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Weak convergences and partial differential equations

Suppose we want to solve (possibly nonlinear) equation: Afu] = f.

We might try the following procedure:
Approximate A by a sequence A,, of operators we know how to solve, and also
f by a sequence f,, of nicer functions, if needed.

Then solve each of the problems: A, [u,] = fn, obtaining the solutions w,.

It is only natural to expect that the limit v := lim u,, will be a solution of the
original problem.

Of course, this is only a rough idea — in each particular case we have to be
more precise. In particular with the definition of various limits taken.
In the above procedure, one usually only gets weakly converging sequences

Uy — U

in some L” space.

However, one cannot just pass to the weak limit with a nonlinear operator. The
procedure is much more delicate.



Various approaches used some special tools and objects:
Objects in x space only

o defect measures
o the Tartar programme (Young measures, compactness by compensation)
Microlocal objects capturing L? weak convergence
H-measures
parabolic H-measures, other variants to Localisation principle

Microlocal objects capturing LP weak convergence

H-distributions
H-distributions on mixed-norm spaces

microlocal compactness forms

to objects with a characteristic lenght
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Weak convergences and partial differential equations

Suppose we want to solve (possibly nonlinear) equation: Afu] = f.

Here, A is some complicated partial differential operator, and the equation
contains some additional conditions (boundary and/or initial).

We might try the following procedure:

Approximate A by a sequence A,, of operators we know how to solve, and also
f by a sequence f,, of nicer functions, if needed.

Then solve each of the problems: A, [u,] = fn, obtaining the solutions wu,,.
It is only natural to expect that the limit w := lim u,, will be a solution of the
original problem.

Of course, this is only a rough idea — in each particular case we have to be
more precise. In particular with the definition of various limits taken.



Weak convergences and defect measures

In the above procedure, one usually only gets weakly converging sequences
Up — U

in some L” space.

However, one cannot just pass to the weak limit with a nonlinear operator. The
procedure is much more delicate.

One thing that is of interest is to determine how far is the weakly convergent
sequence from a strongly converging one. The simplest tool used for that are
defect measures, the accumulation points of bounded L! sequences

[t — ulP —— v .

This approach was studied by RON DIPERNA, ANDREW MAJDA and
PIERRE-LOUIS LIONS in the ~1980.



Sketch of the Tartar programme ~1980

Physical laws are often expressed as systems of partial differential equations, of
which some equations can be nonlinear.
It turned out that it is useful to distinguish between two types of physical laws:
(linear) conservation laws ... mass, energy, momentum, charge etc.
These are generally valid physical laws.
(nonlinear) constitution laws . .. elastic fluids, electrodynamics of continua
These laws characterise particular types of materials.
How to describe the interaction of nonlinear constitutive assumptions and linear
conservation laws?



Example: electrostatics

D — electric induction, E — total electric field, p — charge density

Maxwell: divD =p, rotE=0

These are general conservation laws (system of linear pde-s)

A particular material is characterised by the relation: D = A(E), where A is
generally nonlinear.

In vacuum: A(E) = eoE, sometimes also linearised A(E) = AE, where matrix
A depends on the space variable.

On a simply connected domain E = —Vu (a gradient of a potential), so by
eliminating D from the system in general we get a nonlinear pde:

—div(A(Vu)) =p.



What can be said about nonlinear constraints?

Weak convergence is well behaved with respect to linear operators. However,
we would like to consider nonlinear laws as well.

For simplicity, take L.>° with weak * topology and F': R” — R continuous
(so that F o u, is again a bounded sequence, if uy, is such in L™).

Theorem. Let K C R" be a bounded set, (u,) a sequence in L*°(Q; K),
Up —— u.
Then u(x) € ClconvK (a.e. x).

Conversely, for u € L*°(Q; ClconvK) there is a sequence u, € L*(£; K) such
that u, —— u.

[If K is not bounded, the converse is not true.]



An example

For the sequence u,(z) =sinnz, x € Q = (—m, ) we have (in L*)
Un LN
s . 1

un_\f

2

. * . .
In general, if u,, —— u then also F o u, —~ \ Fou for a linear function F,
but not necessarily for a nonlinear ... We need Young measures for that.

Another approach is based on the pre-

. Un
vious theorem ...v, := 3
us, y
K..y=2, v (-1,1)
vn € L7 (O K)

« ClconvK
v, — 7
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Young measures

Theorem. Let (u,) be a sequence in L™°(Q; K).

Then there is a subsequence (un, ) and a weakly * measurable family of
probability measures (vg,z € Q) supported on Cl K, such that for any
continuous function F' on Cl K one has

Fou,, — (v,F)= /CIKF(/\)du(/\).

If K is bounded, the converse is also true.
(More precisely: v € L (2; My (CIK)), as My(Cl K) is not reflexive.)
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Young measures — an application

Let us see how the above can be applied in describing the limit of F o u, (at
least on a subsequence). In an earlier example:

E, —E = D, — /A(A)du(/\).

On a subsequence we get that

Uy — / Adv.()) .

Conversely, if for any continuous F' holds:
Fou, —— /F(,\) dv.(\),

then necessarily v; = d,(»), and the sequence converges strongly.
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div — rot lemma: example in electrostatics

On the microscopic level the fields obey the Maxwell system: divD,, = p and
rot E, = 0, and we have the electrostatic energy [ E - Dn.

What can we say about that energy on the macroscopic scale?

E,-““E and D,-“2D.
En-Dn&E-D.

This is the consequence of the famous div-rot lemma (Murat, Tartar), and the
physical meaning is that there is no hidden electrostatic energy.

13



Compactness by compensation

up — ug in L*(Q;R"), AVu, = A*0u,, precompact in H;_!(Q;R")
(A is a third rank tensor, with constant coefficients).

A characteristic set:
V= {(A,g) ER" x ST A(E @A) = AFAg = o} ,
and its projection to the physical space:

A= {AGRT S(3E € ST (N €) ev} .

Theorem. For any quadratic form Q, for which Q(A) > 0, any weak x

accumulation point | of sequence Q(u,,) satisfies | > Q(uo). .

Example. u, — ug in L*(R?R?), while (81u;) and (92u?) are bounded in
L?(R?) (therefore precompact in H; ! (R?)). The characteristic set is
V={(\€ cR?x 8" : & = &AM = 0}, and its projection
A={XxeR*: 2N\ =0}

Q) := A'A? annuls on A (£Q(A) > 0).

Therefore any accumulation point of ulu2 is equal to upug (weak * in
measures).

14



What are H-measures?

Mathematical objects introduced by:
Luc TARTAR, motivated by intended applications in homogenisation (H), and

PATRICK GERARD, whose motivation were certain problems in kinetic theory
(and who called these objects microlocal defect measures).

Start from u, — 0 in L(R%), ¢ € C.(R%), and take the Fourier transform:

Pun(€) = /Rd e I (Gun) (x)dx

As @u,, is supported on a fixed compact set K, so |pu,(€)] < C.
Furthermore, u, — 0, and from the definition gu,, (£) — 0 pointwise.

By the Lebesgue dominated convergence theorem applied on bounded sets
@un — 0 strong, i.e. strongly in L, (R%) .
On the other hand, by the Plancherel theorem: H@\"HLZ(Rd) = H%’unHm(Rd)-

If pu, /£ 0in L2(R?), then @u,, 2 0; some information must go to infinity.

How does it go to infinity in various directions?
We can look along rays, or some other curves (like parabolas).

15



Rough geometric idea
Take a sequence u,, — 0 in L*>(R?), and integrate |pu,|* along

rays and project onto S* parabolas and project onto P!

\ T4

T T

A A
N o

—
~Y

St E) =4+ =1 P' (€)= (£/2)° +V(€/2) + 2 =1

and projection of R2 = R?\ {0} onto the curve (surface):

IR (T 3
vn0) = (g o) 9= (g wma)
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Analytic picture

Multiplication by b € L>°(R?), a bounded operator M; on L?*(R?):

(Myu)(x) := b(x)u(x) , norm equal to [0}, o (ga2)-
Fourier multiplier P,, for a € L°°(R2): Isa\u = ai.

The norm is again equal to [|all; « (gr2)-

Delicate part: a is given only on S* or P*.
We extend it by the projections, p or 7: if a is a function defined on a
compact surface, we take a := aopora:=aom, ie.

— T § = - :
a(r,€) = a(r(T,E)’T(T.,f)) a(r,€) ’_a<m7m)

The precise scaling is contained in the projections, not the surface.

The surface is chosen to be orthogonal to the curves we are projecting along,
allowing for easier integration by parts.

17



Existence of H-measures

Theorem. If u, — 0 in L%,.(R% R"), then there exists its subsequence and
a complex matrix Radon measure p onRadon measure p on distribution of
order zero p on

R’ x 577! R’ x P!

such that for any o1, @2 € Co(R?) and
¢ e (s ¥ e (P

one has

lim dm@vm(w oprm)d§ = (p, (p1p2) K1)

- / o1 ()P ()(E) di(x,6) = / o1 (x)B2(x)(€) d(x, €)
Rix§d—1 Rdx pd—1

There are some other variants: ultraparabolic, fractional, ...

18



First commutation lemma

Lemma. (general form of the first commutation lemma — Luc Tartar)
Ifb e Co(RY) and a € L°°(RY) satisfy the condition

(Vp,e eRT)(EAM eRT) a(§) —a(n)| <e (ae. (€&m) € Y(M,p)),
then C := [Aq, My is a compact operator on L*(R?).
For given M, p € R™ denote the set

Y =Y(M,p)={(&n) eR*: [&],In| > M & € —n| < p} .

[older results by H. O. Cordes (JFA, 1975)]
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The importance of First commutation lemma

If we take u, = (un,vn), and consider p = u12, we have

i [ G e d€ =l T ori pavn)
n R n

= lim/ Ay (p1Un ) P2av,7 dx
n’ JRrd

n’!

Thus the limit is a bilinear functional in ¢1@2 and v, and we have the bound:

| [ Avlw)erpammix] < Clblloseslleealoyms, -
R

This bilinear functional can be related to a kernel distribution, which is
positive. Thus, the distribution is in fact a Radon measure, giving the result.

Luc TARTAR usually preferred to prove this result without referring to the
Kernel theorem.

—lim /R Ao )P dx = (i, (9162) B9
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Symmetric systems

ZAk(?ku +Bu=f , A* Hermitian
i

Assume:
n_L?
u"——0 (weakly),
H-L
f*—1°% 0 (strongly).

If supports of u™, f™ are contained inside €, we can extend them by zero to R?.

Theorem. (localisation property) Ifu™ — 0 in L2(R?%)" defines p,
and if u" satisfies:

9 (A*u™) — 0 in the space H,L (R?)",
then for P(x, £) := & A*(x) on Q x S9! it holds:

P(x,{)u’ =0.

Thus, the support of H-measure p is contained in the set
{(x,€) € 2 x 5" : det P(x,&) = 0} of points where P is a singular matrix.)

21



Good bounds: the Hormander-Mihlin theorem
¥ : RY — C is a Fourier multiplier on LP(R?) if
FWF(@H)) € LP(RY) for 0 € S(R),

and
S(RY) 30— F(WF(H)) € LP(R?)

can be extended to a continuous mapping Ay : LP?(R?) — LP(R%).
Theorem. [Hormander-Mihlin] Let ¢ € L°°(R®) have partial derivatives of
order less than or equal to k = [£] + 1. If for some k > 0
(vr>0)(Va eNG) ol <rx = |0%p(€) P de < K*r?21el
s<lel<r
then for any p € (1,00) and the associated multiplier operator Ay, there exists

a Cq (depending only on the dimension d) such that

1
[Aelisin < Camax{p, Lo bk + ol

For ¢ € C*(S*" '), extended by homogeneity to R?, we can take k = ||| n-
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Existence of H-distributions (main theorem)

Theorem. [fu, — 0 in L?(R?%) and v, —— v in L4(R?) for some

q > max{p’,2}, then there exist subsequences (u,), (v,) and a complex
valued distribution i € D'(R® x S?71), such that for every o1, p2 € C°(R?)
and ¢ € C*(S?) we have:

1inm/ Ay (911) (%) (92007) (x)dx = lim Rd(wlun/)(X)Aa(wzvnf)(X)dx

= (t, p1Pa%) ,

where Ay : LP(R?) — LP(R?) is the Fourier multiplier operator with symbol
P € CR(SeTY).

We call the functional u the H-distribution corresponding to (a subsequence
of) (un) and (vy,).

Of course, for ¢ € (1,00) the weak * convergence coincides with the weak
convergence.

In fact, u € D{),d(NJrQ)(Rd x 8471,



Some remarks

If (un), (vn) are defined on © C RY, extension by zero to R® preserves the
convergence, and we can apply the Theorem. 1 is supported on CIQ x S¢71,

In Theorem we distinguish u,, € Lp(Rd) and v, € Lq(Rd). Forp>2p <2
and we can take ¢ > 2; this covers the L2 case (including upn = vy).

The assumptions of Theorem imply that w,, v, — 0 in L2 .(R%), resulting in
a distribution p of order zero (a Radon measure, not necessary bounded),
instead of a more general distribution.

The real improvement in Theorem is for p < 2.

For applications, of interest is to extend the result to vector-valued functions.
For u, € LP(R% C*) and v,, € LY(R%; C'), the result is a matrix valued
distribution p = [pu¥], i € 1.k and j € 1..1.

In contrast to H-measures, we cannot consider H-distributions corresponding to
the same sequence, but only to a pair of sequences, and H-distribution would
correspond to non-diagonal blocks for H-measures.

24



First commutation lemma

¢ € C*(S%7!) satisfies the conditions of the Hérmander-Mihlin theorem.
Therefore, Ay and B are bounded operators on L™ (R?), for any r € (1, 00).
We are interested in the properties of their commutator, C' = Ay B — BA,.
If p < r, we can apply the classical interpolation inequality:

ICvnlle < ICvalI5 | Conll™

for « € (0,1) such that 1/p = a/2+ (1 — «)/r.
As C'is compact on L2(R?) by Tartar's First commutation lemma, while it is
bounded on L"(R?), we get the claim.

For the most interesting case, where p = r, we need a better result: the
Krasnosel'skij theorem (in fact, its extension to unbounded domains
[N.A., M. Migur, D. Mitrovi¢ (2018)]).

Lemma. Assume that linear operator A is compact on L?(R?) and bounded
on L"(RY), for some r € (1,00) \ {2}. Then A is also compact on any
LP(R?), where 1/p=0/2+ (1 —0)/r, for a 6 € (0,1).

Therefore, the commutator C' is compact on all L?(R%), p € (1, 00).

25



A particular Nemyckij operator

Canonical choice of L?' sequence corresponding to an L?, p € (1, 00), sequence
(un) is given by v, = ®,(u,), where &, is an operator from LP(R?) to

L” (R%) defined by ®,(u) = |u|?~2u.

®,, is a nonlinear Nemytskij operator, continuous from L?(R?) to L (R%) and
additionally we have the following bound

”(I)p(u)”Lp’(Rd) Hu”Lp(Rd)

It maps bounded sets in L2 _(R?) topology to bounded sets in L{’O/C(Rd)
topology. Hence for an L? bounded sequence (u.), we get that (®,(uy)) is

weakly precompact in LY _(R%).
(R%) to LY

loc

It is continuous from L?

loc

(RY).
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Example: concentration

u € LE(RY), and define u, (x) = n%u(n(x — z)) for some z € R%.

Simple change of variables: ||us||pp(ra) = |lullLr(re) and up — 0 in LP(RY).

Indeed, the sequence is bounded, while for ¢ € C.(R%)
[ untetiax = [ nrunx - 2))px)dx
Rd Rd
= [yl /n+ iy

1
= i [ e )y /n + 2)dy

< (vol (suppu)

l/p'
o ) llullLp (ray rrlljf}iX\wI-

Passing to the limit, we get our claim.
The H-distribution corresponding to sequences (u,) and (®,(ur)) is given by
6 B v, where v is a distribution on C*(S%~1) defined for ¢» € C*(S%~1) by

) = [ w0 AT s

This distribution is not a Radon measure.
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Localisation principle

Theorem. Take u, — 0 in LP(R%), f, — 0 in W;.L%(R%), for some
q € (1,d), such that

div (a(x)un (x)) = fu(x) .
Take an arbitrary (v,,) bounded in L=°(R%), and by p. denote the
H-distribution corresponding to a subsequence of (u,) and (v,). Then

(a(x) - E)u(x,€) =0

in the sense of distributions on R% x S*~1, (x,&) — a(x) - € being the symbol
of the linear PDO with C§ coefficients. .

In order to prove the theorem, we need a particular multiplier, the so called

(Marcel) Riesz potential I1 := Ajy.¢)-1, and the Riesz transforms R; := A ¢, .
7€l

Note that

/Il(¢)aj9 = /(R;‘¢)g7 geSMRY).

Using the density argument and that R; is bounded on LP(R%), we conclude
9;11(¢) = —R;(¢9), for ¢ € LP(RY).

28



Compactness by compensation: L? case

It is well known that weak convergences are ill behaved under nonlinear
transformations. Only in some particular cases of compensation it is even
possible to pass to the limit in a product of two weakly converging sequences.

The prototype of this compensation effect is Murat-Tartar’s div-rot lemma.

For simplicity consider 2D case, (up,u2) and (v}, v2) converging to zero
weakly in L?(R?), such that (8,u; + 0yu2) and (9yvs — O,v2) are both
contained in a compact set of H; ! (R?) (which then implies that they converge
to zero strongly in H,,L(R?)).

loc

We can define U, := \Lj" , which (on a subsequence) defines a 4 x 4
n

H-measure p. By the localisation principle, as the above relations can be
written in the form (A', A? are 4 x 4 constant matrices with all entries zero
except A}, = A}, = A%; =1 and A}, = —1)

A'9,U, + A%d,U,, — 0 strongly in H,,}(R*)* ,

the corresponding H-measure satisfies (1A' + &A% = 0. After

straightforward calculations this shows that ulvl + uZv2 — 0 weak * in the

sense of Radon measures (and therefore in the sense of distributions as well).
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What for sequences in LP?

For the above we have used only the non-diagonal blocks p,, = p3; of

K11 Hi2
n = s
[Nm M22:|

corresponding to products of u!, and v; in fact, the calculation shows that
uis 4 p3% = 0, which gives the above result.

Assume now (uh,u2) and (vs,v2) converging to zero weakly in L (R?) and
Lp,(RQ), and (O1u;y + B2u2) bounded in LP(R?), While (92 — B1v2) in
L* (R?) (thus precompact in W;_1?(R?), and W;, Ly’ (R?)).

loc loc

Then (upv), +u2v2) is bounded in L'(R?), so also in M; (Radon measures),
and by weak * compactness it has a weakly converging subsequence. However,

we can say more—the whole sequence converges to zero.

Denote by u* the H-distribution corresponding to (some sub)sequences (of)

(un, uz) and (vn, v7).

Since (O1u;, + O2u2) is bounded in LP(R?), and (d2v} — 81v2) is bounded in

LPI(R2), they are weakly precompact, while the only possible limit is zero, so
Oul +8u =0 in L7, and

1 2 . !
821)” — alvn — 0 in Lp .
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From the compactness of the Riesz potential I; mentioned above, we conclude
that for ¢ € C.(R?) and 9 € C*(S*™!) the following limit holds in L?(R?):

1 2y 1 2
A¢(§/‘§|>%(Sﬁun) + Aw(s/‘ﬂ)%(@un) = A"l’(ﬁlé!ﬁ\) (81 (SDUn) + aQ(SDUn)) —0.

Multiplying it first by vl and then by @v2, integrating over R? and passing to
the limit, we conclude from the existence theorem that:
Gu't + &p*t =0, and  &pP 4+ &u* =0,

Next, take . . ,

wy, = @Awa‘é\en (pus) e WP (RY), j=1,2.
From the last limits on the preceeding slide we get

((gov,ll, —govfl),wal) = —(rot (gov,ll,govi),wfl) —0 as n — oo,
for j = 1,2. Rewriting it in the integral formulation, we obtain again from the
existence theorem:
Lop't —&p'? =0, Lpt —&p* =0.
From the algebraic relations above, we can easily conclude
51 (Mll + /1122) — O and 52 (//Lll +,U/22) _ 07

implying that the distribution p*' + 122 is supported on the set
{& =0} N {& = 0} NS = @, which implies p'' 4 p?* = 0.
After inserting ¥ = 1 in the definition of H-distribution, we immediately reach
the conclusion.
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This proof is similar to the L? case, but it should be noted that we had used
only a non-diagonal block of 4 x 4 H-measure, which corresponds to the only
available 2 x 2 H-distribution.

There is no reason to limit oneself to two dimensions; take (uy) and (vy)

converging weakly to zero in LP(R%)¢ and L (R%?, and by p denote d x d
matrix H-distribution corresponding to some chosen subsequences of (u,) and

(Va).

Theorem. Let (uy) and (vn) be vector valued sequences converging to zero
weakly in LP(R%)? and Lp/(Rd)d, respectively. Assume the sequence (div uy,)
is bounded in LP(RY), and the sequence (rotv,,) is bounded in Lp'(Rd)dXd.
Then the sequence (u, - v,,) converges to zero in the sense of distributions (or
vaguely in the sense of Radon measures).

The results carry on to loc spaces as well.
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Semiclassical measures [Gérard, 1991]

Theorem. If u, — 0 in L*(Q; C"), w, — 07, then there exists a
subsequence (u,/) and p“") € My, (Q x R M, (C)) such that for any
1,92 € CZ(Q) and ¢ € S(RY)

lim | (@100(6) © G0 () o (wn€) de = (pl2) 122 )

n’

Measure ") we call the semiclassical measure with characteristic length
(wn) corresponding to the (sub)sequence (u,,).

Definition (u,,) is (wy)-oscillatory if
(Vi € CX(Q)  Timpsoe limsup, [ n |50 (€) d€ = 0.

Theorem.

loc

L2
Un—25 0 <= p) =0 & (un) is (wn) — oscillatory .

Another definition via Wigner's transform [Lions & Paul, 1993].

34



Oscillations - one characteristic length (first example)

a>0 keZ\ {0},

but

o lim, n%w, =0
, limy, n%w, = ¢ € (0, c0)
, lim, n%w, = oo

35



(wy, )-concentrating property

(un) is (wr)-oscillatory if

(Ve € C(Q)) limpg_ oo limsup, fl£\>% |pun (6)>dé = 0.
(un) is (wn)-concentrating if

(Vo € CX()) limpr_eo limsup,, fng \soun( £)|?d¢ =0.

Lema.
(un) wn-concentrating <= <™ (Q x {0}) =0.

Teorem. [f u, — u in LY (Q) is (wn)-oscillatory and (wn)-concentrating,
then v =0 and

s Be) = (pl) 0@y (7))

For an arbitrary bounded sequence (uy,) in L2,.(Q) is there a characteristic
length w, — 07 such that (u,) is
(wr )-oscillatory?
(wr )-concentrating?
both (wpy)-oscillatory and (wy)-concentrating?
[Erceg & Lazar (2018)]

36



Localisation principle for semiclassical measures

Let @ C R? open, m € N, u, — 0 in L (Q;C") and

Pnun = Z ELLalaa(AaUn) = fn in Q,

la|<m

where
e c, > 0"
o A% € C(0; M,(C))
o f, — 0in LY (4 C").
Then we have
-
Pu,. =0,
where p(x, &) = 3° <, §¥A(x), and p,, is semiclassical measure with
characteristic length (£,,), corresponding to (uy).

Problem: p . = 0 is not enough for the strong convergence!

37



Oscillations - two characteristic lengths (second example)

0<a<p kseZ\ {0},

2
27in®k-x Lioc

un(x) :=e —20, n— oo

2
2minPs-x Lloc
(&

v (%) = —=0, n— o0

LLE (ugi’”)) is H-measure (semiclassical measure with characteristic length
(wn), wn \( 0) corresponding to (un + vn).

NH:)\IZ((Sﬁ +6ﬁ)

260 , lim, nfw, =0
(0cs + d0) lim,, n’w, = ¢ € (0, 00)
yi‘j") =KX do . lime nPwp, = 0o & limp, n®wy, = 0
Ock , lim, n%w, = ¢ € (0, co)

0 , lim, n%w, = 0o



Compatification of R? \ {0}

! Yo :={0° : ec S}

Yoo := {00 : e8!}
) Koeo(RY) =R\ {0} USoUSw

Corollary. a) Co(R%) C C(Ko,(R?)).

b) ¢ € C(S?Y), Yom € C(Ko,o(R?)), where 7(€) = £/|€]|.
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One-scale H-measures

Theorem. If u, — 0 in L?(; C"), wy, — 0T, then there exists a
subsequence (u,/) and p(“") € My (2 x R% M, (C)) such that for any
@1, 02 € C°(Q) and ¢ € S(RY)

i [ ()€ © (20O () dE = (1122 00

Measure y.(‘*’"> is called the semiclassical measure with characteristic length
(wn) corresponding to the (sub)sequence (u,,).

Luc TARTAR: The general theory of homogenization: A personalized
introduction, Springer, 2009.

Luc TARTAR: Multi-scale H-measures, Discrete and Continuous Dynamical
Systems, S 8 (2015) 77-90.

N. A., MARKO ERCEG, MARTIN LAZAR: Localisation principle for one-scale
H-measures, Journal of Functional Analysis 272 (2017) 3410-3454.

MARKO ERCEG, MARTIN LAZAR: Characteristic scales of bounded L?
sequences, Asymptotic Analysis 109 (2018) 171-192.
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Idea of the proof

Tartar's approach:

mizdtl
o v, (x,z0t!) = un(x)e2 wn = 0inLE (2 x R;C")
o vy € M(Q xR x S% M, (C))

,uié’o"ie is obtained from vy (suitable projection in 4™ and £;.1)

Our approach:
First commutation lemma:

Lemma. Let ¢ € C(Ko,oo(R?)), ¢ € Co(R?), wy, — 0%, and denote
V(&) := Y(wn&). Then the commutator can be expressed as a sum

Cn =By, Ay, ] = Cn + K,

where K is a compact operator on L2(R%), while C,, —> 0 in the operator
norm on L(L2(R%)).

standard procedure: (a variant of) the kernel theorem, separability, ...
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Some properties of py,

Theorem.
a) Plo oo = HPKo oo+ Hkgo.o =0
LZ
b) Un—28 0 = Py, .. =0
c) trpg, (2% Yoo) =0 = (un) is (wn) — oscillatory

Theorem. 1,2 € C(Q), ¢ € Co(RY), P € C(STY), w, — 0T,

a) (N%&Ml@ Ry) = (), o1 By),
b) (M%’iysol@@d)oﬂ = (g, 12 KY),

where 7 (§) = £/[€].
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Localisation principle

Let 2 C R? open, m € N, u, — 0 in L (Q; C") and

S e 00 (A%u,) =f, in Q,

I<|a|<m

where

le0.m

en — 0T

A% € C(;M:(C))

fn € H.""(€2; C") such that

loc

(Vo € C(Q)) Phn PR L2RECT) (Clen))

m s—1
14320 en

Lemma. a) (C(e,)) is equivalent to

of,
L+ |g[t +en g

(Vo € CX(Q)) —0 in L*(R%4CN).

b) 3k el.m)fn — 0in H X (Q;C") = (k7 'f,) satisfies (C(en)).
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Localisation principle

Z e‘n""*laa(A"‘un) =f, inQ,
I<|al<m
o

(Ve € CZ(Q)) Ty e e
s=l "N

—0 in LQ(Rd;CT). (C(en))

Theorem. [Tartar (2009)] Under previous assumptions and | = 1, one-scale
H-measure py __ with characteristic length (er) corresponding to (u,) satisfies

supp (Phr, ) € 2 x %o,
where

— NN e
p(x,§) == 1<|§‘:§m(2ﬂ-2) €]+ ‘£|mA (%)

Theorem. [N.A., Erceg, Lazar (2017)] Under previous assumptions,
one-scale H-measure py  _ with characteristic length (e) corresponding to
(uy,) satisfies
-
p,'LKO,oc = 07
where e
— e [
pP(x,€) = 27) N ——=—— A% (x) .
(€)= 3 @) g AT
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Localisation principle - final generalisation
Theorem. Take e, > 0 bounded, u, — 0 in L (Q; C") and

> e a(ATun) = fu,
I<|al<m
where A5, € C(2;M;(C)), Ay — A™ uniformly on compact sets, and
f, € H ' (Q; C") satisfies (C(en)).

Then for w, — 0 such that ¢ := lim,, i" € [0, 0], the corresponding
one-scale H-measure py  _ with characteristic length (wy,) satisfies

Py, . =0,
where
£ @ _
2 al=t WAQ (x) ;=0
p(x,§) = Zz<|a\<m(27ﬁc)la‘|g‘§_wAa(x) ; ¢€(0,00)

Z‘a| m ‘§|l+|£‘mAa( ) 5 cC=00

Moreover, if there exists eqg > 0 such that €, > €0, n € N, we can take
£% o
p(x, &)= |§‘mA (x).

lee|=

As a corollary from the previous theorem we can derive localisation principles
for H-measures and semiclassical measures.
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One-scale H-measures

Q C R? open, p € (1,00),
Teorem

If up, — 0in LE.(Q), vn — 0 in LY (Q) and w, — 07, then there exist (),
(vnr) and u%b;j € M(Q x Ko.0o(R?)) such that for any @1, 02 € C.(Q) and
¥ € C(Ko,oo (R?))

+L=1

1, 1
p ' P

lim /R i ()70 (€ (wnr€) d€ = (i) 0182 B)

w, . . e
The measure Fé(o”l) is called the one-scale H-measure with characteristic
o

length (w,,/) associated to the (sub)sequences (u,) and (v,/).
Ay (u) = (%), Yn(€) = h(wnk)
Determine E such that

— Ay : LP(RY) — LP(R?) is continuous
— The First commutation lemma is valid
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Smooth compactification of R%

- -
/// \\\
4 N
7 \
/
, v oof
/ \
/ \
/ \
/ \
e
)y ! 1.0 € |
o L
T L |
\ 4 I
\ E0 / 4
\ / —
\ /| Ko(R?):=
\ /
\ /
\ /
\ /
A 7/
A e
N .
N -
.o -7 RA

T radial translation for rg

RY |€] + 70
T

B0 e R\ K[0, 7] .

Yoo 1= {00® : e€ S

={0° : ecS™ "}
'}

RIUYU S
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Modified stereographic projection R

Denote S? :— {(qo,c) €s?:¢e 1}, I1C[-1,1].

Identify R? with hyperplane &, = 1 in R'*?, and project it to the open upper
unit hemisphere S‘ZOJ]; simple calculation gives us

1 3
R : Rd — S 0,1] > R(g) = ) .
< (w v
Compactification: J=RoT
Since R(R*\ K0, 70]) = S?O,l]’ where 71 := (14 r3)"'/2, we have

J:R{— S(<10,1] ) J(€) =

( 1 €] + 70 E)
VI+ (€ +702 1+ (€[ +r0)2 €]

J is a C*°-dipheomorphism, its inverse J L S‘(io,l] — Rf being
1 ¢ ¢

Oac = = —TO07. -
(G0 =5 ~m]

(Sfloyn], J) is a compactification of RZ (as Sﬁ),m =dl S?O,l])'
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Extension of J

It remains to relate Ko,oo(R%) := R¢U ¢ U Yo and Sﬁ)’m].

Since
1

0,00) 2 2+ ——————
14 (z+10)?

is strictly decreasing, for any sequence (£,) in RY we have

(En)—(rl 7‘07"1‘£ |)):0 = liTan|§n|:07

€= (3¢

)) 0 <« liml¢,|=+oo.

It is thus natural to extend J to Ko oo (R?) (hence also 7~ to S‘[io,rl]) by

j(Oe) = (7“177‘07'18) s j(Zo) = Sfl
T(00%) = (0,e),  J(See) =55

[N.B.the sphere at infinity Yo, is mapped onto S]

49



Smooth test functions

By pulling back the Euclidean metric from S([io,n] we can get topology on
Ko.00(R%), thus defining C(Ko oo (R?)).
Of course, this can be extended for k € No U {0}

C (Koo (R) 1= {6 € OG0 (RY) 107 = (T ¥ = w07 ' € C*(Sh,r)) |

For k € Ny they are separable Banach algebras (as C“(Sﬁ),m]) are), with the
norm (|9 cr (kg oo (mY)) = Hw*HCN(s[dUH])-

For & = oo, the sequence of norms (| - [lcn (ko . (re))),, Makes

C°°(Ko,00 (RY)) into a Fréchet space.

Clearly, the restriction of these functions to RY is of the same class. Is the
converse also true?

If such a continuous extension exists, it is unique, so we can identify each
function in C* (Ko, (R?)) with one and only one in C*(R%) (embedding).
The question is how to recognise the image of that embedding within C“(Rf).
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A criterion
By identifying a neighbourhood of ¥ with the product [0,1) x 8¢, using
Jo(&) = (€], %) and analogously Jo(£) := (Ii\’ \&I) for Yoo, One gets
Lemma. For any k € N U {oo}, it is equivalent:
a) ¥ € C" (Ko, (R7)) o
b) % € C*(RZ) and there exist 1o, P € C*([0,1) x S?71) such that

(el £
O =vo(lel 1) 0 <lel <1

b(E) = woo( € > 1.

&I IEI)

Corollary 1. Let 1) € C*(R?) and let 1o € C*([0,1) x S?~1) be such that
the last condition in Lemma holds. Then ¢ € C*(Ko o (R%)).

Corollary 2. Let 1) € C*(Ko,0o(R%)). Then there exist unique functions
Y0, Yoo € C*(S¥™1) such that

vl&) = vo(igg) — 0. 1el—0.
w(g)*wm(éf')*)(), €] — oo .

If for 1 € C(RY) there exist g, Yoo € C(SY™1) such that the above holds,
then ¢ € C(Ko, (R%)).
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Estimates on the norms and examples of functions

By using the generalised chain rule (Fad di Bruno) formula, we get

Lemma For any k € Ny there are ¢, C, > 0 such that for any

¥ € C" (Ko, (R?))

Cr maX{Hwoch([o,%]xsdfly H’l/’HCK({seRd;igm@}), |Woo\|c~([o,2]xsd—1)}
< Y llem (ko o0 (RE))

< Ck maX{”wUHC”’“([O,%]XSd—l)? HwHCK({geRd:ngKAL})v H’ézfooHCfv([o,z]xsdfl)} )
where functions 150,11700 are given in previous Lemma.

Corollary. Let w(§) := é—‘ be the projection on R? along rays to the unit
sphere §971.

a) {Yom:9peC (S 1)} C C" (Ko (R?), k € NoU {oo}.

b) S(R?) € C*= (Ko, (R").

c) (¥m,l € Ng, I <m)(Va € N, 1 < |a| <m)
€= e € O (Koo (RY)).

m 2y
T
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Symbols for Fourier multipliers

(H6rmander-)Mihlin theorem
If for 1» € L= (R?) there exists C' > 0 such that (k = [2] + 1)

(VEeRHVaeN) lal<r = 10O < ey

then 1 is a Fourier multiplier for any p € (1, 00). Moreover, we have
1
[ Av | £Lrray) < Ca max{p, E}C

Theorem. Any 1) € Cl (5] H1(Ky o (R?)) satisfies Mihlin's condition; it holds

Ayl e may) < CapCall¥|l 41+ ¢ ()

where Cyg,), is the constant from Mihlin's theorem, while Cy depends only on d.

Thus the linear mapping Cl217 (Ko oo (R%)) 3 % — Ay € L(LP(RY)) is
continuous.

53



Commutation lemma

multiplication by ¢ € L°(R%): B,u:=¢u bounded on L?(R?), p € [0, o0]
Fourier multiplier of ¢ € C[%Hl(Ko,oo(Rd)): Ayu = F(h)
Taking w, — 0T, and 9, (&) := ¥(wn€), the sequence of commutators
Crn = [kaaAwn] = B‘PAwn - AU)HB
is bounded in £(LP(R%)), for any p € (1, 00).

Lemma. For ¢ € Co(R?) and assumptions as above, C,, = C,, + K, where K
is a compact operator, while C,, — 0 in the operator norm on LP(Rd)

If ¢ € L>°(RY) satisfies Mihlin's condition with C, then for any a > 0 the
same is true also for 1), := 1(a-) (the same constant C).
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Anisotropic distributions on manifolds without boundary
For simplicity, let Q C RZ x Ry be open.
The general case on differentiable manifolds without boundary X and Y then
easily follows using the local nature of distributions and the fact that every
differentiable manifold is locally diffeomorphic to some Euclidean space.

For I,m € No U {oco} consider C-™ (1)
{f:QeC:(VaeNg)(VﬁeNg) la| < 1,18l < m = 8,?65]‘60(9)} .

K, nested compacts in Q = |J,, . Kn; define (sequence for either I,m = o0)

l,m o,B

=  m 0 oo .

P = max (07 e,

For I,m € N U {00} these seminorms turn C>™ () into a separable Fréchet
space with the topology of uniform convergence on compact sets of functions
and their derivatives up to order [ in x and m in y, while C2°(Q) is dense in it.
For a compact set K C ) and finite [ and m, its subspace

chm(a {feClm ):suppng}

is a Banach space, and its inherited topology from Cl’m(Q) is a norm topology
determined by

I fllm,xc = D3 (f) -
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Anisotropic distributions . .. (cont.)

If | = 0o or m = oo, we shall not get a Banach space, but a Fréchet space.
Finally, the set of all Cl’m(Q) functions with compact support

(@)= |J cr@),
neN
we equip with the topology of strict inductive limit, obtaining a complete
topological space.

Any continuous linear functional on CL™(Q) we call a distribution of

anisotropic order, and such functionals form a vector space
l
Dim () 1= (C™ ().

Since Q C R% is open and Ko, (R?) is compact (hence closed), we can
interpret Q x Ko, (R?) as a smooth manifold with boundary. Again, it is

enough to define distributions on €2 x SFO,MJ' and then use pushforward (J71)..

(T, @) = (1, 2(, T ()

where v is a distribution on £ x Sﬁ,,rl].
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RICHARD MELROSE presents three different definitions of distributions on even
more general manifolds (with corners).

For a smooth compact manifold with corners X let us denote by QX a C* line
bundle over X consisting of densities (1-densities). The spaces

(CZ(IntX;0X))", (C*(X;0X))", and (CF(X;0X))

are called distributions in the interior, supported distributions and extendible
distributions, respectively. Here C5°(X;QX) denotes smooth functions which
vanish, with all derivatives, at the boundary of X.

Since S?o,u is open in R?, on S} [0,-1] We have a canonical way how to integrate
differential d-forms, thus in our S|tuat|on densities can be omitted.
Furthermore, we want to take C°°(S[0 ) (e C*°(Ko,00 (R?))) for the space
of test functions in the dual space, thus we shall always use supported
distributions on Sdo,rl] (and hence on Koo (R?)).

Since C°°(S 0m]) = C‘”(Sfloyrl]), one can see supported distributions as a
natural extension of (standard) distributions to compact sets. Thus, we shall
keep the same notation: D’ (Sd0 ) = (C""(S[0 Tl]))’. Moreover, it is
straightforward to see that our notion of anisotropic distributions can be
generalised to supported distributions.

Therefore, we shall use the following notation:
Di,m (2 % Ko,oo (RY)) := (CL™(Q x Ko,0(RY)))".
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The kernel theorem

Lemma. Let X and Y be smooth manifolds without boundary, of dimension d
and r, and I,m € Ny U {o0}, and B a continuous bilinear form on

CL(X) x C(Y).

Then there exists a unique distribution of anisotropic order

V €D} (mya)(X xY) such that

(Vf € CL(X)) (Vg € CI'(Y)) B(f,9)=(v.f®g).

We extend it to Z C R% := {x = (x/,z4) € R* : x4 > 0}.

The restrictions of smooth functions from R to R preserve smoothness.
The converse is also fulfilled, but we cannot use a simple extension by reflection,
which suffices for continuous functions but we use the Seeley extension which is
just a linear version of a more general result given by Whitney.

Lemma. For open Q C R? let Q := QN RY. Then there exists continuous
linear mapping E : C*°(Q) — C°°(Q) such that for any ¢ € C*(2) we have
E@)), =9

Of course, if 1 has a compact support (in §2), then we can choose E(%)) such
that it has also compact support (in Q).
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The kernel theorem (cont.)

Now we can repeat standard arguments regarding constructions on manifolds
with boundary [N.A., M. Erceg, M. Lazar], obtaining the following result.

Theorem. Let O C R? be open, I, € N U {oo}, and B be a continuous
bilinear form on CL(9) x C™(Ko,0o (R%)). Then there exists a unique supported
distribution of anisotropic order v € Dj 4,10y (2 X Ko, (R%)) such that

(Vf € CL(Q) (Vg € C" (Ko (RT))  B(f9)= (v, f®g).

Alternatively, we could embed Sfloﬂ] into torus [R. Melrose], and then apply
directly the first representation.
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One-scale H-distributions

Teorem. If u, — 0 in LY () and (v,) is bounded in L (), for some

p € (1,00) and ¢ = p/, and wy, — 07, then there exist subsequences (u,),
(vn/) and a complex valued (supported) distribution

VI(;)";C) € Dy k(2 % Ko, (R%)), where K := d(x + 2), such that for any
@1, 2 € Ce(Q) and 3 € CF (Koo (RY)) we have

lim / Ay, (91U ) P2V dx = lirp<(,02vnr,.A¢n, (cplun/)>
n n
RA

(wyr) —
:<VKL‘;,007901502 X ¢> )

where 1y, := 1)(wn-). The distribution VI(;;";C? we call one-scale H-distribution

(with characteristic length (w,,/)) associated to (sub)sequences (u,/) and (v,).



The existence of one-scale H-distributions: proof
For ¢ € C*(Ko,0o(R%)) and 1, @2 € C.(Q) such that
supp ¢1, supp 2 C K,,, we have

(2t A, (912n) )| < Comallllios o 92 lLoe st [ o (it

where K, are compacts such that K, C Int Kp,q1 and {J,, Km = Q.
By the Cantor diagonal procedure (in a separable space) we get a trilinear form

Ligr, 02, 9) = lim(7av, Ay, (p10a))

which depends only on the product ¢1@2, by the Commutation lemma.
Indeed, take (; = 1 on supp ¢;

lin,a<W, Ay, (smunf)> = lir}l<sozvnw p1 Ay, (Clun)>

(
<C1C2Un7901902.z4w (C1un)>
= lim(

C1Gavnr, Ay, (<P1952Un)> )

For ¢ € C.(Q) and ¥ € C¥ (Ko, oo(Rd)) we define
B(p, ) := L(p, ; ¥) -



The existence of one-scale H-distributions: proof (cont.)

B is a continuous bilinear form on C.() x C¥ (Ko o (R%)), satisfying

B(p152,¢) = L(1, 2, 9).
Now we can apply the Kernel theorem, which gives us that there exists

”I<<won;: € D) 1 (2 x Ko,oo(R?)) such that

<Vf<(z;j, p1p2 K ¢> = B(p162,7)
= L(¢162,C162, )
= L(@la Y2, d}) = hnr,n<§02vn’7"4wn/ (901un’)> )

as required.



Oscillations - two characteristic lengths (third example)

0<a<p kseZ\ {0},

2
eQwi(nO‘s-!—nﬁk)-x Lioe

un(x) := —0, n— o0
HH = )\&5‘%'
1) ﬁ , lim, n®w, =0
0
,u&:)"zc =K Oek , limp nPw, =c € (0, 00)
) Ttl , lim,, n°w, = oo

Lower order term n® and corresponding direction of oscillations s we cannot
resemble in any case.
Therefore, we need some new methods and/or tools.

e L. Tartar: Multi-scale H-measures, Discrete and Continuous Dynamical
Systems - Series S 8 (2015) 77-90.

Still no satisfactory results.
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Thank you for your attention!
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