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Existence of H-measures

Theorem. [fu, — 0 in L%..(R% R"), then there exists its subsequence
and a complex matrix Radon measure distribution of order zero p on
R x S such that for any 1,2 € C.(R%) and ¢ € C(S*™') one has

ti [ @ @ Fa (e €D dE = (. (o122) D)

= [ eemu©daxe).
Rdxgd-1
There are some other variants: (ultra)parabolic, fractional, one-scale, ...
Multiplication by b € L>(R%), a bounded operator M, on L*(R%):
(Myu)(x) := b(x)u(x) , norm equal to [|b[|; . ga2)-
Fourier multiplier A,, for a € L°°(R2): .Za\u = ail.
The norm is again equal to [|all, e g2)-

Delicate part: a is given only on S'.
We extend it by the projection p:  if « is a function defined on a compact
surface, we take a ;= aop , i.e.

.f T g
a(t,€) == a(m, m)

The precise scaling is contained in the projections, not the surface.



First commutation lemma

Lemma. (general form of the first commutation lemma — Luc Tartar)
Ifbe Co(RY) and a € L°°(R?) satisfy the condition

(Vp,e eRT)AM €RT) a(§) —a(n)| < (ae. (&) €Y(M,p)),
then C := [A,, My] is a compact operator on L?(R?).
For given M, p € R™ denote the set

Y =Y(M,p)={(&n) e R*: €|, In| > M & |€ —n| < p}.

[Some improvements in N.A., M. Miur, D. Mitrovi¢ (MJOM, 2018); older
results by H. O. Cordes (JFA, 1975)]



The importance of First commutation lemma

If we take un = (un,vn), and consider p = u12, we have
lim | @1 Pt d = lim(Ay (o1l ipavn)
= lir/n/ Ay (01U ) P2U,7 dx
= hm/ Ay (U ) o1820,7 dx = (i, (p1@2) K ) .

Thus the limit is a bilinear functional in ¢1¢2 and v, and we have the bound:

| [ Avtunyoramx| < ClblloqssyloiElcyms, -
R

This form makes sense even for p < 2 (for p > 2 we use the fact that
un € Line(R7)).



A class of symbols (L. Tartar)

Actually, we can consider more general operators than A, and M,. We can
consider the symbols of the form

s(x,8) = am(€)bm(x) ,

Wlth Zm HOé"LHC(Sd*l)Hb"LHCO(Rd) = k’ < 0.

To such a symbol s, a standard operator Ss € L(L*(R%); L*(R%)) is assigned
by
Ss = ZAame )

with 156l o2 (ray 2 ey < F-
Clearly, Ss does not depend on the above decomposition, as

Sau() = [ s g/lghux) dx

for u in a dense set of L?(R?) (e.g. S).



A class of symbols (cont.)

Any operator A € £L(L?(R%); L?(R?)), which differs from S, only by a
compact operator, is an operator of symbol s, like

Ly =Y My, A, ,
m

where |\L3H£(L2(Rd);Lg(Rd)) < k. Neither Ls depends on the decomposition.

Theorem. [fu, — 0 in L3 (R% R"), then there exists its subsequence and
an H-measure p, which is a Hermitian non-negative v X r matrix of
distributions of order zero on R% x S~ such that for any @1, p2 € C.(R%)
and any operators Ls, , Ls, € L(L*(R%); L2(R%)), with symbols s1, s> one has

lim [ L (prul,) Ls, (p2ul,) d€ = (17", p1517252) -

P. Gérard used a different approach, by using classical symbols. However, it is
important to have symbols of lower regularity, as they come in applications
from coefficients in PDEs.

We can consider 2 C R as a domain, or even a manifold (with a volume
form).



Symmetric systems

ZAkaku +Bu=f, AF Hermitian

k

Assume:
n L2
u"——0 (weakly),
n Hioe
f*"—=% 0 (strongly).

If supports of u™, f™ are contained inside €, we can extend them by zero to R%.

Theorem. (localisation property) Ifu™ — 0 in L*(R®)" defines p,
and if u™ satisfies:

Ok (Aku") — 0 in the space H,L(RY)",
then for P(x, &) := &, A% (x) on Q x S it holds:

P(x,)u’ =0.

Thus, the support of H-measure p is contained in the set
{(x,6) € Qx S ! : det P(x,£) = 0} of points where P is a singular matrix.)



Second commutation lemma

Xm = {w e FIL'RY) : Va € N9 |af < m — w'® ¢ ]—'(Ll(Rd))}

is a Banach space with the norm:
m/2
lull o i= [ (14 anle)"™

R4

X™ C C™(RY), and the derivatives up to order m vanish in infinity (they are
in Co(R%)).

On the other hand, H*(R?) C X™, for s > m + 2.

X™ is an algebra with respect to the multiplication of functions; it holds:

If* gl < 1FlLallgllen

1+ 3llxo < 1Fxo gl x0
X0 (92) : the space of all functions w such that pu € X™, for ¢ € CZ(9).

w(€)|dE .

Lemma. Let A., M, be standard operators, with symbols «, b, such that
aeCY (S ) andbe X',

Then C := [Aq, M) € L(L*(R?),H(R?)), and VC has a symbol

(Vea - Vib)E.

(we extend o to a homogeneous function on R? := R%\ {0})



A smaller class of symbols (L. Tartar)

Corollary. Under the above assumptions,
Ao Mydju = Mp0j(Aau) + Lu, u € LQ(Rd) ,

where L has a symbol &;{c, b}. .

Actually, we can consider more general operators than A, and M;. We can
consider the symbols of the form

s(%,8) = am(€)bm(x) ,

with 32 [lewm | g1 ga—1y [[bm | x1 < o0,
and standard operators Ss =3 Aa,, Ms.

Lemma. [fS1,S2 are standard operators with symbols s1, s2 as above, then

0
@[51, SQ] has symbol £j{51, 82} .
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Propagation property for symmetric systems

AFou+Bu="F, A* Hermitian

Theorem. Let A* € C§(Q;M,«,).
If (u™, ™) satisfy the above forn € N, and u™,f" — 0 in L*(Q),
then for any 1 € C§(Q x 847 1), the H-measure associated to sequence
(u", F):
_ {1‘11 /hz]
Mo1 Moo ]’

satisfies:
(11, (P9} + YO A" — 208) + (2Retrpayy, ¢)) = 0,
where S := (B + B*), while the Poisson bracket is:
{$,Q} = Ved - VxQ — Vx¢- VeQ.  [Recall: P = &,A" | .

p is associated to the pair of sequences (u™, "), the block p, is determined
by u”, py, with f, while the non-diagonal blocks correspond to the product of
u™ and f".

11



The equation for H-measure

Corollary. In the sense of distributions on  x S¢~1 the H-measure p satisfies:

O'P - Ouptyy — OLOP - pyy) + (d — 1)(OP - pay )€
+ (28 — iA") - g, = 2Retrpsyy

where 8} := ' — £'¢,,0% is the tangential gradient on the unit sphere. .

This allows us to investigate the behaviour of H-measures as solutions of
initial-value problems, with appropriate initial conditions.

Besides the wave equations, there are applications to Maxwell's and Dirac's
systems, even to the equations that change their type (like the Tricomi
equation).

12



The wave equation

(pu") —div(AVu) =g .

It can be written as an equivalent symmetric system (t = z° and 9y := %):

d
9o(pdou) — Y di(a”0u) =g.

4,j=1

By introducing: v; := d;u, for j € 0..d, we obtain (Schwarz' symmetries!):

p 0 - 0 0 —a"
0 d | —a¥
. Oov + Z .
: =10 0
0 —a'
po pt L. pd
0
+ | .
: 0
0

The symbol of differential operator is:

i

Px.€) = Ak = | &p, (A8

AL LA

87;V
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Transport of H-measures associated to the wave equation

From the localisation property we can conclude that p = (£ ® &)v. For the
right hand side of the equation we have:

G0 ()70 )0 (é) e .

Theorem. On R x S measure v satisfies (Q := p€3 — A&’ - &'):

VeQ V(&) — Qv+ (£R€-T) VxQ-Ve (o) +(d+2) (VxQ-€) (Sov) = 2Rery

(7: p1p2¢) = lim

Rd4+1

The equation can be written in a nicer form:

{Q, v} + (VxQ - €)[€ - Ve(&ov) + (d + 2)(€ov)] — QOov = 2Re .

14



Recent Tartar's result (2017)

Theorem. Let u™ € C°(0,T;H'(Q)) N C*(0, T;L*(Q)) be a sequence of
solutions of a "wave equation”

(p(u™)) —div(AVU™) 4+ S*ou™ — 0 in LE((0,T) x Q) ,

with p, A in X},.NC?, p> 0 and A real positive definite (or replace it with its
symmetric part, and subsume the lower order terms in the last term), and S k
be standard operators with symbols s*.

If u™ — 0 in H,.((0,T) x Q), then Vu™ corresponds to an H-measure

p = (§®&)m, then

and

<7r, {¥,Q} + (&s" + Skgk)\l’> =0,
for W € CL((0,T) x Q x 8%).

15



An explicit example

Utt — Ugye = 0
u(07 )
ut(0,)) =w .

v

We have used D'Alembert’s formula for solution, our approach and the
approach of P. Gérad, obtaining the same result in this special case (which is
treatable by both methods, and explicit calculations).

Physically important quantity is energy density:

(t,2) 1= 0+ )

as well as the energy at time t: e(t) :== / d(t, z) dzx.
R
After simple calculations we get
! 2 ! 2
Ad(t,z) = (v (z + ) +w(z + t)) + (u (z —t) — w(z — t))

Assume that the physical system is modelled by the above wave equation on
the microscale. In order to pass to the macroscale, in the spirit of Tatar's
programme, we have to pass to the weak limit.

16



Oscillating initial data

Let (vn) and (wy) be sequences of initial data, determining the sequence of
solutions (ur, ), such that:
H'(R) L*(R)
Vp ———0 and Wy ——0 .
It follows that
un_éo )
but d,, — d > 0 weakly * in the space of Radon measures; in general d is not
zero.
Applying the div-rot lemma we arrive at equipartition of energy, i.e.
ui —ui —0;
the kinetic and potential energy are balanced at the macroscopic level.
In order to determine the solution completely, let us take periodically
modulated initial conditions (we work in spaces Hj,.(R) and L} (R)):

vp () = %sin(mc) and wp(x) := sin(nx) .

Simple calculations lead us to: dy(t,z) =1+ cos2nzsin2nt — 1,

weak * in the space of Radon measures, therefore in the space of distributions
as well.

Even though the sequence of solutions (u,) weakly converges to zero, the
energy density is 1, equally distributed to kinetic and potential energy.

17



How this can be computed in general?

Two interesting quadratic forms:
1
a(;v) = Slp(@)ed + Aw)o o]

1
Qav) 1= 5 [p(w)of — Aw)o o]
Convergence of initial data and uniformly compact support imply:
U =0 in L®R;H)NW"™(R;L?).

The energy density is d, = q(Vun).
Goal: compute the distributional limit d,,, i.e. the limit

D, = / dn¢ dtdx .
(0,T)xR4
Results:

Gilles Francfort & Francois Murat (1992): in linear case, C* coefficients
Patrick Gérard (1996): constant coefficients, nonlinearity with u”,p < 5

N. A. & Martin Lazar (2002): for symmetric hyperbolic systems

We have attempted to do the same for semilinear wave equation (d = 3,p = 3),
with variable coefficients. The difficulties led to the study of mixed-norm
Lebesgue spaces, and also prompted the introduction of H-distributions.

For nonlinear equations the L2 theory usually does not work; one should try the
LP spaces.

18



A general view

We can unify the results: consider equations of the form
PO(QPOU'IL) + Py APyu, = 0,

where Py and P; stand for (pseudo)differential operators in time and space
variables, with (principal) symbols po and p1, and Q = opg + Ap1 - p1 being the
symbol of the differential operator defining the left-hand side of the equation.
For the H-measure i associated to (Pyun, P1u,), converging weakly in L? to
0, fx is of the form

~ PRP-

ST
where U := trfs is a scalar measure, and the localisation principle reads

QU =0.

Finally, the propagation principle states

(02 10.Q0) + (zp0m@) = 0.

This covers both the classical and the parabolic case.

19
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Good bounds: the Hormander-Mihlin theorem
¥ : RY — C is a Fourier multiplier on LP(R?) if
FWF(@H)) € LP(RY) for 0 € S(R),

and
S(RY) 30— F(WF(H)) € LP(R?)

can be extended to a continuous mapping Ay : LP?(R?) — LP(R%).
Theorem. [Hormander-Mihlin] Let ¢ € L°°(R®) have partial derivatives of
order less than or equal to k = [£] + 1. If for some k > 0
(vr>0)(Va eNG) ol <rx = |0%p(€) P de < K*r?21el
s<lel<r
then for any p € (1,00) and the associated multiplier operator Ay, there exists

a Cq (depending only on the dimension d) such that

1
[Aelisin < Camax{p, Lo bk + ol

For ¢ € C*(S*" '), extended by homogeneity to R?, we can take k = ||| n-

21



Existence of H-distributions (main theorem)

Theorem. [fu, — 0 in LP(R%) and v, —— v in LY(RY) for some

q > max{p’, 2}, then there exist subsequences (u,,), (v,/) and a complex
valued distribution i € D'(R* x S%~1), such that for every @1, s € C°(R?)
and 1 € C*(S*™1) we have:

i [ (v ) (o ) = lim [ (1) (0 A5 v )

= (1, p195%) ,

where Ay : LP(R%) — LP(RY) is the Fourier multiplier operator with symbol
€ Cr (ST,

We call the functional p the H-distribution corresponding to (a subsequence
of) (un) and (vn).

Of course, for ¢ € (1,00) the weak * convergence coincides with the weak
convergence.

22



Some remarks

If (un), (vn) are defined on © C RY, extension by zero to R® preserves the
convergence, and we can apply the Theorem. 1 is supported on CIQ x S¢71,

In Theorem we distinguish u,, € Lp(Rd) and v, € Lq(Rd). Forp>2p <2
and we can take ¢ > 2; this covers the L2 case (including upn = vy).

The assumptions of Theorem imply that w,, v, — 0 in L2 .(R%), resulting in
a distribution p of order zero (a Radon measure, not necessary bounded),
instead of a more general distribution.

The real improvement in Theorem is for p < 2.

For applications, of interest is to extend the result to vector-valued functions.
For u, € LP(R% C*) and v,, € LY(R%; C'), the result is a matrix valued
distribution p = [pu¥], i € 1.k and j € 1..1.

In contrast to H-measures, we cannot consider H-distributions corresponding to
the same sequence, but only to a pair of sequences, and H-distribution would
correspond to non-diagonal blocks for H-measures.

23



First commutation lemma

¢ € C*(S%7!) satisfies the conditions of the Hérmander-Mihlin theorem.
Therefore, Ay and B are bounded operators on L™ (R?), for any r € (1, 00).
We are interested in the properties of their commutator, C' = Ay B — BA,.
If p < r, we can apply the classical interpolation inequality:

ICvnlle < ICvalI5 | Conll™

for « € (0,1) such that 1/p = a/2+ (1 — «)/r.
As C'is compact on L2(R?) by Tartar's First commutation lemma, while it is
bounded on L"(R?), we get the claim.

For the most interesting case, where p = r, we need a better result: the
Krasnosel'skij theorem (in fact, its extension to unbounded domains
[N.A., M. Migur, D. Mitrovi¢ (2018)]).

Lemma. Assume that linear operator A is compact on L?(R?) and bounded
on L"(RY), for some r € (1,00) \ {2}. Then A is also compact on any
LP(R?), where 1/p=0/2+ (1 —0)/r, for a 6 € (0,1).

Therefore, the commutator C' is compact on all L?(R%), p € (1, 00).

24



Proof of the theorem

Theorem. [fu, — 0 in LP(R‘I), on a subsequnce we have:

lim Ay (01un) (P20, )dx = 1im/ (prUn ) Ag (P2, )dx
R ‘

n’—oo JRd n’/— oo

= (1, p1Pa2)).

The adjoint Aj, is actually the multiplier operator Ay; this gives us the first
equality (we use the sesquilinear dual product)

Lp <Aw(901un’)7 P2Un/ >Lp, T <<P1Un/7 AE(<P2Un’)>Lp

As u, — 0 in LP(R%), while for a fixed v € LY(R?) we have
p1A;(p2v) € LY (RY)
so by the Hérmander-Mihlin theorem it follows that

lim prun Ay (p2v)dx = 0.
d

n—oo Jp

However, we have a product of two weakly converging sequences.

25



Proof of the theorem (cont.)

Write RY = UleN K, where K are increasing compacts; therefore
supp w2 C K; for some [ € N. We have (x: := xk,):

n—oo n—oo

lim golunAg((pzvn)dx = lim P1unAg [p2x:1(vn — v)]dx
Rd RrRd

= lim ©1Poun Ag (X1 (vn — v))dx
R4

n—r00

= lim | ¢1Byundy(xion)dx.
Rd

n—o0
With ¢ = ¢1p,, we have bilinear functionals:

o, (05 7)) 12/ wunAg(X1vn)dx .
Rd

Furthermore, by the Hormander-Mihlin theorem:
|11 (0, 9)] < Nlpunllpll A Cava)lly < Clitllense-1)lllcymay »

where C' depends on LP(K;), Lp,(Kl) bounds of the sequences (uy), (vn).

Now we need a lemma.



Lemma on bilinear forms

Lemma. Let E, F be separable Banach spaces, (bn) an equibounded
sequence of bilinear forms on E x F (i.e. |bn(p, )| < Cllellell¥||F).
Then there exists a subsequence (by, ) and a bilinear form b (with the same
bound C) such that

(Vo e E)(vp € F)  limbn,(,9) = b(p,9) .

To each b,, we associate a bounded linear operator B,, : E — F’ by

Fl( Bn%"MF = bn(507¢) .
This defines a linear function, which is bounded:

bn (@, 9
1Bupllpr = sup 122D < o)
9P T,

Let G C E be a countable dense subset; for each ¢ € G the sequence (B, ) is

bounded in F’, so by the Banach theorem there is a subsequence such that
By —— 1 =: B(y) .

By repeating this construction, and applying the Cantor diagonal procedure we

get a subsequence

(Vp€G) By — B(),
such that [|B(¢)||p < Cllell -

27



Proof of the lemma completed

Now it is standard to extend B to a bounded linear operator on the whole
space E. Clearly:

b(p, ) = p( By, )r = lim o€ By, ) = lim by, (0, 9) -

Q.E.D.

Recall: Ck,(R?) := {p € C(R?) : suppp C K}
Then we have:
C.(RY) = | Ok, (RY) .

lEN

For each | € N we apply Lemma to obtain operators
B' € L(Ck, (RY); (C™(S™™1)) .

Furthermore, for the construction of B' we can start with a defining
subsequence for B'~!, so that the convergence will remain valid on
Crk,_, (R%), in such a way obtaining that B' is an extension of B'~".

28



Proof of the theorem completed

This allows us to define the operator B on C.(R%):
for p € C.(R%) we take I € N such that supp ¢ C K, and set By := Blop.

The definition is good, and we have a bounded operator in uniform norm:

| Bellcr(si-1yy < Cllellcymay -

It can be extended to the completion, the Banach space Co(R?).
Now we can define u(p, ) := (B, 1), which satisfies the Theorem.

Indeed, restrict B to C2°(R%); the restriction B remains continuous.

(C*(S* 1)) is a subspace of D’(S*"!), and we have a continuous operator
from C2°(R?) to D’'(S?7!), which by the Schwartz kernel theorem can be
identified to a distribution from D'(R* x S*71).

However, the bounds we had indicate that we should have a better object than
just a distribution, say of order no more than x = [d/2] + 1.

(Un)fortunately, the situation is much more complicated. Just to mention that
the specific examples of H-distributions that we have are all of order 0 in both
variables.

29



A particular Nemyckij operator

Canonical choice of L?' sequence corresponding to an L?, p € (1, 00), sequence
(un) is given by v, = ®,(u,), where &, is an operator from LP(R?) to

L” (R%) defined by ®,(u) = |u|?~2u.

®,, is a nonlinear Nemytskij operator, continuous from L?(R?) to L (R%) and
additionally we have the following bound

”(I)p(u)”Lp’(Rd) Hu”Lp(Rd)

It maps bounded sets in L2 _(R?) topology to bounded sets in L{’O/C(Rd)
topology. Hence for an L? bounded sequence (u.), we get that (®,(uy)) is

weakly precompact in LY _(R%).
(R%) to LY

loc

It is continuous from L?

loc

(RY).

30



Example: concentration

u € LE(R?), and define u,(x) = n%u(n(x —z)) for some z € R%.

Simple change of variables: |lus |1 p(ra) = |lullLp(re) and up — 0 in LP(RY).

Indeed, the sequence is bounded, while for ¢ € C.(R%)
[ unetix = [ 0" uln(x - 2)p(x)dx
R4 R4
= [yl /n+ iy
R L

1
= i [ e 0y +2)dy

< (vol (suppu)

1/p
)l ey el

Passing to the limit, we get our claim.
The H-distribution corresponding to sequences (u,) and (®,(uy)) is given by
6, X v, where v is a distribution on C"(S?~!) defined for ¢ € C*(S%™!) by

) = [ w0 AT

This distribution might be a Radon measure; we do not know for sure.
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Localisation principle

Theorem. Take u, — 0 in LP(R%), f, — 0 in W;.L%(R%), for some
q € (1,d), such that

div (a(x)un (x)) = fu(x) .
Take an arbitrary (v,,) bounded in L=°(R%), and by p. denote the
H-distribution corresponding to a subsequence of (u,) and (v,). Then

(a(x) - E)u(x,€) =0

in the sense of distributions on R% x S*~1, (x,&) — a(x) - € being the symbol
of the linear PDO with C§ coefficients. .

In order to prove the theorem, we need a particular multiplier, the so called

(Marcel) Riesz potential I1 := Ajy.¢)-1, and the Riesz transforms R; := A ¢, .
7€l

Note that

/Il(¢)aj9 = /(R;‘¢)g7 geSMRY).

Using the density argument and that R; is bounded on LP(R%), we conclude
9;11(¢) = —R;(¢9), for ¢ € LP(RY).
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Compactness by compensation: L? case

It is well known that weak convergences are ill behaved under nonlinear
transformations. Only in some particular cases of compensation it is even
possible to pass to the limit in a product of two weakly converging sequences.

The prototype of this compensation effect is Murat-Tartar’s div-rot lemma.

For simplicity consider 2D case, (up,u2) and (v}, v2) converging to zero
weakly in L?(R?), such that (8,u; + 0yu2) and (9yvs — O,v2) are both
contained in a compact set of H; ! (R?) (which then implies that they converge
to zero strongly in H,,L(R?)).

loc

We can define U, := \Lj" , which (on a subsequence) defines a 4 x 4
n

H-measure p. By the localisation principle, as the above relations can be
written in the form (A', A? are 4 x 4 constant matrices with all entries zero
except A}, = A}, = A%; =1 and A}, = —1)

A'9,U, + A%d,U,, — 0 strongly in H,,}(R*)* ,

the corresponding H-measure satisfies (1A' + &A% = 0. After

straightforward calculations this shows that ulvl + uZv2 — 0 weak * in the

sense of Radon measures (and therefore in the sense of distributions as well).
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What for sequences in LP?

For the above we have used only the non-diagonal blocks p,, = p3; of

K11 Hi2
n = s
[Nm M22:|

corresponding to products of u!, and v; in fact, the calculation shows that
uis 4 p3% = 0, which gives the above result.

Assume now (uh,u2) and (vs,v2) converging to zero weakly in L (R?) and
Lp,(RQ), and (O1u;y + B2u2) bounded in LP(R?), While (92 — B1v2) in
L* (R?) (thus precompact in W;_1?(R?), and W;, Ly’ (R?)).

loc loc

Then (upv), +u2v2) is bounded in L'(R?), so also in M; (Radon measures),
and by weak * compactness it has a weakly converging subsequence. However,

we can say more—the whole sequence converges to zero.

Denote by u* the H-distribution corresponding to (some sub)sequences (of)

(un, uz) and (vn, v7).

Since (O1u;, + O2u2) is bounded in LP(R?), and (d2v} — 81v2) is bounded in

LPI(R2), they are weakly precompact, while the only possible limit is zero, so
Oul +8u =0 in L7, and

1 2 . !
821)” — alvn — 0 in Lp .
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From the compactness of the Riesz potential I; mentioned above, we conclude
that for ¢ € C.(R?) and 9 € C*(S*™!) the following limit holds in L?(R?):

1 2y 1 2
A¢(§/‘§|>%(Sﬁun) + Aw(s/‘ﬂ)%(@un) = A"l’(ﬁlé!ﬁ\) (81 (SDUn) + aQ(SDUn)) —0.

Multiplying it first by vl and then by @v2, integrating over R? and passing to
the limit, we conclude from the existence theorem that:
Gu't + &p*t =0, and  &pP 4+ &u* =0,

Next, take . . ,

wy, = @Awa‘é\en (pus) e WP (RY), j=1,2.
From the last limits on the preceeding slide we get

((gov,ll, —govfl),wal) = —(rot (gov,ll,govi),wfl) —0 as n — oo,
for j = 1,2. Rewriting it in the integral formulation, we obtain again from the
existence theorem:
Lop't —&p'? =0, Lpt —&p* =0.
From the algebraic relations above, we can easily conclude
51 (Mll + /1122) — O and 52 (//Lll +,U/22) _ 07

implying that the distribution p*' + 122 is supported on the set
{& =0} N {& = 0} NS = @, which implies p'' 4 p?* = 0.
After inserting ¥ = 1 in the definition of H-distribution, we immediately reach
the conclusion.
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This proof is similar to the L? case, but it should be noted that we had used
only a non-diagonal block of 4 x 4 H-measure, which corresponds to the only
available 2 x 2 H-distribution.

There is no reason to limit oneself to two dimensions; take (uy) and (vy)
converging weakly to zero in L?(R%)¢ and Lp,(Rd)d, and by p denote d x d
matrix H-distribution corresponding to some chosen subsequences of (u,) and

(Vn).

Theorem. Let (u,) and (v,,) be vector valued sequences converging to zero
weakly in LP (R4 and Lp,(Rd)d, respectively. Assume the sequence (div uy,)
is bounded in LP(R%), and the sequence (rotv,,) is bounded in Lp/(Rd)dXd.
Then the sequence (u, - vy,) converges to zero in the sense of distributions (or
vaguely in the sense of Radon measures).

The results carry on to loc spaces as well.
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An application suggested by Darko Mitrovié

For scalar conservation law with discontinuous flux, the most up to date
existence result for the equation

ue + divf(t,x,u) =0
is obtained under the assumptions

2+¢ d
I;leali(‘f(t’ x,\)| € L"°(RY) .

Using the H-distributions, it is possible to prove an existence result for the
given equation under the assumption

€ d
rgleaé(\f(t, x,\)| € L' (RY) .
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Functions of anisotropic smoothness
Let X and Y be open sets in R% and R" (or C*° manifolds), Q C X x Y.

By Cb™(£2) we denote the space of functions f on €, such that for any
a € N¢ and B € Nj, if |a| <1 and |B] < m,
OPf=0208f € C(Q).

CH™(Q) becomes a Fréchet space if we define a sequence of seminorms

l,m o,
:: 8 o0
pr, (f) ‘a‘gmlfg‘gml\ Flleee(x,)

where K,, C 2 are compacts, such that Q = U,en K, and K,, C Int K, 41.
For a compact set K C Q we define a subspace of C-™(Q)

O (@)= {f e "™ (@) suppf C K}

This subspace inherits the topology from C“™ (), which is, when considered
only on the subspace, a norm topology determined by

I f e = D3 (f)

and CY™ () is a Banach space (it can be identified with a proper subspace of
CH™(K)). However, if m = co (or | = 00), then we shall not get a Banach
space, but a Fréchet space. As in the isotropic case, an increasing sequence of
seminorms that makes CZKO:(Q) a Fréchet space is given by (p%i% k € No.



Functions of anisotropic smoothness (cont.)

We can also consider the space

cem (@)= | CKl(©),

neN

of all functions with compact support in C™(€), and equip it by a stronger
topology than the one induced from C"™(Q): by the topology of strict
inductive limit.

More precisely, it can easily be checked that

CiI() = CF L (9),

n+1

the inclusion being continuous. Also, the topology induced on C%’:(Q) by that
of Cll’(";rl((l) coincides with the original one, and Ci,!:(Q) (as a Banach space
in that topology) is a closed subspace of C?{’:H (©2). Then we have that the
strict inductive limit topology on CL™ () induces on each Cé{:(ﬂ) the original
topology, while a subset of Cf;m(ﬂ) is bounded if and only if it is contained in
one C;(T:(Q) and bounded there. C5™(9) is a barelled space.

Of course, C°(Q) — CL™(Q) is a continuous and dense imbedding.
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Distributions of anisotropic order

Definition. A distribution of order l in x and order m in 'y is any linear
functional on Cf;m(Q), continuous in the strict inductive limit topology. We
denote the space of such functionals by Dj ().

Clearly, C°(Q) — CL™(Q) — D’(Q), with continuous and dense imbeddings,
thus CL™(€2) is a normal space of distributions, hence its dual Dj,,, () forms a
subspace of D’(Q). If we equip it with a strong topology, it is even
continuously imbedded in D’ ().

Lemma. Let X andY be C* manifolds. For a linear functional v on
CL™(X x Y), the following statements are equivalent
a) ue Dy, (X xY),
b) (VK € K(X x Y))(3C > 0)(v¥ € C"(X xY)) [(u, ¥)| < Cp" (V).

Statement (b) of previous lemma implies:

(VK € K(X))(VL € K(Y)(3C > 0)(Ve € Ck (X)) (Vo € CL(Y))

[(u, o B )| < Cplk (9)pT (%)

The reverse implication would have significantly greater practical use.
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Tensor product of distributions

In order to better understand the properties of elements of Dj ,,,(£2), we shall
relate them to tensor products.

The first step is to consider the algebraic tensor product CL(X) X C™(Y), the
vector space of all (finite) linear combinations of functions of the form

(¢ K1) (x,y) := ¢(x)1(y). This is a vector subspace of CL™ (X x Y).

Theorem. Let X and Y be C™ manifolds, u € D;(X) and v € D,,,(Y). Then
(3w € DI (X 1)) (Ve € CLX) ) (Vo € CIY))  (w, 90 = (u, ) (0, ).

Furthermore, for any ® € CL™(X x Y), function V : x > (v, ®(x,-)) is in
CL(X), while U : y + (u, ®(-,y)) is in C™(Y), and we have that

(w, @) = (u, V) = (v,U).
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Simple operations

Lemma. Ifu € Dj,,(X xY) then, for any ¢ € C"™(X x Y), vu is a well
defined distribution of order at most (I, m).

Theorem. Let u € Dj,,,(X xY) and take F C X x Y relatively compact set
such that suppu C F. Then there exists unique linear functional 4 on
Q:={peC"™(X xY): FNsuppy € X x Y} such that

3) (Vg € CE™(X X Y)) (i) = (u, ),

b) (Vo e Ct™(X xY)) FNsuppp=0 = (i,¢)=0.
The domain of 4 is largest for F' = supp u.
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First conjecture

Let X,Y be C* manifolds and u a linear functional on CL™(X x Y). If
u € D'(X xY) and satisfies
(VK € K(X))(VL € K(Y)(3C > 0)(Vp € CE(X))(Vy € CT(Y)
[{u, o )| < Cpk (0)pL (V) ,

then u can be uniquely extended to Dj ,,,(X x Y).

If it were true, then the H-distribution 1 would belong to D} . (R% x S%™1),
i.e. it would be a distribution of order 0 in x and of order not more than x in €.

Indeed, from the proof of the existence theorem, we already have
€ D' (R x 8971 and the following bound with ¢ := ¢153:

[{1t, 0 W )| < CH"MlCN(Sd*l)”@HCKZ(RGL) ,

where C does not depend on ¢ and .
It is not true!

We need a more complicated result.
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Schwartz kernel theorem

b)

Theorem. Let X and Y be two differentiable manifolds.

Let K € D},,(X xY). Then for each ¢ € CL(X) the linear form K, defined
by ¥ — (K, K1), is a distribution of order not more than m on'Y .
Furthermore, the mapping ¢ — K, taking CL(X) with its inductive limit
topology to D,,(Y) with weak x topology, is linear and continuous.

Let A: CL(X) — D,,(Y) be a continuous linear operator, in the pair of
topologies as above. Then there exists unique distribution K € D'(X xY)
such that for any p € CZ°(X) and ¢ € CZ(Y)

<K7 SDWM = <K<va> = <AS07’(/)>
Furthermore, K € D} g, 1.2)(X X Y).
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Different strategies of proof

[e]

regularisation? (Schwartz)

o constructive proof? (Simanca, Gask, Ehrenpreis)

[e]

nuclear spaces? (Treves)

structure theorem, on manifolds (Dieudonné)

[e]
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From kernel to operator (a)

¢ € CL(X); prove the continuity of K, on CT*(Y) (it is clearly linear since the
tensor product is bilinear, while K is linear).

i.e. for H € K(Y'), mapping ¢ — (K,,) is a cont. lin. funct. on C%(Y).

We can assume X and Y to be open subsets of R? and R".

Indeed, first take an open covering of Y, consisting of chart domains, and a
partition of unity (fa) subordinate to that covering such that

> o fa(y) =1,y € H (note that the sum is finite).

Similarly for ¢, thus limiting ourselves to domains of a pair of charts.

By [Gosser, Kunzinger & al., Chapter 3.1.4], we can identify distributions
localised on chart domains with distributions on subsets of R% and R". Thus,
in what follows we shall assume that X and Y are open subsets of R% and R".

We shall therefore show that there exists a constant C' > 0 such that for any
1 € CH(Y) it holds

(K, )| < C max [|0%4||Le ()

[Bl<m
for m finite, while for m = co we should modify the above to

@Bm' eN)3C>0)(Vy € CH(Y)) (K, ¥)| < C max [[0%¢]iee ) -

[Bl<m/
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From kernel to operator (a)(cont.)

K is a distribution of anisotropic order on X X Y:

(VM e K(X x Y))(3C > 0)(Y¥ € CL™(X x Y))

supp¥P C M = [(K,¥)| < C max HB‘O"’B\I/HLOO(M) ,

[a|<LBl<m

with obvious modifications if either [ or m is infinite,

by taking M to be of the form L x H, with L € K(X), and ¥ = ¢ K ¢ such
that supp ¢ C L, we have

(Ko, )| = (K, oR)| <C  max (0% B %P|lLee(rxm)

la|<L[Bl<m

<C 0% || P ||poo iy < C 0P|,
< ﬁi‘f’;}‘l” ol <L>|%}23i” Yllnee () < Ig}gﬁ;” Yllnee(m) »

and therefore K, € D, (Y).
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From kernel to operator (a)(cont.)

The linearity of mapping ¢ — K, readily follows from the bilinearity of tensor
product and the linearity of K.

For continuity, take an arbitrary L € KC(X) and an arbitrary ¢ € CI*(Y). We
need to show the existence of C' > 0 such that

(Ko, )| < Clrgfgcl 10%pllLoe (L) -

However, we have already shown that above: just take

C = C max |0° oo .
\mgm” YllLoo (i)

Therefore, the mapping ¢ +— K., from CL(X) to D,,(Y) is linear and
continuous.
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From operator to kernel (b): uniqueness and overview

Let us first prove the uniqueness. By formula

<K7 ¢®¢> = <K<va> = (A%W )

a continuous functional K on CZ(X) X C:°(Y) is defined. As it is defined on
a dense subset of CZ°(X x Y), such K is uniquely determined on the whole
CE(X xY).

The proof of existence will be divided into two steps. In the first step we
assume that X and Y are open subsets of R? and R”, and additionally, that
the range of A is C(Y) C D;,(Y) (understood as distributions which can be
identified with continuous functions). This will allow us to write explicitly the
action of Ay on a test function ¢» € C7*(Y'), which will finally enable us to
define the kernel K. In the second step, we shall use a partition of unity and
the structure theorem of distributions to reduce the problem to the first step.
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From operator to kernel (b): existence under additional assumptions

Additionally assume that X and Y are open and bounded subsets of euclidean
spaces, and that for each ¢ € CL(X), Ap € C(Y).

Its action on a test function ¢ € CT*(Y') is given by

(Ap, ) = / (Ag) (¥ )(y)dy .

%
Continuity of A implies that A : CL(X) — C(Y) is continuous when the
range is equipped with the weak * topology inherited from D, (Y).

As the latter is a Hausdorff space, that operator has a closed graph, but this
remains true even when we replace the topology on C(Y') by its standard

Fréchet topology [Narici & Beckenstein, Exercise 14.101(a)], which is stronger.

Now we can apply the Closed graph theorem [Narici & Beckenstein, Theorem
14.3.4(b)], as CL(X) is barreled, as a strict inductive limit of barreled spaces,
to conclude that A : CL(X) — C(Y) is continuous with usual strong
topologies on its domain and range.
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(b): existence under additional assumptions (cont.)

For y € Y consider a linear functional Fy : CL(X) — C defined by

Fy(p) = (Ap)(y) -

Since Ay is a continuous function, Fy is well-defined and continuous as a
composition of continuous mappings, thus a distribution in D;(X).

Take a test function ¥ € CL%(X x Y), and fix its second variable (get a
function from CL(X)) and apply F; we are interested in the properties of this
mapping:

y = B (W(,y) = (A¥(,3)) () -

Clearly, it is well defined on Y, with a compact support contained in the
projection my (supp ¥). Furthermore, we have:

Fy(W(,3))| = [(A%C,3)) 0] < 1A 9) e gy o )
< CH“I[(HY)HCI (X) < C”\I]||Ci’“0ppq,(X><Y) :

Ty (supp ¥)
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(b): existence under additional assumptions (cont.)

We show sequential continuity: take a sequence y,, — y in Y. Denote

H = 7x(supp V) and let L CY be a compact such that y,,y € L; U is
uniformly continuous on compact H x L.

This is also valid for 92W, where |a| < I, thus U(-,y,) — (-, y) in CL(X).
As A is continuous, the convergence is carried to C(Y), i.e. to uniform
convergence on compacts of a sequence of functions AVU(-,y,) to AU(-,y).

In particular,(AU (-, y»))(y) — (A¥(-,y))(¥) is arbitrary small independently of
y € L, for large enough n.

On the other hand, AV(-,y) is uniformly continuous, thus
(A (-, ¥y)(¥) — (A¥(-,y))(y) is small for large n, independetly of y € L. In
other terms, we have the required convergence

Fy, (W(,yn)) — Fy () -

A continuous function with compact support is summable, so we can define K
on CEOX x Y):

(K, 0) = /Y Fy(U(,y)) dy

which is obviously linear in ¥, as Fy is.
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(b): existence under additional assumptions (cont.)
For continuity of K, we cannot follow [Dieudonné, 23.9.2], as our spaces are
not Montel.

However, we can check that K is continuous at zero (modifications for [ = oo):

(VH e K(X)(VL e KY)(BC > 0)(V¥ € CL%(X x Y))
supp¥Y CHx L = |(K,¥)|< CH‘Ij”c’I‘(OX

L (XXY) ”

The continuity of A : CL(X) — C(Y), for ¥ supported in H x L and the fact
that the support of A¥(-,y) is contained in L gives us the estimate

/ Fy(U(-,y)) dy’ < (VOlL)C||‘I’Hc’;(0 L(XxY)
v X

as needed.
Finally, it is easy to check that for ¢ € C°(X) and ¢ € CZ(Y), we have:

(K, pR ) = /Y Fy (o R(y))dy = /Y Fy(o)0(y)dy

- /Y (Ap) (y)(y)dy = (Ap ) .
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(b) existence in general: reduction to charts

Let (Ua) and (V3) be covers consisting of relatively compact open sets.

It is sufficient to show existence of distributions K,z on U, X V3, which satisfy

(Ap, ) = (Kap, oW 1p) , ¢ € CZ(Ua), v € CZ(Vp) -

Indeed, the uniqueness of K € D'(X x Y') then follows from the fact that two
distributions K,p and K5 will coincide on open sets (U, NU7) x (VN Vs) of
X x Y, while the existence of K will be a result of the localisation theorem
[Dieudonné, 17.4.2].

Furthermore, if we assume that U, and Vj lie within domains of some charts of
X and Y, in the light of results of [Gésser, Kunzinger & al., Chapter 3.1.4], we
can identify the distributions localised to these chart domains with distributions
on open subsets of R%. Thus, without loss of generality, we assume that U and
V are relatively compact open subsets of R®.
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(b) existence in general: the structure theorem
Consider A : CL(U) — D.,(V) defined by: for ¢ € CL(U) and 1 € C(V)

(Ap, ) = (Ap, ) .

A is well-defined, and by the assumptions continuous.

Take a relatively compact open neighbourhood W of CIV in Y and pick a
smooth cut-off function p being one on CIV and supported in W.

For ¢ € CL(U), pAp € D, (W) and has a compact support. Next we use the
Structure theorem for distributions: from its proof [Friedlander & Joshi,
Theorem 5.4.1], we can write

pAp = (8{"+2 e 3;n+2) (Em+2 * (pAgD)) ,

where E,,, 12 is the fundamental solution of 8{"*2 .. 3;”*2 (derivatives in y),
i.e. it satisfies the equation (8{”*2 - 8;”*2) Epq2 = do (explicit formula for
Er2 in loc.cit.), and En42 x (pAyp) is a continuous function.

Denoting by Ey, 2% the transpose of Ep, 2%, for ¢ € CL(U) and ¥ € C*(W)
<Em+z * (pAp), w> = <As0, PEm 2 * d)> ,

concluding that ¢ — En, 42 % (pAy) is continuous from CL(U) to D, (W).
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(b) existence in general: reduction to special case

Now we can find R € D; o(U x W) such that for all ¢ € C2°(U) and
1 € CZ(W) it holds

<Em+2 * (pAp), ¢> = (R, 9 KY).
Taking ¢ € C°(U) and ¥ € C(V), we have
(R, (372 .. 97+2) p) = <Em+2 « (pAg), (072 ... 00+?) 1/1>
= () (O 05 ?) (Bmsa + (pA) ) S 00)
= (1) (pAg,v)
= (1)) (A, pv)
= ()" Ap, ),
which gives (Ap, v) = (—1)*"+2) ((07*+2 .. 97?) R, p K1), where the

derivatives are taken with respect to the variable y. Since R was an element of
Dy o(U x W), we conclude that A € D} 10y (U x V).
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Remarks

Note that in part (b) we did not get K € D;,,(X X Y), as one would expect.
The order with respect to x variable remained the same, but the order with
respect to y increased from m to d(m + 2). Interchanging the roles of X and
Y, the same proof gives K € Dy 9y ,,(X x Y), where order with respect to y
remained the same, but order with respect to the x variable increased from [ to
d(l+2). Since uniqueness of K € D'(X X Y) has already been determined, we
conclude that K € D} 4,40/ (X X Y) N Dgy40,, (X X Y). It might be
interesting to see some additional properties of that intersection.

If one used a more constructive proof of the Schwartz kernel theorem, for
example [Simanca, Theorem 1.3.4], one would end up increasing the order with
respect to both variables x and y. This occurs naturally, because one needs to
secure the integrability of the function which is used to define the kernel
function.

One interesting approach to the kernel theorem is given in [Treves, Chapter
51]. This approach is based on deep results of functional analysis on tensor
products of nuclear spaces of Alexander Grothendieck. This approach might
result in further improvements of the preceeding theorem. This is a subject of
our current ongoing research.
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Consequence for H-distributions

By the previous theorem the H-distribution 1+ mentioned at the beginning
belongs to the space D67d<n+2)(Rd x 8%71), i.e. it is a distribution of order 0 in
x and of order not more than d(x + 2) in &.

Indeed, we already have u € D'(R? x S¢~') and the following bound with
= p1pa:

{1, p R )| < C\|¢||c~<sdfl)||<ﬁ”cxl (R4)

where C does not depend on ¢ and 1.

Now we just need to apply the Schwartz kernel theorem given above to
conclude that p is a continuous linear functional on oo N+2)(Rd x 8471,
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Thank you for your attention!
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Lebesgue spaces with mixed norm

For p € [1,00)%, by LP(R?) denote the space of f on R? with finite norm

p2/pP1 P3/p2 1/pa
1£ll, = <[R ([R (L|f($1,-~~,xd)|plda:1> dac2> dmd) ,

and analogously for p; = co.
These Banach spaces can be seen as vector-valued Lebesgue spaces in the sense

LP(R) = i (R L2 (RY)

Some facts:
(a) S — LP(RY),
(b) S is dense in LP(R?), for p € [1,00)¢,
(c) Lp/(Rd) is topological dual of LP(R?), for p € [1,00)?,
(d) LP(RY) — &'.
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Basic results

Some generalisations of classical results are still valid:

dominated convergence for LP(R?) spaces, p € [1, c0)¢
Let (fn) be sequence of measurable functions. If f,, — f (ss), and if there

exists G € LP(R) such that |f.| < G (ss), for n € N, then || f — fllp —0

Minkowski ineaquality for integrals
For p € [1,00]% and f € L1 (R4+42) we have

| - f<xzy>dpr < /R o )y,

Holder’s ineaquality and its converse
For p € [1,00]% we have

Fg()dx| <I1f [, gl

| fu 769

17, = s | [ foax| = sup | [ raix],
gESp/

geSp/mS

where Sy is a unit sphere in LP' (RY).
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Boundedness of pseudodifferential operators on classical spaces

(p,d)-symbol of order m € N (A(€) = /1 + 4w2|€|?)
10007 a(x, €)] < Ca,pA™~7PH12I(E),

and the associated operator a(-,D) : S — S
(abx D)) = [ e Salx, )5(6) de.
R

Using the adjoint operator, it can be extended to an operator on S’.

Classical boundedness results on Lebesgue spaces:
o L. Hérmander: for 0 < § < p <1 and § < 1 the necessary condition is

o C. Fefferman: for 1 < p < oo this condition is also sufficient.

The strongest results are for p = 1, valid even for m = 0, which easily leads to
generalisations for Sobolev spaces (|v| < k — m) via

(@ a)(-,D) = > aalD)0™.

la|<k
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Notation

x=(x,%), x=(21,..., %), X = (Try1,...,74), 0<r < d—1,

LPP(R?) = L (R, If 5, = 1l g, p,...pys B = (P15

Ifr=0: [[f(x)p =G fllp,, = 1fllee-
Distribution function:
Ar(a) = A(f; @) = vol{x € R? : |f(x)| > a}.

(a) Ay is non-increasing and right continuous.
(b) If |f] < g, then Ay < Aq.

)
(c) If |fu] /' |f], then Ap, 7 A
(d) If f =g+ h, it follows )\(f;a) < )\(g; %) + )\(h; %)

7p7‘)'
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General framework

Theorem. Assume:
1) A A" L (RY) — L. (R?) are formally adjoint linear operators.
2) For both T = A and T = A" there exist constants N > 1 and ¢1 > 0 satisfying

(V7 €0.(d=1))(Vxp € RT")(VE > 0) / ITfC,x)pdx" < eallfllp,
\x’—x()\m>Nt
for any function f in a subspace of L°(R?) determined by properties:
(a)supp f CR" x {x": [x" — X000 < 1},
(b) [ga—r f(X,X)dx' =0 (a.e.x€R").
3) For some q € (1,00) A has a continuous extension to an operator from L?(R%)
to itself with norm cq.

Then A has a continuous extension to an operator from LP(R?) to itself for
any p € (1, oo)d, with the norm

d k—1
HAHLP*}LP < ch H max(pd,j, (pd—j — 1)_1/1‘701*]')(61 + Cq)
k=1 j=0

d—1
< [[ max(pa—j, (pa—j — 1)7/749 ) (e1 + cq),
j=0

where ¢ and ¢’ are constants depending only on N and d.
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A few words about the proof

Note that we are using L°(R?) as a dense subspace, and not C°(R%), as we
have to use the Calderén-Zygmund decomposition.

The proof follows by repeated application of

Lemma. Assume that A, A* : L°(R%) — L .(R?) are linear operators
satisfying assumptions of the theorem.

If operator A has a continuous extension from LP%(R?) to itself with norm c,,
for some p € (1,00)" and q € (1,00), then A has a continuous extension from
LPP(R?) to itself for all p € (1,00), with norm

Al < ¢ max(p, (p — 1) ") (c1 + cq),

where c is a constant depending only on N and d.

If some of the consecutive p;-s are equal, we can get a bit better estimate.
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The boundedness

Teorem. Pseudodifferential operators of class S?ﬁ, 0 €[0,1) are bounded on
LP(RY), p € (1,00)¢, with an estimate as in the previous theorem.

We have considered several venues for the proof:

o Using the techniques from N.A.& I. lvec (2016) ...work only for compactly
supported operators.

o Modifying the apporach in M. W. Wong's book (1999), as it was done in J.
Aleksi¢, S. Pilipovi¢ & 1. Vojnovi¢ (2017) ... in the mixed norm case some
calculations did not work out.

o We followed Stein (1993): the representation of pseudodifferential operator

(a(x, D)p)(x) = k(x,-) x ¢,

where the kernel k(x,-) is a tempered distrubution such that m =a(x,).

Outside the origin kernel k(x,-) is in fact a smooth function decreasing at
infinity; more precisely, the following theorem holds:

Teorem. Ifa € S, then k € C*(R% x R*\{0})
1000°k(x,2)| < Capnlz @™ PI=N 220,

for multiindices av and 3, and N € Ny such that d + m+ |3|+ N > 0.
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The key lemma
The theorem is true also for 0 < 4 < 1, if a = 0!

Lemma. For each N > d there is a ¢ > 0 such that for p € (1,00)" and any
fe U1<p< infty LP(RY) satisfying:

supp f CR" x {x: |¥' — x{|eo < t}, X0 €ER¥T", £ >0,

[ f(x,x")dx' =0a.e x,
it holds

Lol DI < el
xfxo(x,>Nt

X/

P :”””””X ,,,,,,,,,,,,,,,
ZtI IQNt 0 supp f

Figure 1. The support of function and the area of integration are disjoint

Corollary. a € S7’s, k > m, then a(-, D) : WFP(RY) — WF~™P(R?) is
bounded.



Boundedness of integral operators

Another application of the general theorem on

Af(x) = K(x,y)f(y)dy,

Rd

and it is a known fact that they are bounded on L?(R?) for p € [1,00] (the
Schur test) if the following sufficient conditions are satisfied:

(3C1,C2 > 0) /

|K(x,y)|dx < Cy (ae.y), / |K(x,y)|dy < C2 (ae. x).
R4 R4

Theorem. [f kernel K of the integral operator satisfies
Cu ::/ ”K('a‘*}’)HLM(Rd) dy < oo, C2 5:/ ”K('*y")”LOO(Rd)dy < 00
R4 Rd

then it is bounded on LP(R?), p € (1,00)%.
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Compactness
We consider

HP(RY) = {u €S F (1 +4r€P)3a) € Lp(Rd)} .

For two Banach spaces Ag, A1 < X, we can define a space (Ao, A1) for
6 € [0,1] by complex interpolation.

First define a vector space F (Ao, A1) consisting of all functions of complex
variable with values in Ag + A1, which are bounded and continuous on the

closed strip
S={z€C:0<Rez <1},

and analytic on the open strip.

Moreover, the functions t — f(j + it) are continuous from R into A;, and
tend to zero as [t| —> oo. The norm is

1411 = masc { sup | £(Gt)] 1, sup | £+ i), }-
teR teR
Then we define
(Ao, Ar)jg) = {a € Ao+ A1 : a= f(8) for some f € f(Ao,Al)} ,

with the norm
lallg = inf{[[fllz = f(6) =a, f € F(Ao,A1)}.
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Main theorem

Theorem. Let sg,s1 €ER,0<6 <1, ands=(1—6)so+68s1. Then
(H (R"), H P <Rd>> =H"P(RY),
[6]
for any 1 < po,p1 < oo, where 1/p = (1—0)/po + 0/p1. .

This, in turn, leads to a form of the Rellich-Kondrasov theorem for mixed-norm
spaces

Theorem. Let so,s1 €R,0<60 <1, ands=(1—0)so+ 0s1. Then
(rrom @ oo @) —ners),
[0]
for any 1 < po,p1 < oo, where 1/p = (1 —0)/po + 6/p1.
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Hormander-Mihlin's theorem for mixed-norm spaces

Theorem. Let m € L™(R"\ {0}) for some A > 0 and any |o| < [4] + 1
(a) either Mihlin's condition |ogm(€)| < Alg|71* or
(b) Hérmander’s condition

sup R ~4F2lel |0gm(€)|° dé < A® < 00 .
3
R>0 R<[|¢|<2R

Then m lies in My, for any p € (1,00)%, and we have the estimate

d k—1
mll e, <3¢ T max{pa—s, (pa—y — 1)7/74=5 }(A + [fm]l, )
k=1 7=0

d—1

H max{pa—y, (pa—j — 1)~ P YA+ Im] ) ,

where ¢ and ¢’ are constants that depend only on d.

[N.A. & I. Ivec (2016)]
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First commutation lemma on mixed-norm Lebesgue spaces

Lemma. Let (v,) be bounded both in L?(R%) and in L™ (R%), for some

r € [2,00]%, and such that v, — 0 in D'. Then (C'v,), where the

commutator is defined by C := Ay M, — M, Ay, strongly converges to zero in

LA(RY), for any q € [2,00)? such that there exists A € (0,1) for which it holds
1 A 1—A

— =24 . iel.d.
qi 2 T 1
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H-distributions on mixed-norm Lebesgue spaces

Theorem. Let s =[d/2]+ 1 and p € (1,00)%. If up, — 0 weakly in
LP (R%), v, ——v in L _(R?), for some q € [2,00]* such that q > p’, then
there exist subsequences (u,) and (v,/) and a complex distribution

€ D' (R x S*71), such that for g1, p2 € C°(R?) and ¢ € C*(S?™') one
has
lim Lp(Rd)< Ay (d1un), ¢2vns > = lim Lp(Rd)< Prun, Ag(d2vn) >

= </’Lv$1¢2 ‘ZE> )
where Ay, : LP(R%) — LP(R?) is the Fourier multiplier operator.

L (R) L (R)

w is the H-distribution corresponding to (a subsequence of) (uy) and (vy).

If (un), (vn) are defined on © C RY, extension by zero to R? preserves the
convergence, and we can apply the Theorem. p is supported on CIQ x S9!,
We distinguish u, € LP(R%) and v, € LY (R?). For p > 2, p’ < 2 and we can
take ¢ > 2; this covers the L? case (including upn = vy).

The assumptions imply wn, v, — 0 in LY _(R?), resulting in a distribution s
of order zero (an unbounded Radon measure, not a general distribution).

The novelty in Theorem is for p < 2.

For vector-valued u,, € L?(R%; C¥) and v,, € LI(R%; C), the result is a matrix
valued distribution p =[], i € 1.k and j € 1..1.
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The proof is based on First commutation lemma

If ¢ < r, we can apply the classical interpolation inequality:
ICvally < ICvA I3 Conllr™

for a € (0,1) such that 1/¢ = a/2+ (1 — a)/r. As C' is compact on L*(R%)
by Tartar's First commutation lemma, while it is bounded on L™(R%), we get
the claim.

For the most interesting case, where ¢ = r, we need a better result: the
Krasnosel'skij theorem (a variant of Riesz-Thorin theorem).

In fact, the commutator C' is compact on all L?(R%), p € (1, c0).
For that we need an extension of the Krasnosel'skij's result to unbounded
domains [N.A., M. Mi8ur, D. Mitrovi¢ (2018)]

Lemma. Assume that linear operator A is compact on L?(R%) and bounded
on L"(R%), for some r € (1,00) \ {2}. Then A is also compact on any L?(f),
where 1/p =0/2+ (1 —0)/r, fora 0 € (0,1).
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