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Problem
We consider the following problem{

(ρ(t, x)u′(t, x))′ − div (A(t, x)∇u(t, x)) = f(t, x) in (0, T )× Ω,

u(0) = u0 ∈ H1
0 (Ω), ρu′(0) = u1 ∈ L2(Ω) in Ω,

(1)

with f ∈ M([0, T ];L2(Ω)), ρ ∈ BV (0, T ;L∞(Ω)), A ∈ BV (0, T ;Mdiv (Ω)). Let us assume there
exists α > 0 such that it holds

ρ(t, x) ≥ α a.e. on (0, T )× Ω, (2)

A(t, x)ξ · ξ ≥ α|ξ|2 a.e. on (0, T )× Ω, ξ ∈ Rd. (3)

Existence and uniqueness of solution

Theorem. There exists unique solution u ∈ L∞(0, T ;H1
0 (Ω)) with u′ ∈ L∞(0, T ;L2(Ω)) of (1):

Moreover, we have the following estimate

∥u(t)∥2H1
0 (Ω) + ∥u′(t)∥2L2(Ω) ≲ ∥u0∥2H1

0 (Ω) + ∥u1∥2L2(Ω) + ∥f∥2M([0,T ];L2(Ω)), a.e. t ∈ [0, T ],

where the constant depends continously on α, ∥ρ∥BV (0,T ;L∞(Ω)) and ∥A∥BV (0,T ;Mdiv (Ω)).

Outline of the proof:

• Approximating coefficients in the main problem with those with more regularity in time using
property (c) of BV functions.

• Galerkin approach: Separate symmetric from antisymmetric part of A; the symmetric part is
treated in the usual way, while the condition on divA is used to treat antisymmetric part of
A.

• Uniqueness follows from the existence of the transpose problem, which is of the same type since
A ∈ Mdiv (Ω) implies AT ∈ Mdiv (Ω).

Homogenization
Consider a sequence of problems (1) where ρ,A, f, u0, u1 are replaced with ρn,An, fn, u

0
n, u

1
n. Assume

ρn bounded in BV (0, T ;L∞(Ω)), An bounded in BV (0, T ;L∞(Ω;M sym
d ))

and that (2) and (3) hold for all n.
One can then extract subsequences and find ρ ∈ L∞((0, T ) × Ω),A ∈ L∞(0, T ;L∞(Ω;M sym

d ) such
that it holds

ρn
∗
⇀ ρ in L∞((0, T )× Ω), An(t, ·)

H
⇀ A(t, ·) up to a countable subset of (0, T ), (4)

so it is not a restriction to assume (4) in the sequel.

Theorem. With assumptions on ρn,An as above, assume additionally that there exist f ∈
M([0, T ];L2(Ω)), u0 ∈ H1

0 (Ω) and u1 ∈ L2(Ω) such that

fn
∗
⇀ f in M([0, T ];L2(Ω)), u0

n ⇀ u0 in H1
0 (Ω), u1

n ⇀ u1 in L2(Ω).

We then have that the unique solution un of (1) satisfies

un
∗
⇀ u in L∞(0, T ;H1

0 (Ω)), u′
n

∗
⇀ u′ in L∞(0, T ;L2(Ω)),

where u is the unique solution of the problem of the same structure.

What can be said about non-symmetric An?

The H-limit of An ∈ BV (0, T ;Mdiv (Ω)) lies in BV (0, T ;L∞(Ω;Md)), but at this point it is not
clear it is also in BV (0, T ;Mdiv (Ω)). With that additional assumption, similar result follows. This
assumption is always satisfied in the periodic case, where the H-limit is known to be a constant
function, as well as in the case of simple laminates.
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BV spaces
Let X be a Banach space and f : [0, T ] → X.
We say that f is of bounded variation if it holds

sup
0=t0<···<tn=T

n∑
i=1

∥f(ti)− f(ti−1)∥X < ∞,

and we denote by BV (0, T ;X) the space of all
such functions. It is a Banach space when en-
dowed with the norm

∥f∥BV (0,T ;X) := ∥f∥X + V (f ; [0, T ]).

BV functions with values in a Banach space are
similar in behaviour to those with scalar values,
where it is known that BV functions are those
whose weak derivatives are bounded measures.
Therefore, some results for Banach-valued case
can be naturally generalized.

Some of the key structural properties of BV
space being used in proving the problem.

(a) Functions in BV (0, T ;X) are continuous
up to a countable set of (0, T ), and have
one-sided limit in all points of (0, T ).

(b) For each function in BV (0, T ;X) there is
a unique bounded measure µ ∈ M([0, T ])
such that

∥f(t)− f(s)∥X ≤ µ((s, t]
)
, s < t.

(c) For each f ∈ BV (0, T ;X) there is a sequ-
ence fn ∈ W 1,1(0, T ;X) such that

∥fn − f∥L1(0,T ;X) → 0,

∥f ′
n∥L1(0,T ;X) → V (f ; [0, T ]).

Space Mdiv (Ω)

For A : Ω → Md(R) we can define its divergence
as a vector defined by

divA · ξ := div (AT ξ), ξ ∈ Rd.

Equivalently, if we denote by S1, . . . , Sd the co-
lumns of A, we have

divA =

divS1

...
divSd

 .

We will denote the space of all A ∈
L∞(Ω;Md(R)) such that divA ∈ L∞(Ω;Rd)
and divAT ∈ L∞(Ω;Rd) with Mdiv (Ω). It is
an intersection of two graph spaces and there-
fore it is a Banach space with the norm

∥A∥Mdiv (Ω) := ∥A∥L∞(Ω;Md(R))

+ ∥divA∥L∞(Ω;Rd)

+ ∥divAT ∥L∞(Ω;Rd)
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