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Motivation - H-measures, H-distributions

@ u, —~0inL3(RY), n - oo
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Motivation - H-measures, H-distributions

@ u, —~0inL3(RY), n - oo

Existence of H-measure (Tartar)
There exists a subsequence (u,) and a complex Radon measure p on
RY x §97 " s. 1. for all g1 (x), p2(x) € Co(RY), 1(€) € C(S?~') we have that

im [ Florum )€ FCratm) (@ (57 ) o

n—oo Jrd €]

_ /R . POTVEIX.) = (1 17

@ S - unit sphere in RY
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@ If u, — 0in L2(RY), then p = 0.

@ If 4 =0, then u, — 0in L2 (RY).

«O» «Fr «=>» DA

v



@ If uy — 0in L2(RY), then = 0.
@ If 4 =0, then u, — 0in L2 (RY).

@ u, — 0in L3(RY)

loc

d
0 > 0y (Ai(X)Un(x)) = fo(x) = 0 in W #(RY), A; € Co(RY)
i=1
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@ If u, — 0in L2(RY), then 1 = 0.
@ If 4 =0, then u, — 0in L2 (RY).

@ u, — 0in L3(RY)
loc

d
0 > 0y (Ai(X)Un(x)) = fo(x) = 0 in W #(RY), A; € Co(RY)
i=1

Localisation principle for H-measures

P(x ZA =0,i.e. supp 1 C chP

Ivana Vojnovié (University of Novi Sad) Defect distributions The Sixth Najman Conference 3/1



H-distributions

Theorem (H-measures, equivalent formulation)

Let sequences up, v, — 0 in L3(RY). There exist (uy ), (viy) and a complex
Radon measure 1 onR? x S~ such that for all o1, 2 € Co(R?), 4 € C(S? 1)

(s p1229) i= lim (p1Un Ag(2viy))-
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H-distributions

Theorem (H-measures, equivalent formulation)

Let sequences up, v, — 0 in L3(RY). There exist (uy ), (viy) and a complex
Radon measure 1 onR? x S~ such that for all o1, 2 € Co(R?), 4 € C(S? 1)

(s p1229) i= lim (p1Un Ag(2viy))-

@ H-distributions (Antoni¢, Mitrovi¢, 2011.) - LP — L9 spaces, p = %
1<p<oo
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H-distributions

Theorem (H-measures, equivalent formulation)

Let sequences up, v, — 0 in L3(RY). There exist (uy ), (viy) and a complex
Radon measure 1 onR? x S~ such that for all o1, 2 € Co(R?), 4 € C(S? 1)

(s p1229) i= lim (p1Un Ag(2viy))-

@ H-distributions (Antoni¢, Mitrovi¢, 2011.) - LP — L9 spaces, p = %
1<p<oo

up — 0in LP(RY), v, — 0in LI(RY)
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@ H-distributions - W—*P — Wk.a HP — H9_ spaces, sc R,1 < p < oo
(Aleksi¢, Pilipovié, V. )
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@ H-distributions - W—*P — Wk.a HP — H9_ spaces, sc R,1 < p < oo
(Aleksi¢, Pilipovié, V. )

Theorem
If a sequence u, — 0 weakly in W—%P(RY) and v, — 0 weakly in W59(RY),

then there exist subsequences (uy ), (vy) and a distribution . such that for
every o1, p2 € S(Rd)! 1/) € Cn(Sd71)’ K= [d/2] + 1 i

n/lk)noo<(p1 Up , W> = </”'a ©1 852@
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@ 1€ SE R xS
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@ H-distributions - W—*P — Wk.a HP — H9_ spaces, sc R,1 < p < oo
(Aleksi¢, Pilipovié, V. )

Theorem
If a sequence u, — 0 weakly in W—%P(RY) and v, — 0 weakly in W59(RY),

then there exist subsequences (uy ), (vy) and a distribution . such that for
every o1, p2 € S(Rd)! 1/) € Cn(Sd71)’ K= [d/2] + 1 i

n/lk)noo<(p1 Up , W> = </”'a ©1 852@

@ 1€ SE R xS
@ S(RHBE(SIT) = SE(RY x S9-1).
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Theorem

Let u, — 0 in W—KP(RY). If for every sequence v, — 0 in W*-9(RY) the
corresponding H-distribution is zero, then for every 6 € S(RY), fu, — 0
strongly in W—%P(R%), n — oo.
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Theorem

Let u, — 0 in W—KP(RY). If for every sequence v, — 0 in W*-9(RY) the
corresponding H-distribution is zero, then for every 6 € S(R?), fu, — 0
strongly in W—%P(R%), n — oo.

Localization property

o1 <q<d Up — 0in WP v, ~0in Wka

ozax, (X)Un(X)) = Fr(x), A € S(RY), 0fy — 0in WK=P, n — oo for

every 6 € S(RY)

Ivana Vojnovié (University of Novi Sad) Defect distributions The Sixth Najman Conference 6/1



Theorem

Let u, — 0 in W—KP(RY). If for every sequence v, — 0 in W*-9(RY) the
corresponding H-distribution is zero, then for every 6 € S(RY), fu, — 0
strongly in W—%P(R%), n — oo.

Localization property

o1 <q<d Up — 0in W=KP v, —~0in Wka

ozax, (X)Un(X)) = Fr(x), A € S(RY), 0fy — 0in WK=P, n — oo for

every 6 € S(RY)

d
D A u(x,€) =0in SE'(RY x §977)
j=1

supp u C char P

Ivana Vojnovié (University of Novi Sad) Defect distributions The Sixth Najman Conference 6/1



Weight functions

@ Defect distributions - H, P — Hy'9 spaces, weights A = A(x, €) (Pilipovic,
V)
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Weight functions

@ Defect distributions - H, P — Hy'9 spaces, weights A = A(x, €) (Pilipovic,
V)

Definition

Positive function A € C>=(RN) is a weight function if the following conditions
are satisfied:

@ There exist positive constants 1 < g < uq and ¢y < ¢; such that
co(z)" < A(2) < ci(z)™, zeRN,
@ There exists w > 4 such that for any o € NQ’ and vy € Ky = {0, 1}V

270°FIA(2)] < CayM2)' 751 z € RN,
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Q A(x.&) = (1+[x2+[¢P)2, x,€ € R

«a0)>» «F»r « =>» Q>

v



Q@ A(x,6) = (1+|x]? +[¢[*)2, x, £ € R
@ Multi-quasi-elliptic polynomial:

1

> 2 )2,Z€RN.

aeV(P)

Here P is a given complete polyhedron with the set of vertices V(P).
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Definition

Letme R, p € (0,1/w]. We denote by MI'7', the space of functions
ac C>*(R*) such that for all a, 8 € N§, 41,72 € {0,1}7 it holds that

XTGP a(x, €)] < CA(x, €)M FletPl (x,€) € R
13

Ivana Vojnovié (University of Novi Sad) Defect distributions The Sixth Najman Conference 9/1



We equip MI'7", with the family of norms

al sup sup bngog O alx )
mrp =

lal+18| <k, v €K (x,¢) R A(x, §)m=rplo+h] ’

where k € Ng, v = (’}/1,’}/2), vi € Kg, o, B € Ng
Pseudo-differential operator T, with a symbol a € M7, is defined by

Tau(x) = /R e alx e, U e SEY)
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Let A(x, £) be a weight function, s € R, 1 < p < co. We denote by HyP(RY)
the space of all u € §'(RY) such that Thsu € LP(RY).
Since A(x, £)® is elliptic of order s there exists an operator T, € ML;,S\ such

that
ToTas = 1+ Rs,

where R; is a regularizing operator. We define norm on H,f’p in the following

manner:
[ulls,p.n = [[Tastll1o + [|Rst] -

With this norm H;P(R?) becomes a Banach space.
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Theorem

lfbe MY, \, then Ty : Hy"™P(RY) — HyP(R?) continuously for s, m € R
and 1 < p < co. We have the following estimate

[ Toullpze < Cl[bl|mry ||| pysme,

for some k € N, k > 2d.
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Theorem

lfbe MY, \, then Ty : Hy"™P(RY) — HyP(R?) continuously for s, m € R
and 1 < p < co. We have the following estimate

[ Toullpze < Cl[bl|mry ||| pysme,

for some k € N, k > 2d.

Theorem (Lizorkin-Marcinkiewicz)

Let m(¢) be continuous together with derivatives 9} m(¢), for any ~ € {0, 1}9.
If there is a constant ¢ > 0 such that

goimE) < c, £ €R?, ye{0,1}7,

then for 1 < p < oo there exists a constant B = B(p, d) such that
| Tmul|e < Bl|ullre, u € S(RY).
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To obtain LP-boundedness it is enough to assume that for a(x, £) it holds that
€ 0p0 7 a(x, &) < C(e)M, (x.€) e R*,
for some e > 0, and for all A\, v € N§, v € Kg.

Theorem
Letv € HT(RY), me R,1 < g < o0 and ¢ € S(RY). Then pv € H"I(RY). J
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Theorem

Let u, — 0 in LP(RY) and v, — 0 in H"(R?), m € R. Assume that
¥ € MY, A Then, up to subsequences, there exists a distribution
1y € S'(RY) such that for all ¢ € S(RY),

lim (Un, Ty (pVn)) = {1y @)

n—oo
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Theorem

Let u, — 0 in LP(RY). Assume that

lim <Un, T/\(Xyg)m((pvn)> = 0,

n—oo

for every sequence v, — 0 in H"9(R?), m € R. Then for every € S(RY),
u, — 0 strongly in LP(RY).
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Theorem

Let u, — 0 in LP(RY). Assume that

lim <Un, T/\(Xf)m((pvn)> = 0,

n—oo

for every sequence v, — 0 in H"9(R?), m € R. Then for every € S(RY),
u, — 0 strongly in LP(RY).

Corollary

Let u, — 0 in LP(R?) and a € EMI'™,. Assume that
nli)moo<u”’ Ta(gOVn)) =0,

for every sequence v, — 0 in H"9(R?), m € R. Then for every § € S(R?),
Ou, — 0 strongly in LP(RY).
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Let
P(x,D)up= Y x’Dgu,=fy, (1)
(e,B)EV(P)
for some complete polyhedron P, where u, — 0 in H;;p and
of, — 0 in LP(RY) for every ¢ € S(RY). Here V(P) denotes the set of
verticesof Pand p(x,&) = Y xPeremr, .
(e, B)EV(P)

Theorem

Let u, — 0 in HpP(RY) satisfies (??). Then for any v, — 0 in L9(R?) it holds
that
fp =0 inS'(RY).

If p is elliptic, then u, — 0 in H;,’p, for every 6 € S(RY).
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