Expressing limits of non-quadratic terms via H-measures

Martin Lazar
University of Dubrovnik

March 4, 2015
Zagreb

~
N~
s

WeConMApp



Outline

Introduction

Exploring non-quadratic terms

Computation of higher order correction terms in small amplitude
homogenisation



H-measures

» introduced around 1990. by L. Tartar and P. Gérard

Radon measures associated to bounded L?(R?) sequences

v

p~ (un)

v

express limit of fu?1
» a microlocal defect tool

— include dual variable (&), in addition to the physical one (x),
— measure deflection of weak from strong L2 convergence.

un) - bounded in L2(RY), w, — 0.
(un)

uw=0<= u, — 0in LIQOC(Rd)



H-measures

Theorem 1. (Existence)

Let un, — 0 in L2(R%). There exists a subsequence (u,) and a non-negative
Radon measure pg on R? x S%! such that for all ©1,p2 € Co(Rd),

€ C(SI1):

lim RdAw(sown)(X)(wzun)(X) dx = (pr, ¢ BY)

=/ wP(&) du(x,§) -
Rdx§d—1

where: Ay, is the (Fourier) multiplier operator F (Ayu) (§) = w(é—l)ﬂ(ﬁ) ,

® = p1P2.
Measure pg we call H-measure associated to the (sub)sequence (uy).

Luc TARTAR: H-measures, a new approach for studying homogenisation, oscillations and
concentration effects in partial differential equations, Proceedings of the Royal Society of
Edinburgh, 115A (1990) 193-230.

The theorem is also valid:
» for u, of class LZ ., but the associated H-measure does not need to be
finite, test functions ¢ € C.(R%),
» for vector functions u,, € LQ(Rd; C"), the H-measure is a positive
semi-definite matrix Radon measure.



Applications:

e Compensated compactness !

—if un, v, — 0, does u,v, — 07

e Homogenisation
— defect measures describe limits of quadratic terms.

e Velocity averaging *
— under which conditions fRy un(z,y)p(y)dy — 0 in L??

o (Averaged) control theory *
— under which conditions can we control the averaged quantity

Jr, un (@, v)p(y)dy?

L. TARTAR 1990; P. GERARD 1991; E. Yu. PaNov 2011; N. ANTONI¢, M. ERCEG & M.L.
2015

2L. TARTAR 1990; N. ANTONIC & M. VRDOLJAK 2009; N. ANTONIG & M. L. 2008, 2010

3P. GERARD 1991; E. Yu. PANOV 2009, 2010; M. L. & D. MITROVIC¢ 2011, 2012

4N. BURQ & P. GERARD 1997; B. DEHMAN, M. LEAUTAUD & J.LE ROUSSEAU 2014; M. L.
& E. Zuazua 2014



H-measures — restricted to quadratic terms of L? sequences.
H-distributions: °
» — a generalisation of the concept to the L? p > 1 framework.

» — explore products of a form

’
/unvn Jup € LP v, € L.

The aim of the paper:
— to deal with higher order terms

/ufw U, € LP.

tim [ A (211) (0 Aua (e21) (9 .. A, (1) () =2

More precisely

5N. ANTONIG, D. MITROVIC, H-distributions — an extension of the H-measures in LP — L9
setting, Abstr. Appl. Anal. 2011 (2011), 12 pp.



Split the integrand into two parts

[ A1) - Ay (p21) Auy s (pr2iatn) - A, ()

Un Wn,

Theorem 2.
Let w, — 0 in L2T*(R%),p € N, e > 0.

loc

Then for any choice of test functions @; € Co(R%),; € CH(S¥ 1), i =1..p it
holds

lim [ A (1) () - A, () () = (e p B 1)
+ [ (eoemeoax
where:
e o =1, vi

® /iy — Off-diagonal component of the matrix H-measure associated to
(vn — v, wWn —w).




Proof

The proof is based on:

> the Marcinkiewicz multiplier theorem
Ay is a bounded operator on LP(R?), for any p € (1,00), ¢ € C4(S*71).
» the (First) commutation lemma
Let:
up, — 0in L2 R NLP(RY), p € (2,00].
C = Ayp — pAy the commutator determined by o € Co(R?),
e C4SiTh).
Then:
Cun — 0 in LY(R%),q € [2,p).

> u, € LP = Up, Wn € L?



limy, [ga Ay, (@1un) - . . Ayg, (ptin)

— depends on o =[], ;i € CO(Rd);

defines a continuous (p + 1)-linear form B on
Co(R?) x C4(S91) x ... x C4(8471);

— the special case p =2

by Plancherel theorem it depends on ¢ =[], ¢; and ¢ =[], ¥; only,
results in a distribution, and eventually an (H-)measure on RY x Sd-1.

in general, the form B is a measure with respect to x variable.
for any test functions v¥;,i = 1..p,

B(, 11, .. p) = pow + VBA(X) .



The periodic setting

Let (un) be a sequence of periodic functions

~  2mink-
Un (x) = E U e T .
kezd

The associated H-measure :
Z|Uk| e () A()

Can we express lim [ Ay, (p1un) ... Ay, (@pun) explicitly?

Ayun is a periodic function:

d)un (X Z e 'll) 21rink-x.




Specially,
V(%) = (Apytn) (Apsun) (%) = D ity i (5 (k) €27 IO

ik

— Y i (K)o (k) -

Similarly for

Wn(x) = (-Awa un) (-sz;un) (X) .
The measure p,. determined by the sequences (v, —v) and (w, — w) reads
pow= >0 (20 e i v (i )05 (01 (m) ) 8 g (€) M)

J.k I,m
J+k#{0} I+m=—(j+k)

Taking into account the form of the limits v and w:

tim [ A (2160 - Ay (pae) ()

=Y i (R 0sm) [ e
Jj,k,I,m
1+m=—(j+k)

where ¢ =[], ¢:.



Explicit formula for general p

Let (u,) be a bounded sequence of periodic functions in L2, (RY), u, — 0.
For any p € N, @; € Co(R%),1p; € C*(S*1),i = 1..p it holds

i [ v (prun) ) A, (ppun))ix = 3 (T vt . ot

k;ezd, =1
Zi k; =0

where o = [0_, ;.

The theorem:

— easily generalises to a case when each factor in the integrand above is
associated to a different sequence (uj,)n,? = 1..p, just by adjusting the
Fourier coefficients on the right hand side;

— incorporates the expression for an H-measure associated to a sequence of
periodic functions.



H-convergence

A sequence of elliptic problems:

—div(A"Vu") = f e H 1(Q) M
u" € Hp(Q),
where Q C R? is an open, bounded domain.
The coefficients A™ are taken from the set (with 0 < o < 3)
- _ 1
M(a, ;) = {A € L¥(Q;Ma(R")) : A(x)€-€ > alg|*, AT ()€€ > E|£|2} ;

Then
A" A® € M(a, 8;9),

i.e. for any choice of f € H™'(Q), solutions to (1) satisfy:
u" — ™ in Hy(Q)
A"Vu" — A®Vu™ in L*(Q),

where u°° is the solution of (1) with oo instead of n.



Small amplitude homogenisation

The coefficients A™ are perturbations of a constant:
A% (t,%) = Ao + AT (8,%) + 7 AL (8, x) + 7 A5 (1, %) +0(r")
where AT —— 0 in L°>°(Q) for any i > 1.

Assuming Ao € M(a, 8;2), we have (for small values of )

AN A = Ag + AT (%) + 72AS (%) + 7PAT (1, %) + o(7°)

where the limit A7 is measurable in x and analytic in 7.

Existing results:
» A=0
> AS5° — the limit of a quadratic term in AT,
— expressed via H-measure p ~ AT.
Missing:
» Higher order correction terms, A5°, etc.

— the limit of expressions involving higher order powers,
— beyond the scope of H-measures.



Expansion in vy

Fix u € Hy(Q),
denote by u’ the solution of
—div (AL Vul) = —div (AT Vu). (2)
Because of H-convergence,
uy —u in Ho(€)
AlVul — ATVu™® in L*(Q) . 3)
By expansion of u% in powers of +:

n

ul = ug +yul +y2us +o(y?)

we get

uy —u, u;p —0,7>1.

Putting the expansions for A%, 7 in (2) and (3) we try to find A3°.

Immediately:
Vuy =Vu, AT =0.



o0

2

(3) for v = 2 gives:
AoVus + ATVul + A5Vu — liTan ATVul = A Vu.
On the other side (2) for v = 1 implies
—div (AoVuy) = —div (AT Vu).
The Fourier transform vyields

Vui (x) = —Aw (A7 Vu) (x),

where Ay is the multiplier operator with the symbol ¥ (&) = ASEE"
Thus
AFVu=—-1limAT Ay (ATVu)

yielding the (existing) expression for A5°:

2 ikt Eké
/Q(A2 )ij(x)¢(x)dX: _kZJ<‘u11;l ’ A02l£>,

with g, standing for an H-measure (with four indices) associated to AT.




Higher order correction terms

Similarly
AoVuz + ATVuy + A3Vul + A5Vu — lim(ATVuy + A3 Vul) = As°Vu
and
Vuy (x) = —Aw (A3 Vu + ATVuy — AFVu) (x)
provide
AFVu = lim ( — AT AGALVu — AT Ay ATVu + AT Ay (AT Ay AT vu)) .
n —_—— ——
VTI, W'n/

Finally:

/ (AF)Y pdx = —(2Re i, 0228 ) 4 (i, o R1)
o Aok £

where py5 ~ (A1, As)
Byw ~ (Vn, W)

And so on: Af°,...



Periodic setting

Periodic coefficients
Af(nx) = Ai(nx) = Z Ai’ke%rink»x7 1 €N
kezd

We have explicit expressions for H-measures associated to (an arbitrary power
of A}).

Specially:
oo 1 A A
AFX =->" m(Al,kk)c@Al,,kk.
kezd
and
co 1 N N Al’lk -1m 4
A3 = Z Aok k(Aka) (029] ( 2A27_kk =+ Z Aom - m Alymm).
keczd I,mez?

k+14+m=0



Periodic setting

Similarly:
AF =S b [ 2 2(A1k) @ Ay ik — (Asuk) ® (As, —k)
kezd Aok -k ’ 7 ’ 7

1 R R R
+ > AO7<A1,1k-m(A1,kk)@(AQ,mm)

m-m
1,mez?
k+14+m=0

+ Az k- m(A;xk) ® (A1 mm) + Ay k- m (Azkk) ® (Aqmm)

1 . N . .
— Ai;k+ A -(J+k)(A1xkk Al
> AO(jJrk),(jJrk)( 1ik+Aim) - (j+ k) (A1 kk) ® (Aq, m)))
jez?
IH+m=—(j+k)



Conclusion

Presented:

> a method for expressing limits of non-quadratic terms by means of original
H-measures,

> application to the small amplitude homogenisation problem for a
stationary diffusion equation.

Perspectives:
> non-stationary diffusion problems ® by means of parabolic H-measures, ’
» coefficients AT oscillating on different scales — multiscale H-measures, ®

> various situations requiring limits of higher order powers.

Thanks for your attention!
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