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Introduction

Theorem. [6], [4] If un, vn
L2
loc−−⇀ 0, then there exist sub-

sequences (un′), (vn′) and µH ∈ M(Rd × Sd−1) such that
(∀ϕ1, ϕ2 ∈ Cc(R

d))(∀ψ ∈ C(Sd−1)))

lim
n′

∫
Rd

Aψ(ϕ1un′)(x)ϕ2vn′(x) dx = 〈µH , ϕ1ϕ̄2ψ〉 ,

Aψ(u) = F̄(ψû) being the Fourier multiplier with symbol
ψ ◦ π, π(ξ) := ξ/|ξ|.

Measure µH we call the H-measure associated to the
(sub)sequences (un′), (vn′).

Theorem. [3] If un
L2
loc−−⇀ u, vn

L2
loc−−⇀ v and ωn → 0+, then

there exist subequences (un′), (vn′) and µsc ∈M(Rd×Rd)
such that (∀ϕ1, ϕ2 ∈ C∞c (Rd))(∀ψ ∈ S(Rd))

lim
n′

∫
Rd

Aψn′ (ϕ1un′)(x)ϕ2vn′(x) dx = 〈µsc, ϕ1ϕ̄2ψ〉 ,

where Aψn′ is the F.m. with symbol ψn′ := ψ(ωn′ ·).

Measure µsc we call the semiclassical measure with cha-
racteristic length (ωn′) associated to the (sub)sequences
(un′), (vn′).
Alternative, semiclassical measures can be defined via the
Wigner transform [5]:

Wn(x, ξ) :=

∫
Rd

e−2πiy·ξun

(
x +

ωny

2

)
vn

(
x− ωny

2

)
dy

S′−−⇀ µsc .

In general we cannot reconstruct semiclassical measures from
H-measures and vice versa (see [7, 1]). That can be consi-
dered as a motivation for introducing new object, one-scale
H-measures.

1-scale H-measure
Tartar introduced new space of test functions ψ in the Fo-
urier space [7] as continuous functions on a compactifica-
tion Kd

0,∞ of Rd
∗ := Rd \ {0} by adding two spheres (aro-

und the origin, Σ0, and in the infinity, Σ∞):

Rd

Σ∞
Σ0

Σ0 := {0ξ : ξ0 ∈ Sd−1} , Σ∞ := {∞ξ : ξ ∈ Sd−1}
Kd

0,∞ := Rd \ {0} ∪ Σ0 ∪ Σ∞

In the sequel we need differential calculus on Kd
0,∞ so we

choose

Kd
0,∞ := ClJ (Rd

∗) = ClA(2−1/2, 1) ,

where A(2−1/2, 1) := {ξ ∈ Rd : 2−1/2 < |ξ| < 1} and
J : Rd

∗ −→ A(2−1/2, 1) is a smooth bijection given by

J (ξ) :=
ξ√

|ξ|2 + |ξ|2
(|ξ|+1)2

(see the figure on the right).

For ψ ∈ C(Kd
0,∞) by ψ∗ := ψ ◦ J we denote the pullback

of ψ by J .

Theorem. [7], [1] If un, vn
L2
loc−−⇀ 0, ωn → 0+, then there

exist subsequences (un′), (vn′) and µK0,∞ ∈ M(Rd ×
Kd

0,∞) such that (∀ϕ1, ϕ2 ∈ Cc(R
d))(∀ψ ∈ C(Kd

0,∞))

lim
n′

∫
Rd

Aψ∗
n′

(ϕ1un′)(x)ϕ2vn′(x) dx = 〈µH , ϕ1ϕ̄2ψ〉 ,

where Aψ∗
n′

is the F.m. with symbol ψ∗n′ := ψ∗(ωn′ ·).

Measure µK0,∞ we call the one-scale H-measure with charac-
teristic length (ωn′ ) associated to the (sub)sequences (un′),
(vn′).
By the very definition of Kd

0,∞ we have

• C0(Rd) ⊆ J ∗(C(Kd
0,∞)),

• ψ ∈ C(Sd−1), ψ ◦ π ∈ J ∗(C(Kd
0,∞)),

which implies that µK0,∞ is an extension of µH and µsc: for
arbitrary ψ ∈ S(Rd), ψ̃ ∈ C(Sd−1), ϕ ∈ Cc(Ω) we have

• 〈µK0,∞ , ϕ� ψ〉 = 〈µsc, ϕ� ψ〉

• 〈µK0,∞ , ϕ� ψ̃ ◦ π〉 = 〈µH , ϕ� ψ̃〉

Rd

N

O ξ ξ′

σ(ξ′)

J (ξ)

Localisation principle for one-scale H-measures
Let Ω ⊆ Rd open, m ∈ N, l ∈ 0..m, εn → 0+. If

un
L2
loc−−⇀ 0, consider sequence of equations

(1)
∑

l6|α|6m

ε|α|−ln ∂α(aαnun) = fn in Ω ,

where aαn ∈ C(Ω) and for every α, aαn → aα unifor-
mly on compact sets, and fn ∈ H−mloc (Ω) such that for
any ϕ ∈ C∞c (Ω)

(2)
ϕ̂fn

1 +
∑m
s=l ε

s−l
n |ξ|s

L2

−→ 0 .

In [7] Tartar proved the localisation principle for one-
scale H-measure, but that result does not provide any
information on the structure of the measure on Σ0.
This disadvantage has been resolved and the result ge-
neralised in [1].

Theorem. [1] Under the previous assumptions and (εn) not nec-
cesary convergent, take ωn → 0+ such that limn

εn
ωn

= c ∈ [0,∞].
Then for µK0,∞ with characteristic length (ωn) associated to (un)
we have

pµK0,∞ = 0 ,
where

p(x, ξ) :=


∑
|α|=l

ξα

|ξ|l+|ξ|m a
α(x) , εn

ωn
→ 0∑

l6|α|6m(2πic)|α| ξα

|ξ|l+|ξ|m a
α(x) , εn

ωn
→ c ∈ R+ .∑

|α|=m
ξα

|ξ|l+|ξ|m a
α(x) , εn

ωn
→∞

Moreover, if there exists ε0 > 0 such that εn > ε0, n ∈ N, we
can take

p(x, ξ) :=
∑
|α|=m

ξα

|ξ|m
aα(x) .

From the previous theorem we can obtain the known localisation
principle for H-measures and the localisation principle for semi-
classical measures under weaker assumptions on the convergence
of the right hand side ((2) is a weaker assumption then the conver-
gence in L2

loc(Ω)) (cf. [1]).

H-distributions
Aim: Generalise the notion of H-measures to the Lp setting.
Problem: FindM ⊆ C(Sd−1) such that for every ψ ∈M we
have Aψ ∈ L(Lp; Lp), p ∈ 〈1,∞〉.
Answer: The Mihlin multiplier theorem: Let ψ ∈ L∞(Rd

∗)
satisfies, κ := bd/2c+ 1,

(∀ |α| 6 κ)(∀ ξ ∈ Rd
∗)(∃A > 0) |∂αψ(ξ)| 6 A

|ξ||α|
.

Theorem. [2] If un
Lploc−−⇀ 0 and vn

Lp
′

loc−−⇀ v then there exist
(un′), (vn′) and νH ∈ D′(Rd× Sd−1), such that (∀ϕ1, ϕ2 ∈
C∞c (Rd))(∀ψ ∈ Cκ(Sd−1))

lim
n′

∫
Rd

Aψ(ϕ1un′)ϕ2vn′dx = 〈νH , ϕ1ϕ̄2ψ〉 .

Distribution νH we call the H-distribution associated to the
(sub)sequences (un′), (vn′).
The localisation principle for H-distributions is also provided
in [2]. Our aim is to introduce the generalisation of one-scale
H-measures, one-scale H-distributions, which will play the
same role with H-distributions as one-scale H-measures plays
with H-measures in L2 case.Existence of one-scale H-distributions

For any ψ ∈ Cκ(Kd
0,∞) we have

(∀ |α| 6 κ)(∀ ξ ∈ Rd
∗) |∂αψ∗(ξ)| 6

‖ψ‖Cκ(Kd0,∞)

|ξ||α|
,

hence Aψ∗n is a bounded operator on Lp(Rd), p ∈ 〈1,∞〉.

Theorem. If un
Lploc−−⇀ 0, vn

Lp
′

loc−−⇀ v and ωn → 0+, then there
exist (un′), (vn′) and νK0,∞ ∈ D′(Rd × Kd

0,∞), such that
(∀ϕ1, ϕ2 ∈ Cc(R

d))(∀ψ ∈ Cκ(Kd
0,∞))

lim
n′

∫
Rd

Aψ∗
n′

(ϕ1un′)ϕ2vn′dx = 〈νK0,∞ , ϕ1ϕ̄2ψ〉 .

Distribution νK0,∞ we call the one-scale H-distribution with
characteristic length (ωn) associated to the (sub)sequences
(un′), (vn′). As in the L2 case, we have that νK0,∞ is an exten-
sion of νH .
As soon as we get boundedness of Aψ∗n , the most important
part of the proof (like in [2, 6, 7]) is based on the variation
of the First commutation lemma. Here we just use an easy
generalisation of the L2 result given in [1].
Let ϕ ∈ C0(Rd) and ψ ∈ Cκ(Kd

0,∞) and denote by Bϕ a bo-
unded operator on Lp(Rd) such that (Bϕu)(x) := ϕ(x)u(x).

Lemma. Let (vn) be bounded in L2(Rd) ∩ Lr(Rd), for
some r ∈ 〈2,∞], and weakly convergent to zero in the sense
of distributions. The sequence (Cnvn) strongly converges
to zero in Lq(Rd), for any q ∈ [2, r] \ {∞}, where Cn :=
[Bϕ,Aψ∗n ].

Localisation principle. We study (1) in the Lp setting. The
assumption on the right hand side (2) have to be rephra-
sed using Fourier multipliers as for fn ∈ W−m,p(Ω) we
cannot satisfactorily describe the fraction in (2). The Mi-
hlin theorem requires smooth symbols, therefore we define
Kn(ξ) := (1 + |ξ|2l + ε2m−2ln |ξ|2m)−1/2, and for fn ∈
W−m,p(Rd) introduce:

(3) (∀ϕ ∈ C∞c (Ω)) AKn(ϕfn)
Lp−→ 0 .

This condition is well defined since for any n ∈ N we have
AKn(ϕfn) ∈ Lp(Rd). It is easy to see that (3) and (2) are
equivalent for p = 2.
Following the approach in [1], with some more additional
technical details, we can obtain the localisation principle for
one-scale H-distributions as the generalisation of the result
presented for one-scale H-measures.
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