; U is
uniformly continuous on compact H x L.

This is also valid for 92W, where |a| < I, thus U(-,y,) — (-, y) in CL(X).
As A is continuous, the convergence is carried to C(Y), i.e. to uniform
convergence on compacts of a sequence of functions AVU(-,y,) to AU(-,y).

In particular,(AU (-, y»))(y) — (A¥(-,y))(¥) is arbitrary small independently of
y € L, for large enough n.

On the other hand, AV(-,y) is uniformly continuous, thus
(A (-, ¥y)(¥) — (A¥(-,y))(y) is small for large n, independetly of y € L. In
other terms, we have the required convergence

Fy, (W(,yn)) — Fy () -

A continuous function with compact support is summable, so we can define K
on CEOX x Y):

(K, 0) = /Y Fy(U(,y)) dy

which is obviously linear in ¥, as Fy is.
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(b): existence under additional assumptions (cont.)

For continuity of K, we cannot follow [Dieudonne, 23.9.2], as our spaces are
not Montel.
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(b): existence under additional assumptions (cont.)

For continuity of K, we cannot follow [Dieudonne, 23.9.2], as our spaces are
not Montel.

However, we can check that K is continuous at zero (modifications for [ = oo):
(VH e K(X)(VL e KY)(BC > 0)(V¥ € CL%(X x Y))
suppW C H x L. = [(K,¥)|<C|¥Y] .0

K x

L (XXY) ”
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(b): existence under additional assumptions (cont.)

For continuity of K, we cannot follow [Dieudonne, 23.9.2], as our spaces are
not Montel.

However, we can check that K is continuous at zero (modifications for [ = oo):

(VH e K(X)(VL e KY)(BC > 0)(V¥ € CL%(X x Y))
suppUV CHxL = |K,)|< CH\IJHCzkoXL(XXy) .

The continuity of A : CL(X) — C(Y), for ¥ supported in H x L and the fact
that the support of A¥(-,y) is contained in L gives us the estimate

/ Fy(U(-,y)) dy’ < (VOlL)C”‘I’Hc’;(O L(XxY)
v X

as needed.

23



(b): existence under additional assumptions (cont.)
For continuity of K, we cannot follow [Dieudonne, 23.9.2], as our spaces are
not Montel.

However, we can check that K is continuous at zero (modifications for [ = oo):

(VH e K(X)(VL e KY)(BC > 0)(V¥ € CL%(X x Y))
supp¥Y CHx L = |(K,¥)|< CH‘Ij”c’I‘(OX

L (XXY) ”

The continuity of A : CL(X) — C(Y), for ¥ supported in H x L and the fact
that the support of A¥(-,y) is contained in L gives us the estimate

/ Fy(U(-,y)) dy’ < (VOlL)C||‘I’Hc’;(0 L(XxY)
v X

as needed.
Finally, it is easy to check that for ¢ € C°(X) and ¢ € CZ(Y), we have:

(K, pR ) = /Y Fy (o R(y))dy = /Y Fy(o)0(y)dy

- /Y (Ap) (y)(y)dy = (Ap ) .
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(b) existence in general: reduction to charts

Let (Ua) and (V3) be covers consisting of relatively compact open sets.
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(b) existence in general: reduction to charts

Let (Ua) and (V3) be covers consisting of relatively compact open sets.

It is sufficient to show existence of distributions K,z on U, X V3, which satisfy

(Ap, ) = (Kap, oW 1p) , ¢ € CZ(Ua), v € CZ(Vp) -
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(b) existence in general: reduction to charts

Let (Us) and (V) be covers consisting of relatively compact open sets.
It is sufficient to show existence of distributions K,z on U, X V3, which satisfy

(Ap, ) = (Kap, oW 1p) , ¢ € CZ(Ua), v € CZ(Vp) -

Indeed, the uniqueness of K € D'(X x Y') then follows from the fact that two
distributions K,p and K5 will coincide on open sets (U, NU7) x (VN Vs) of
X x Y, while the existence of K will be a result of the localisation theorem

[Dieudonne, 17.4.2].
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(b) existence in general: reduction to charts

Let (Ua) and (V3) be covers consisting of relatively compact open sets.

It is sufficient to show existence of distributions K,z on U, X V3, which satisfy

(Ap, ) = (Kap, oW 1p) , ¢ € CZ(Ua), v € CZ(Vp) -

Indeed, the uniqueness of K € D'(X x Y') then follows from the fact that two
distributions K,p and K5 will coincide on open sets (U, NU7) x (VN Vs) of
X x Y, while the existence of K will be a result of the localisation theorem
[Dieudonne, 17.4.2].

Furthermore, if we assume that U, and Vj lie within domains of some charts of
X and Y, in the light of results of [Gésser, Kunzinger & al., Chapter 3.1.4], we
can identify the distributions localised to these chart domains with distributions
on open subsets of R%. Thus, without loss of generality, we assume that U and
V are relatively compact open subsets of R®.
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(b) existence in general: the structure theorem
Consider A : CL(U) — D, (V) defined by: for ¢ € CL(U) and v € CT*(V)

(Ap, ) = (Ap, ) .
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(b) existence in general: the structure theorem
Consider A : CL(U) — D.,(V) defined by: for ¢ € CL(U) and 1 € C(V)

(Ap, ) = (Ap, ) .

A is well-defined, and by the assumptions continuous.
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(b) existence in general: the structure theorem
Consider A : CL(U) — D.,(V) defined by: for ¢ € CL(U) and 1 € C(V)
(Ap,4) = (Ap, ) -
A is well-defined, and by the assumptions continuous.

Take a relatively compact open neighbourhood W of CIV in Y and pick a
smooth cut-off function p being one on CIV and supported in W.
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(b) existence in general: the structure theorem
Consider A : CL(U) — D.,(V) defined by: for ¢ € CL(U) and 1 € C(V)

(Ap,y) = (Ap,y) .
A is well-defined, and by the assumptions continuous.

Take a relatively compact open neighbourhood W of CIV in Y and pick a
smooth cut-off function p being one on CIV and supported in W.

For ¢ € CL(U), pAp € D, (W) and has a compact support. Next we use the
Structure theorem for distributions: from its proof [Friedlander & Joshi,
Theorem 5.4.1], we can write

pAp = (8{"+2 e 3;n+2) (Em+2 * (pAgD)) ,

where E,,, 12 is the fundamental solution of 8{"*2 .. 3;”*2 (derivatives in y),
i.e. it satisfies the equation (8{”*2 - 8;”*2) Epq2 = do (explicit formula for
Er2 in loc.cit.), and En42 x (pAyp) is a continuous function.
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(b) existence in general: the structure theorem
Consider A : CL(U) — D.,(V) defined by: for ¢ € CL(U) and 1 € C(V)

(Ap, ) = (Ap, ) .

A is well-defined, and by the assumptions continuous.

Take a relatively compact open neighbourhood W of CIV in Y and pick a
smooth cut-off function p being one on CIV and supported in W.

For ¢ € CL(U), pAp € D, (W) and has a compact support. Next we use the
Structure theorem for distributions: from its proof [Friedlander & Joshi,
Theorem 5.4.1], we can write

pAp = (8{"+2 e 3;n+2) (Em+2 * (pAgD)) ,

where E,,, 12 is the fundamental solution of 8{"*2 .. 3;”*2 (derivatives in y),
i.e. it satisfies the equation (8{”*2 - 8;”*2) Epq2 = do (explicit formula for
Er2 in loc.cit.), and En42 x (pAyp) is a continuous function.

Denoting by Ey, 2% the transpose of Ep, 2%, for ¢ € CL(U) and ¥ € C*(W)
<Em+z * (pAp), w> = <As0, PEm 2 * d)> ,

concluding that ¢ — En, 42 % (pAy) is continuous from CL(U) to D, (W).
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(b) existence in general: reduction to special case

Now we can find R € D; o(U x W) such that for all ¢ € C2°(U) and
1 € CZ(W) it holds

<Em+2 * (pAg), ¢> = (R,pRy) .
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(b) existence in general: reduction to special case

Now we can find R € D; o(U x W) such that for all ¢ € C2°(U) and
1 € CZ(W) it holds

<Em+2 * (pAp), ¢> = (R, 9 KY).
Taking ¢ € C°(U) and ¥ € C(V), we have
(R, (372 .. 97+2) p) = <Em+2 « (pAg), (072 ... 00+?) 1/1>
= () (O 05 ?) (Bmsa + (pA) ) S 00)
= (1) (pAg,v)
= (1)) (A, pv)
= ()" Ap, ),
which gives (Ap, v) = (—1)*"+2) ((07*+2 .. 97?) R, p K1), where the

derivatives are taken with respect to the variable y. Since R was an element of
Dy o(U x W), we conclude that A € D} 10y (U x V).
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Remarks

Note that in part (b) we did not get K € D;,,(X X Y), as one would expect.
The order with respect to x variable remained the same, but the order with
respect to y increased from m to d(m + 2). Interchanging the roles of X and
Y, the same proof gives K € Dy 9y ,,(X x Y), where order with respect to y
remained the same, but order with respect to the x variable increased from [ to
d(l+2). Since uniqueness of K € D'(X X Y) has already been determined, we
conclude that K € D} 4,40/ (X X Y) N Dgy40,, (X X Y). It might be
interesting to see some additional properties of that intersection.
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Note that in part (b) we did not get K € D;,,(X X Y), as one would expect.
The order with respect to x variable remained the same, but the order with
respect to y increased from m to d(m + 2). Interchanging the roles of X and
Y, the same proof gives K € Dy 9y ,,(X x Y), where order with respect to y
remained the same, but order with respect to the x variable increased from [ to
d(l+2). Since uniqueness of K € D'(X X Y) has already been determined, we
conclude that K € D} 4,40/ (X X Y) N Dgy40,, (X X Y). It might be
interesting to see some additional properties of that intersection.

If one used a more constructive proof of the Schwartz kernel theorem, for
example [Simanca, Theorem 1.3.4], one would end up increasing the order with
respect to both variables x and y. This occurs naturally, because one needs to
secure the integrability of the function which is used to define the kernel
function.
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Remarks

Note that in part (b) we did not get K € D;,,(X X Y), as one would expect.
The order with respect to x variable remained the same, but the order with
respect to y increased from m to d(m + 2). Interchanging the roles of X and
Y, the same proof gives K € Dy 9y ,,(X x Y), where order with respect to y
remained the same, but order with respect to the x variable increased from [ to
d(l+2). Since uniqueness of K € D'(X X Y) has already been determined, we
conclude that K € D} 4,40/ (X X Y) N Dgy40,, (X X Y). It might be
interesting to see some additional properties of that intersection.

If one used a more constructive proof of the Schwartz kernel theorem, for
example [Simanca, Theorem 1.3.4], one would end up increasing the order with
respect to both variables x and y. This occurs naturally, because one needs to
secure the integrability of the function which is used to define the kernel
function.

One interesting approach to the kernel theorem is given in [Treves, Chapter
51]. This approach is based on deep results of functional analysis on tensor
products of nuclear spaces of Alexander Grothendieck. This approach might
result in further improvements of the preceeding theorem. This is a subject of
our current ongoing research.
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Consequence for H-distributions

By the previous theorem the H-distribution © mentioned at the beginning
belongs to the space D()’d(n_‘_Q)(Rd x 8971), i.e. it is a distribution of order 0 in
x and of order not more than d(x + 2) in €.
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Consequence for H-distributions

By the previous theorem the H-distribution © mentioned at the beginning
belongs to the space D()’d(n_‘_Q)(Rd x 8971), i.e. it is a distribution of order 0 in
x and of order not more than d(x + 2) in €.

Indeed, we already have u € D'(Rd X Sd’l) and the following bound with
¢ = p1p2:
[{1t, p R ah)| < C‘W”cwsd—l)||4P‘|CK[(Rd) ,

where C does not depend on ¢ and .
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Consequence for H-distributions

By the previous theorem the H-distribution © mentioned at the beginning
belongs to the space D()’d(n_‘_z)(Rd x 8971), i.e. it is a distribution of order 0 in
x and of order not more than d(x + 2) in €.

Indeed, we already have u € D'(Rd X Sd’l) and the following bound with
¢ = p1p2:

{1, p )| < C‘W”cwsd—l)||4P‘|CK[(Rd) ,

where C does not depend on ¢ and .

Now we just need to apply the Schwartz kernel theorem given above to
conclude that 4 is a continuous linear functional on Co'* N+2)(Rd x 84-1),
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Thank you for your attention.
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