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H-measures, H-distributions-motivation

H-measures, micro-local defect measures (Tartar, Gérard, around 1990) -
L2 space, ψ ∈ C(Sd−1)

H-distributions (Antonić, Mitrović, 2011) - Lp − Lq spaces, p =
q

q − 1
,

1 < p <∞, ψ ∈ Cκ(Sd−1)

H-distributions - W−k,p − W k,q spaces, 1 < p <∞, k ∈ N0 (Aleksić,
Pilipović, Vojnović, 2016)
H-distributions on Hörmander Bp

s spaces, 1 < p <∞, s ∈ R (Ivec,
Vojnović, 2021)
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un ⇀ 0 in L2(Rd ), n → ∞

Existence of H-measure (Tartar, [5])

There exists a subsequence (un′) and a complex Radon measure µ on
Rd × Sd−1 s. t. for all φ1(x), φ2(x) ∈ C0(Rd ), ψ(ξ) ∈ C(Sd−1) we have that

lim
n′→∞

∫
Rd
F(φ1un′)(ξ)F(φ2un′)(ξ)ψ

( ξ

|ξ|

)
dξ

=

∫
Rd×Sd−1

φ1(x)φ2(x)ψ(ξ)dµ(x , ξ) = ⟨µ, φ1φ2ψ⟩

Sd−1 - unit sphere in Rd
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H-distributions, W−k ,p − W k ,q,1 < p < ∞

Theorem (H-measures, equivalent formulation)

Let sequences un, vn ⇀ 0 in L2(Rd ). There exist (un′), (vn′) and a complex
Radon measure µ on Rd × Sd−1 such that for all φ1, φ2 ∈ C0(Rd ), ψ ∈ C(Sd−1)

⟨µ, φ1φ2ψ⟩ := lim
n′→∞

⟨φ1un′ ,Aψ(φ2vn′)⟩.

Aψ(u) = F−1(ψF(u))

Theorem

If a sequence un ⇀ 0 weakly in W−k,p(Rd ) and vn ⇀ 0 weakly in W k,q(Rd ),
then there exist subsequences (un′), (vn′) and a distribution
µ ∈ SE ′(Rd × Sd−1) such that for every φ1, φ2 ∈ S(Rd ), ψ ∈ Cκ(Sd−1),
κ = [d/2] + 1 ,

lim
n′→∞

⟨φ1un′ , Aψ(φ2vn′)⟩ = ⟨µ, φ1φ̄2ψ⟩.
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Theorem

Let un ⇀ 0 in W−k,p(Rd ). If for every sequence vn ⇀ 0 in W k,q(Rd ) the
corresponding H-distribution is zero, then for every θ ∈ S(Rd ), θun → 0
strongly in W−k,p(Rd ), n → ∞.

1 < q < d , un ⇀ 0 in W−k,p, vn ⇀ 0 in W k,q

d∑
i=1

∂xi (Ai(x)un(x)) = fn(x), Ai ∈ S(Rd ), θfn → 0 in W−k−1,p, n → ∞ for

every θ ∈ S(Rd )

Ivana Vojnović (University of Novi Sad) Microlocal defect distributions NADu22 5 / 14



Localization property
d∑

j=1

Aj(x)ξj µ(x , ξ) = 0 in SE ′(Rd × Sd−1)

supp µ ⊂ char P

S(Rd )⊗̂E(Sd−1) = SE(Rd × Sd−1).
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Weight functions

A positive function k is called a temperate weight function if there exist
constants C,N > 0 such that

k(ξ + η) ≤ (1 + C|ξ|)Nk(η), ξ, η ∈ Rd .

It can be derived that k is continuous and the following estimate holds

k(0)(1 + C|ξ|)−N ≤ k(ξ) ≤ k(0)(1 + C|ξ|)N . (1)

Definition
Let k be a temperate weight function, 1 ≤ p <∞. We denote by Bp,k the
space of distributions u ∈ S ′(Rd ) such that û is a function and kû ∈ Lp. If
u ∈ Bp,k , then we define ∥u∥p,k = ∥kû∥p.
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Basic properties of Bp,k spaces:
1 The function ∥ · ∥p,k defines a norm on Bp,k and Bp,k is a Banach space

with this norm.
2 We have that S(Rd ) is dense in Bp,k and

S(Rd ) ⊂ Bp,k ⊂ S ′(Rd )

continuously.
3 If φ ∈ S(Rd ) and u ∈ Bp,k , then φu ∈ Bp,k and ∥φu∥p,k ≤ c|φ|k0∥u∥p,k , for

some k0 ∈ N.
4 If 1 < p <∞ and 1

p + 1
q = 1, then Bq,1/k is the dual space of Bp,k .
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Algebra property of Hörmander spaces

A basic example of weight functions are functions ks(ξ) = (1 + |ξ|2)s/2 = ⟨ξ⟩s,
s ∈ R and we shall consider them in the sequel. We denote by Bp

s the space

Bp
s = {u ∈ S ′(Rd ) : û is a function and ⟨·⟩sû ∈ Lp(Rd )}.

Lemma

If u, v ∈ Bp
s for 1 < p <∞ and s > d

q , then uv ∈ Bp
s and for some C > 0 it

holds
∥uv∥Bp

s
≤ C∥u∥Bp

s
∥v∥Bp

s
.
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Symbol space and existence theorem

Let m ∈ R and N ∈ N0. Consider the space of all ψ ∈ CN(Rd ) for which the
norm

|ψ|sm
∞,N

:= max
|α|≤N

∥∂αξ ψ(ξ)⟨ξ⟩−m+|α|∥∞ (2)

is finite. This is a Banach space.

If we fix ψ ∈ sm
∞,N we can prove the

existence of a distribution µψ ∈ S ′(Rd ). The following theorem holds.

Theorem

Let 1 < p <∞, m, s ∈ R, N ≥ 15d + 2|s|+ 25, ψ ∈ sm
∞,N and un ⇀ 0 in Bp

s ,
vn ⇀ 0 in Bq

−s+m. Then, up to subsequences, there exists a distribution
µψ ∈ S ′(Rd ) such that for every φ1, φ2 ∈ S(Rd ) we have

lim
n→∞

⟨φ1un,Aψ(φ2vn)⟩ = ⟨µψ, φ1φ2⟩.
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Theorem

Let un ⇀ 0 in Bp
s , s ∈ R and assume that

lim
n→∞

⟨un,A⟨ξ⟩m(φvn)⟩ = 0, (3)

for every sequence vn ⇀ 0 in Bq
−s+m, m ∈ R and every φ ∈ S(Rd ). Then for

every θ ∈ S(Rd ), θun → 0 in Bp
s .
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Applications to semilinear equations
Let 1 < p <∞, s > d

q , m > 0 and consider semilinear pseudodifferential
equation of the form

Tσ(u) = u2, (4)

where σ(x , ξ) is an elliptic symbol and assume that a solution u ∈ Bp
s exists.

Here
Tσu(x) =

∫
Rd

eix·ξσ(x , ξ)û(ξ) dξ.

More precisely, σ ∈ C∞(Rd × Rd ) and
|∂αx ∂

β
ξ σ(x , ξ)| ≤ Cα,β(1 + |x |)−|α|(1 + |ξ|)m−|β|, x , ξ ∈ Rd and there exist

positive constants c, r such that

|σ(x , ξ)| ≥ c(1 + |ξ|)m, |x |+ |ξ| ≥ r .

Let un ⇀ 0 in Bp
s+m satisfy equation (4) for some elliptic σ.

Then Tσ(un) = u2
n ⇀ 0 in Bp

s as n → ∞. Denote by ũn = Tσ(un) = u2
n ⇀ 0 in

Bp
s and let vn ⇀ 0 in Bq

−s. If ψ(ξ) = 1 and if µ1 = 0, then

θu2
n → 0 in Bp

s for every θ ∈ S(Rd ).
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More precisely, σ ∈ C∞(Rd × Rd ) and
|∂αx ∂

β
ξ σ(x , ξ)| ≤ Cα,β(1 + |x |)−|α|(1 + |ξ|)m−|β|, x , ξ ∈ Rd and there exist

positive constants c, r such that

|σ(x , ξ)| ≥ c(1 + |ξ|)m, |x |+ |ξ| ≥ r .

Let un ⇀ 0 in Bp
s+m satisfy equation (4) for some elliptic σ.

Then Tσ(un) = u2
n ⇀ 0 in Bp

s as n → ∞. Denote by ũn = Tσ(un) = u2
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Thank you for your attention!
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