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Homogenisation - physical motivation

@ Passage from micro-scale to macro-scale
@ Deriving lower-dimensional models

@ Averaging highly heterogeneous materials
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Homogenisation - mathematical approach

Q C R? open and bounded.

—div(AnVun) =f inQ
u, =0 on 90
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Homogenisation - mathematical approach

Q C R? open and bounded.

fdiv(AnVun) =f inQ
Uy € Hé(Q)

°o feH (D)
o A, € M(a,p), ie. A, € L®(Q;RI*9)

A, (x)€- € > alg)?
A ()€€ > %|An<x>s|2

= unique solution u,, € H}(Q), and (u,) bounded in H} ()
= (up to a subseq.) u, — ug in Hy ()

Question: Which equation uq satisfies?
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H-convergence

fdiv(AnVun) =f inQ
u, € H}(Q)

Various methods:

@ (G-convergence
H-convergence
Asymptotic expansion
Two-scale convergence
I"-convergence

Some books:
Allaire G., Shape Optimization by the Homogenization Method (2002)
Tartar L., The General Theory of Homogenization (2009)

Chechkin G. A., Piatnitski A. L., Shamaev A. S., Homogenization. Methods and
applications (2007)
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H-convergence

—div(AnVun) =f inQ
u, € Hy(Q)

M(a, B) 3 Ay Ay € M(o!,B') iff for any f € H-1(Q)

Up — ug in Hy(Q)
A, Vu, = AgVuy in L*(Q;RY)

where ug solves the problem for Ag.
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H-convergence

—div(AnVun) =f inQ
u, € Hy(Q)

M(a, B) 3 Ay Ay € M(o!,B') iff for any f € H-1(Q)

Up — ug in Hy(Q)
A, Vu, = AgVuy in L*(Q;RY)

where ug solves the problem for Ag.

H-compactness:
There exists Ay € M(«, ) such that (up to a subseq.) A, A Ay.
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Lower order terms - correctors

—div(AnVun) +b, -Vu,=f inQ
u, € Hy(Q)

A, A Ay, b, bounded in LP(Q;R?), p > d, u, — up in Hlloc(Q).
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Lower order terms - correctors

—div(AnVun) +b,-Vu,=f inQ
Uy € H&(Q)

A, 2 Ay, b, bounded in LP(Q;RY), p > d, u, — ug in HL ().

Existen}ge of correctors:
If A,, = Ay, then there exists P, € L?(€;R%*?) such that

Vi, — P,.Vug — 0 in L}, (Q;RY).
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Lower order terms - correctors

—div(AnVun) +b,-Vu,=f inQ
u, € Hy(Q)
A, 2 Ay, b, bounded in LP(RY), p > d, u, — ug in HL ().

Existen}ge of correctors:
If A,, = Ay, then there exists P, € L?(€;R%*?) such that

Vi, — P,.Vug — 0 in L}, (Q;RY).

Application of correctors:
Rewrite the equation as

—div(A,Vuy) + Plby, - Vug = f — by - (Vun, — P, Vug)
In— o0
—div(AoVug) 4+ bg - Vug = f — 0
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Fractional Sobolev spaces 1/2

s€(0,1)
u € H*(RY) iff u € L?(R?) and

(Dafxy) = 10 € p2qeet ).

E.g. HY(RY) C H*(RY).
H*(R?) equipped with

lulls == /1l gy + 1Dl g

is a Hilbert space.
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Fractional Sobolev spaces 2/2

For 2 C R? open and bounded with a smooth boundary we define H3(2) as the
completion of C°(9) in H*(R?).
It holds:

H§(Q)={ue H*R") :u=0ae inR"\ Q}.

Poincaré inequality: 3C' > 0 s.t.
||u||L2(le) < C”DSUHL?(Wde) , UE Hg(Rd) .
Compact embeddings:

For (uy,) bounded in H(2) there exists a subsequence (uy,/) and ug € H§(Q)
such that w,, — ug in L2(R9).
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Non-local elliptic operators - symmetric case

Lou(z) = p.v. /Rd a(x, y)wdy , s€(0,1)

Motivation:
@ Modelling: diffusion with long range interactions

@ Probability: infinitesimal generator of stable Lévy processses
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Non-local elliptic operators - symmetric case

Lou(z) :=p.v. /]Rd a(x, y)Wdy , s€(0,1)

a € Agym(a,B):={ac L® (R : a(x,y) € [, B] for ae. (x,y) € R},

where 0 < a < 8 < 0.
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Non-local elliptic operators - symmetric case

Lou(x) :=p.v. /Rd a(x, y)Wdy , s€(0,1)

a € Agym(a, = {a c LDQ(RM) a(x,y) € |a, B] for a.e. (x,y) € RM},
Where0<a§ﬂ<oo,

—u(y)
(Lou,v) //]R2d \x y|d+25 v(x) dydx

//de aly,x |d-£25) (y) dxdy

(Lou,v) / /R y ;ggs) (v(x) — v(y)) dydx

= §<aD8u, st>
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Non-local elliptic operators - symmetric case

Lou(z) :=p.v. /]Rd a(x, y)Wdy , s€(0,1)

a € Agym(a,B):={ac L® (R : a(x,y) € [, B] for ae. (x,y) € R},

where 0 < a < 8 < 0.

<£aU,U> = %<G,DSU,DS’U> 9 u,v € HS(Q) .
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Non-local elliptic operators - symmetric case

Lou(z) :=p.v. /]Rd a(x, y)Wdy , s€(0,1)

a € Agym(a,B):={ac L® (R : a(x,y) € [, B] for ae. (x,y) € R},

where 0 < a < 8 < 0.
1 S
(Lou,v) = §<aDsu,st> . u,v € H5(Q).
Thus, L, bounded and coercive — well-posedness of

(f € HH(Q) = (H5(2))
Lou=f
ue€ H(Q)
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Non-local div-rot lemma

Recall,

(Dsu)(x,y) == m . ue H(Q).

Define non-local divergence as

¢(X7 y) — ¢(Y7x) d

eyl . ¢ € L*RY x RY).

(ds¢) (X) = p.v.
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Non-local div-rot lemma

Recall,

(Dsu)(x,y) == W . ue H(Q).

Define non-local divergence as

¢(X7 y) — ¢(y’ X)

Ra  |x —y|d/2s

(ds¢)(x) := p.v. dy ¢ H*(Q), ¢ L*R?xRY).

(¢, Dsu) = (ds,u)
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Non-local div-rot lemma

Recall,

(Dsu)(x,y) == m . ue H(Q).

Define non-local divergence as

¢(X7 y) — ¢(Y7 X)

Ra  |x —y|d/2s

(ds¢)(x) := p.v. dy ¢ H*(Q), ¢ L*R?xRY).
<¢v Dsu> = <d5¢’ u>

1 1
(Lou,v) = §<aDsu,st> = L.u= ids(aDsu)
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Non-local div-rot lemma

Recall,

(Dsu)(x,y) == m . ue H Q).

Define non-local divergence as

QS(X, y) — ¢(y’ X)

R |x =yl

(ds¢)(x) := p.v. dy ¢ H*(Q), ¢ L*R?xRY.

Lemma (Bonder, Ritorto, Salort, SIAM J. Math. Anal. (2017))

v, = v in H*(RY)
¢n — o in L*(R?)
dsn — dsp in H, (R?)

loc

— ¢nDsUn — ¢0D5U0 in D/(R2d).
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Non-local problem - H-convergence

Eanun = f
un, € HS(Q)

Ao, 8) anag € Al(a, B) iff for any f € H5(Q)

Up, —up in H(Q)

anDgsu, — agDgsug  in L*(R?*) |

where ug solves the problem for ag.
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Non-local problem - H-convergence

Eanun = f
un, € HS(Q)

Ala, B) 3 anag € Al(a, B) iff for any f € H5(Q)
Up, —up in H(Q)
anDgsu, — agDgsug  in L*(R?*) |
where ug solves the problem for ag.

H-compactness: (Bonder et al. (2017))
There exists ag € A(a, ') such that (up to a subseq.) a, K a.
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Non-local problem - H-convergence

Eanun = f
un, € HS(Q)

Ala, B) 3 anag € Al(a, B) iff for any f € H5(Q)
Up, —up in H(Q)
anDgsu, — agDgsug  in L*(R?*) |
where ug solves the problem for ag.

H-compactness: (Bonder et al. (2017))
There exists ag € A(a, ') such that (up to a subseq.) a, K a.

Characterisation: (Bellido, Evgrafov, Rev. Mat. Complut. (2021))

an = ag in L>(R2%) iff a, A ao.
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Non-symmetric case - well-posedness

sym (%,¥) = (a(x,y) + aly, x)) /2
aanti(X7 Y) = (a(x7 y) - a(Y7 X))/2

Lo=L +L

Sufficient conditions for well-posedness of Lou = f in H§():
there exist a, 5,7 > 0 s.t.

e a(x,y) € [a, B] for ae. (x,y) € R??,

Asym Aanti

) 2
@ SUPycRd fRd %d}’ <7,

o inf,cgalimsup,_,q, fRd\Bs(x) %d}’ > 0.
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Non-symmetric case - well-posedness

sym (%,¥) = (a(x,y) + aly, x)) /2
aanti(X7 Y) = (a(x7 y) - a(Y7 X))/2

Lo=L + L,

Asym anti

Sufficient conditions for well-posedness of Lou = f in H§():
there exist a, 5,7 > 0 s.t.

e a(x,y) € [a, B] for ae. (x,y) € R??,

|@anti(X,¥)

@ SUPycRa fRd Wd”fdy <~, = L,,,, bounded from H(Q) to L?(Q)

o inf,cgalimsup,_,q, fRd\Bs(x) %d}’ > 0.
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Non-symmetric case - H-convergence

{Eﬁm“+£%m“n:f

un € H(2)
Homogenisation:

With the suitable theory of correctors one can pass to a limit as in the local
(classical) setting.
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Non-symmetric case - H-convergence

{anym“ + Lap,, tn = f

un € H(2)

Homogenisation:
With the suitable theory of correctors one can pass to a limit as in the local
(classical) setting.

Up to now we have results only for certain cases (work in progress!).
E.g. for a,(y,y) = bn(x)cn(x,y), where ¢ € A(a, §) and a < b, < 8 we have

" _
Ap — CO/ba

where 1/b, is the weak-* limit of 1/b,, (effect not present in the symmetric case!)
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Non-symmetric case - H-convergence

Ea?ymu + Easntiun = f
un € H(2)

Homogenisation:
With the suitable theory of correctors one can pass to a limit as in the local
(classical) setting.

Up to now we have results only for certain cases (work in progress!).
E.g. for a,(y,y) = bn(x)cn(x,y), where ¢ € A(a, §) and a < b, < 8 we have

g -
Ay — CO/ba
where 1/b, is the weak-* limit of 1/b,, (effect not present in the symmetric case!)

Kassmann, Piatnitski, Zhizhina, SIAM J. Math. Anal. (2019): non-symmetric a,
but in the periodic setting.
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...thank you for your attention :)

M. Erceg (UNIZG)



